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Abstract

We propose a novel collocated projection method for solving the incompressible Navier-Stokes equations
with arbitrary boundaries. Our approach employs non-graded octree grids, where all variables are stored
at the nodes. To discretize the viscosity and projection steps, we utilize supra-convergent finite difference
approximations with sharp boundary treatments. We demonstrate the stability of our projection on uniform
grids, identify a sufficient stability condition on adaptive grids, and validate these findings numerically. We
further demonstrate the accuracy and capabilities of our solver with several canonical two- and three-
dimensional simulations of incompressible fluid flows. Overall, our method is second-order accurate, allows
for dynamic grid adaptivity with arbitrary geometries, and reduces the overhead in code development
through data collocation.

Keywords: incompressible Navier-Stokes, collocated, node-based, Projection, Stability, Octree grids,
sharp interface

1. Introduction

Incompressible fluid flows are ubiquitous in science and engineering applications and lie at the heart of
numerous research questions. Developing control strategies to minimize drag [24], understanding arterial
wall deformation in the human heart [31], and even optimizing the energy consumption of automotive spray
painting operations [58] all require a detailed understanding of incompressible flows. For the majority of
these phenomena, analytical solutions do not exist, and experimental approaches can be difficult and costly
to create. Numerical simulations are the natural choice for studying these problems. Still, despite decades of
computational advancement, their development remains challenging, especially when irregular geometries,
adaptive grids, or complex boundary conditions are involved. For this reason, it is essential to develop
computational fluid dynamics tools that are accessible and straightforward to implement, which can be
achieved, for example, by minimizing the number of unique data structures and simplifying data access
patterns.

The first step in developing a numerical simulation for incompressible flows is typically to discretize
the fluid domain using a numerical mesh. This mesh can be represented as a structured set of elements
or nodes, as in the Cartesian [30] and curvilinear [38] styles, or by an unstructured mesh [54]. Structured
meshes are usually easy to generate and can sometimes yield additional accuracy (e.g. supra-convergence
for nodal finite differences), but special care is needed to handle irregular geometries. Unstructured meshes,
conversely, can tessellate irregular geometries, but their generation can be computationally expensive [50].
With problems that involve moving geometries or in the context of adaptive grids, unstructured grids often
require that computational costs be paid at each time step. For that reason, it is typically preferable to use
structured meshes, such as non-graded quad/octrees, and develop the tools to handle irregular geometries.
This is the approach we take herein.

The primary challenge with numerically solving the incompressible Navier-Stokes equations is related to
the coupling between the mass and momentum equations, which manifests as an incompressibility constraint
on the velocity field that must be satisfied at each time step. One method for enforcing this constraint is to
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solve a monolithic system of coupled equations for the velocity and pressure unknowns [56]. This approach
can often be beneficial when additional physical constraints are coupled with an incompressible flow solver,
such as in two-phase flows [1, 13] and fluid-structure interaction problems [26, 32, 14, 61]. However, the
monolithic systems may not be diagonally dominant and thus require the use of expensive solvers (e.g.
GMRES). For this reason, most computational frameworks for solving the incompressible Navier-Stokes
equations use splitting methods.

The projection method, pioneered by Chorin [15] and later proposed as a fractional step method by
Temam [62, 63], decouples the momentum equation and the incompressibility condition by leveraging the
Helmholtz-Hodge decomposition. This creates a two-step time-stepping procedure for solving the Navier-
Stokes equations, where an intermediate velocity field is first computed with the pressure omitted. Then,
the intermediate velocity field is projected onto the divergence-free subspace to recover the incompressible
velocity at the new time step. In this procedure, the pressure is never directly computed but can be
reconstructed from the curl-free component of the intermediate velocity field (see e.g. 2.5). The decoupling of
the momentum equation and the incompressibility condition via this projection method introduces temporal
splitting errors that manifest on the boundary condition and can limit the order of accuracy of numerical
methods in both space and time. However, the development of high-order projection methods has been
an active area of research for the last three decades, and a number of standard approaches exist (see
[53, 35, 11, 28, 67, 43]).

The overall stability of the projection method relies on the stability of each step. In the first step,
the computation of the intermediate velocity field requires the solution of an advection-diffusion problem.
The stability of this step is dictated by the properties of the temporal integration scheme and is thus
easily assessed. The stability of the projection step, however, is linked to the spatial discretization of
the gradient, divergence, and Laplacian operators. The natural way to ensure that the projection step is
stable is to preserve the analytical properties of these operators and impose the divergence-free constraint
at the discrete level. Unfortunately, this creates complications when using a collocated arrangement. For
example, the discrete Laplacian is no longer a composition of the discrete gradient and divergence when
using collocated variables with standard central difference formulas on Cartesian grids. These complications
can be overcome by using interpolation procedures (e.g. see [48]), but these procedures can themselves
become challenging in the presence of irregular boundaries or adaptive grids.

