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Introduction

Sweeping process models were introduced by
Jean-Jacques Moreau in the 1970s to describe dy-
namical processes arising in elastoplasticity and
related mechanical areas. Many important re-
sults have been obtained on necessary optimality
conditions for controlled sweeping processes with
valuable applications to robotics, traffic equilib-
ria, economics, and other fields of engineering and
applied sciences. This project is devoted to estab-
lishing necessary optimality conditions for free-
time sweeping processes with a non-smooth per-
turbation with respect to the control variable and
shows its practical applications in biotechnology
and medicine at the nanoscale.

Problem and Formulations

Consider the problem (P )
minimize J [x, u, T ] := φ(x(T ), T ),

over the control function u(·) and the corresponding
trajectories x(·) satisfying

ẋ(t) ∈ −N
(
x(t);C(t)

)
+ g

(
x(t), u(t)

)
a.e. t ∈ [0, T ],

x(0) = x0 ∈ C ⊂ Rn,
u(t) ∈ U ⊂ Rd a.e. t ∈ [0, T ],

(x(T ), T ) ∈ Ωx × ΩT ⊂ Rn × [0,∞),
where the sweeping set C(t) is given by

C(t) :=
s⋂
j=1

Cj(t)

with C
j(t) :=

{
x ∈ Rn

∣∣∣ ⟨xj∗(t), x⟩ ≤ cj(t)
}
,

∥xj∗∥ = 1, j = 1, . . . , s.

Figure: Sweeping process model

Assumption

Consider the index set
I(t, x) := {j ∈ {1, . . . , s}| ⟨xj∗(t), x⟩ = cj(t)}.

There are some standing assumptions as follows:
(H1) The set U ̸= ∅ is a compact set in Rd, xj∗(·),
and cj(·) are Lipschitz with a commom Lipschitz
constant L.
(H2) There exists a continuous function ϑ :
[0, T ] → R such that supt∈[0,T ] ϑ(t) < 0 and
{x ∈ Rn|⟨xj∗(t), x⟩−cj(t) < ϑ(t), i = 1, . . . , s} ≠ ∅
for all t ∈ [0, T ].
(H3) g : Rn×U → Rn is Lipschitz continuous with
respect to x uniformly on U whenever x belongs to
a bounded subset of Rn and satisfie

∥g(x, u)∥ ≤ β
(
1 + ∥x∥

)
for all u ∈ U,

with some positive constant β.
(H4) The set Ωx × ΩT is closed around (x̄(T ), T ).

Methods

We use the method of discrete approximations with
establishing its well-posedness and strong conver-
gence, enabling them to handle the non-smoothness
of the perturbation with respect to the control func-
tion. Firstly, we develop the collections of necessary
optimality conditions for local minimizes of dis-
crete approximation problem (Pk):
minimize Jk[xk, uk, Tk] := φ(xkk, Tk) + (Tk − T )2

+
k−1∑
i=0

∫ tki+1

tki


∥∥∥∥∥∥x

k
i+1 − xki
hk

− ˙̄x(t)
∥∥∥∥∥∥
2

+
∥∥∥uki − ū(t)

∥∥∥2
 dt.

using advanced tools of first-order and second-order
variational analysis and generalized differentiation.
Then, we derive the necessary optimality conditions
for local minimizers of the original sweeping optimal
control problem by passing to the limit as k → ∞
in the optimality conditions for problems (Pk).

Necessary Optimality Conditions for the Controlled Sweeping Process

Let (x̄(t), ū(t), T ), 0 ≤ t ≤ T be a relaxed W 1,2 × L2 × R+-local minimizer to the problem (P ). Then
there exist a multiplier µ ≥ 0, γ> = (γ1

>, . . . , γ
s
>) ∈ C∗([0, T ];Rs) and γ0 = (γ1

0, . . . , γ
s
0) ∈ C∗([0, T ];Rs),

p(·) ∈ W 1,2([0, T ];Rn) and q(·) ∈ BV ([0, T ];Rn) such that
1 − ˙̄x(t) = ∑s

j=1 η
j(t)xj∗(t) − g

(
x̄(t), ū(t)

)
for a.e. t ∈ [0, T ),

2 (−ṗ(t), ψ(t)) ∈ co ∂⟨q(t), g⟩(x̄(t), ū(t)), with ψ(t) ∈ coN(ū(t);U) for a.e. t ∈ [0, T ], where

q(t) = p(t) −
∫
(t,T ]

s∑
j=1

dγj(τ )xj∗(τ ),

3
〈
ψ(t), ū(t)

〉
= maxu∈U

〈
ψ(t), u

〉
for a.e. t ∈ [0, T ],

4
〈
xj∗(t), x̄(t)

〉
< cj(t) =⇒ ηj(t) = 0 and ηj(t) > 0 =⇒

〈
xj∗(t), q(t)

〉
= 0 for a.e. t ∈ [0, T ] and all

j = 1, . . . , s provided that LICQ at x̄(t),

5 (−p(T ) − ∑
j∈I(T ,x̄(T )) η

j(T )xj∗(T ), H̄) ∈ µ∂φ(x̄(T ), T ), and ηj(T ) > 0 =⇒ j ∈ I(T , x̄(T )), where
H̄ := 1

T̄

∫ T
0 ⟨p(t), ˙̄x(t)⟩dt,

6
〈
xj∗(T ), x̄(T )

〉
< cj(T ) =⇒ ηj(T ) = 0,

7 If t ∈ [0, T ) and ⟨xj∗(t), x̄(t)⟩ < cj, for all j = 1, . . . , s, then there exists a neighborhood Vt of t in [0, T )
such that γj0(V ) = γj>(V ) = 0 for all the Borel subsets V of Vt,

8 (µ, p, ∥γ0∥TV , ∥γ>∥TV ) ̸= 0, with supp(γ>) ∩ int(E0) = ∅.
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Applications

In order to enhance the effectiveness of numerous
drugs and facilitate the utilization of novel drugs
and therapies, we applied the necessary optimality
conditions to the model of the motion of nanoparti-
cles in straight tubes, which is treated as a sweeping
optimal control problem

minimize J [x, u, T ] := 1
2
∥∥∥x(T )

∥∥∥2 + 1
2
T 2,

taking into account all the interactions between
nanoparticles and with walls and obstacles.

Figure: Nanoparticles in a straight tube
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