An alternate approach is to use a staggered layout, such as the Marker and Cell (MAC) representation
introduced by Harlow and Welch [30], and illustrated in Figure 1. In this staggered arrangement, pressure
data is located at the cell centers, and the velocities are located at the cell faces. In this context, the
analytical properties of the operators are preserved, and the projection step enforces the divergence-free
constraint with an orthogonal projection of the intermediate velocity field onto the divergence-free space.
For this reason, the MAC layout has long been recognized as an ideal choice for solving the incompressible
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Figure 1: Data layouts - (a) Within the Marker and Cell representation the pressure components ( ) are stored at the cell
centers, the x-velocity ( ) are stored at the vertical faces, and the y-velocity components ( ) are stored at the horizontal
faces. (b) In [29], Gomez et al. proposed a different staggered storage, where the pressure components are now stored at the
nodes, and the velocity components are stored along the edges. (c) In our approach, all quantities ( ) are collocated at the
nodes.
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Navier-Stokes equations [27, 36, 70].
A different approach is to relax the requirement that the operators are preserved exactly at the dis-

crete level and approximate the projection step. This notion of using an approximate projection was first
introduced by Almgren et al. [5] as a means of circumventing the numerical difficulties associated with
exact discrete projections. In their approach, the discrete Laplacian operator is consistent, but not exactly
the composition of the divergence and gradient, and the divergence of the resulting velocity field is only
approximately zero up to the second order in the mesh spacing. This approximate projection uses velocities
collocated at the cell centers with pressure data stored at the nodes. This design choice provides a symmetric
discretization and generates a well-behaved linear system suitable for a multigrid solver. Additionally, the
collocation of the velocities greatly simplifies the application of high-order upwind techniques and enables the
overall time-stepping algorithm to achieve second-order convergence in both space and time. For a detailed
analysis of approximate projection methods, we refer the reader to [4] and the references therein, which
cover the use of approximate projections for a variety of incompressible flow problems and the combination
of approximate projection methods with adaptive spatial and temporal meshes.

The inherent multiscale nature of the incompressible Navier-Stokes equations calls for adaptive mesh
refinement (AMR) to optimize computation and memory overhead. Typically, only small localized regions
of the domain need high grid resolution, for example, where high vorticity is present, such as in boundary
layers or vortex cores. One of the earliest examples of using AMR is from Berger and Oliger [9], where finer
grids were adaptively placed over a coarse grid covering the domain. In [3], Almgren et al. combined an
approximate projection method with an adaptive refinement strategy to solve the three-dimensional variable
density incompressible Navier-Stokes equations. This block-structured approach was comprised of a nested
hierarchy of logically-rectangular girds with refinement in both space and time. This AMR approach has
been extended to numerous applications, and we refer the interested reader to the survey of [18] and to [59]
for more details. For a modern block-structured AMR framework, we refer the reader to [72].

Tree-based approaches to AMR [57] are an alternative to block-structured AMR and the strategy used
herein. They combine efficiency with simplicity by using recursive splitting schemes with non-overlapping
regions. One of the earliest uses of graded octrees (a tree in which the size ratio between adjacent cells is at
most two) for solving the incompressible Euler equations can be seen from Popinet in [55], where finite volume
discretizations are used on collocated cell-based quantities. This work uses the same approach as Almgren
et al. in [5] to approximate the Laplacian but also requires an approximation for the gradient operator.
This leads to a nonuniform stencil and a non-symmetric system of linear equations for the pressure. In [42],
Losasso et al. proposed a symmetric discretization of the Poisson equation on octrees for free surface flows.
This discretization resulted in a symmetric linear system, solved using a standard preconditioned conjugate
gradient method. Their approach was only first-order accurate in the case of a non-graded mesh but was
later extended to second-order accuracy [41], and later employed in the context of single phase [8, 28, 20],
multiphase [67], and free surface [22, 6] applications.

In [45], Min et al. developed a collocated projection method for the incompressible Navier–Stokes
equations on non-graded adaptive grids. Their method utilized the Poisson solver of [47], which produced a
non-symmetric but diagonally dominant linear system where the gradients of the solution were also second-
order accurate. To ensure stability, instead of using an approximate projection, the authors manually
enforced the orthogonality property between the divergence-free velocity field and the gradient of the Hodge
variable when computing the updated velocity field. While this orthogonalization procedure results in an
exact projection, this method is only stable if the normal velocity is null along the boundary.

For a more versatile approach, Guittet et al. [28] developed a stable projection method for the incom-
pressible Navier-Stokes equations on non-graded octree grids using a MAC layout. While this layout is a
natural framework for a stable projection, the poor alignment between the pressure and velocity variables
necessitated the use of complicated discretizations for the momentum equation and the projection step.
The authors had to develop a Voronoi-based finite volume approach to treat the viscous terms implicitly
and an expensive least squares interpolation was required to implement the semi-Lagrangian scheme for the
advective terms. Though complicated discretizations were required, this framework was later extended to
simulate active [65, 69] and interfacial [16, 67] flows.

An alternative staggered layout was proposed by Gomez et al. [29], in which the pressure was stored
at the nodes and velocity stored along the edges (see Figure 1). This configuration of the staggered layout
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Figure 2: Computational domain shown in two dimensions. The fluid domain, Ω−, is enclosed by the domain boundary, ∂Ω,
and the interface, Γ. Fluid properties, ρ and µ, are constant throughout the fluid domain. An arbitrary solid domain, Ω+ is
shown as a shaded region.

offers several advantages over the traditional MAC layout. The pressure gradient and velocity are naturally
aligned, simplifying the construction of finite difference operators and granting higher accuracy. Unfortu-
nately, this staggered layout, like the MAC configuration, requires multiple data structures and solvers.

The method we present here is entirely collocated at the nodes of an arbitrary octree. It is carefully
designed to achieve stability while reproducing solid interfaces and accompanying boundary layers with high
fidelity. The overall stability of our method relies on the properties of our projection operator, which we
analyze by relating the staggered and collocated approaches. We use a second-order semi-Lagrangian Back-
ward Difference Formula scheme to update the momentum equation, treating the advective term explicitly
and the viscous one implicitly. Arbitrary interface and boundary conditions are treated in a sharp manner
using a level-set representation and the hybrid Finite-Volume/Finite-Difference discretizations from [69].

This manuscript is organized as follows. In Section 2, we begin by recalling the incompressible Navier-
Stokes equations and the general projection method used to solve them numerically. In Section 3, we
present the principle result of this work: our collocated projection operator on Cartesian grids. We prove its
stability on uniform grids, construct a sufficient stability condition for adaptive grids, and provide numerical
evidence of its stability for various boundary conditions and grid configurations. In Section 4, we integrate
our projection operator into a complete solver for the incompressible Navier-Stokes equations and observe
overall second-order convergence. In Section 5, we illustrate the robustness and efficiency of our solver
by using it to simulate several common validation problems of incompressible fluid flows in two and three
spatial dimensions. We conclude in Section 6.

2. Mathematical model

2.1. Incompressible Navier-Stokes equations

We consider a fluid set in a computational domain Ω = Ω+ ∪ Ω− ⊂ R2,3, where Ω− represents the fluid
phase and Ω+ represents all solid objects present in the fluid (see Figure 2), whose dynamics are modeled
by the incompressible Navier-Stokes equations

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+ µ∆u+ f ∀x ∈ Ω−, (1)

∇ · u = 0 ∀x ∈ Ω−, (2)

where u is the fluid velocity, p is the pressure, ρ is the constant density, µ is the constant viscosity, and f
are external forces such as the gravitational force. We denote the boundary of Ω− by Γ and the boundary
of the computational domain Ω by ∂Ω.
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2.2. General projection method

The classical projection method is a fractional-step scheme for solving the incompressible Navier-Stokes
equations. In the first step, often referred to as the viscosity or advection step, we advance the velocity field
un at time step tn to an intermediate velocity field u∗ by solving the momentum equation (1) where the
pressure term is omitted. For example, using a standard first-order semi-explicit scheme, u∗ is constructed
as the solution of

ρ

(
u∗ − un

∆t
+ un · ∇un

)
= µ∆u∗ + f . (3)

Next, we project u∗ onto the divergence-free space to enforce the incompressibility condition (2). To
do so, we use the Helmholz-Hodge decomposition to separate the intermediate velocity into curl-free and
divergence-free components as follows:

u∗ = un+1 +∇ϕ, (4)

where un+1 is the divergence-free velocity field at time tn+1 and ϕ is the Hodge variable. Taking the
divergence of the above equation (4), we obtain a Poisson equation for the Hodge variable,

∆ϕ = ∇ · u∗. (5)

Using the appropriate boundary conditions, the above equation is solved to compute the Hodge variable,
and the divergence-free velocity is recovered as

un+1 = u∗ −∇ϕ. (6)

Note that equation (6) can be rewritten as an operator applied to u∗,

un+1 =
(
I −∇∆−1∇·

)
u∗. (7)

Thus, we define the generic projection operator P as,

P = I −∇∆−1∇ · . (8)

2.3. Properties of the projection operator

The analytic operator P , defined by equation (8), is indeed a projection (i.e. P 2 = P ) as

P 2 =
(
I −∇∆−1∇·

)2
= I − 2∇∆−1∇ ·+∇∆−1∇ · ∇ (∇ · ∇)

−1 ∇·, (9)

= I −∇∆−1∇ · . (10)

The projection property ensures that the projected field is exactly divergence-free and, thus, that the
incompressibility condition is exactly satisfied. Moreover, since the gradient and divergence are the negative
transpose of each other (∇T = −∇·), the projection is symmetric PT = P , orthogonal i.e.

∥∥un+1
∥∥2 = ∥Pu∗∥2 = ∥u∗∥2 − 2 < u∗|∇Φ > + ∥∇Φ∥2 , (11)

= ∥u∗∥2 + 2 < ∇ · u∗|Φ > + ∥∇Φ∥2 , (12)

= ∥u∗∥2 + 2 < ∇ · ∇Φ|Φ > + ∥∇Φ∥2 , (13)

= ∥u∗∥2 − ∥∇Φ∥2 , (14)

and therefore contracting,
∥Pu∗∥ ≤ ∥u∗∥ . (15)

In the discrete case, if the composition and negative transpose properties are preserved, P remains contract-
ing, and, provided that the temporal integrator is stable, the entire update from tn to tn+1 is stable.
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2.4. Boundary conditions

We focus on single-phase flows around solid objects; hence, the possible boundary conditions are no-slip
at the walls and interface and possible inflow/outflow boundary conditions at the walls of the computational
domain. The no-slip boundary condition is a Dirichlet boundary condition on the velocity, u|Γ, where u|Γ
is zero if the interface is static and equal to the velocity of the interface if it is moving. This, along with
equation (4), implies that the boundary condition of the intermediate velocity field u∗ is

u∗|Γ = u|Γ +∇ϕn+1|Γ. (16)

When solving for the Hodge variable in the projection step, we prescribe the homogeneous Neumann bound-
ary conditions, i.e.

(∇ϕ · n)|Γ = 0, (17)

where n is the outward-facing normal vector to the boundary. Note that the value of ϕ is not computed
when finding the intermediate velocity field u∗. To keep the viscosity and projection decoupled, we can
use the Hodge variable at the previous time step, ϕn, to serve as an initial guess to the correct boundary
condition of u∗ and iterate until we have convergence in both u∗ and ϕ. In [28, 20, 43], it was observed
that using this initial guess led to very few iterations being needed to reach convergence. Other iterative
corrections can be designed, (see for example [69]). The ∇ϕn+1 term in the above (16) should be seen as
a splitting error. It can be shown to be first-order in time. Even in the absence of iterative correction, the
presence of this term will only introduce converging errors on the boundary conditions [11].

Potential flux boundary conditions on the walls of the computational domain ∂Ω correspond to Neumann
boundary conditions. This means that the boundary condition for the intermediate velocity field u∗ is

(∇u∗ · n)|∂Ω = (∇u · n)|∂Ω + (∇∇Φ · n)∂Ω. (18)

The boundary condition for the Hodge variable is a Dirichlet boundary condition. Again the last term in
the above equation should be seen as a splitting and converging (O(∆t)) error. In this case, an iterative
correction for this term would require differentiating the Hodge variable twice, which may produce noisy
and inaccurate results. Therefore, this term is often disregarded. If boundary conditions are prescribed on
the pressure directly, the corresponding boundary conditions on the Hodge variable are obtained from the
pressure reconstruction formula.

2.5. Pressure reconstruction

In our formulation of the projection method, pressure is never directly computed. If desired, we can
compute it using (3) and (4) by asking that the discrete momentum equation must be satisfied for un+1

and p, and obtaining

ρ

(
un+1 − un

∆t
+ un · ∇un

)
= −∇p+ µ∆un+1. (19)

Since un+1 = u∗ −∇ϕ from the Helmholtz-Hodge decomposition

ρ

(
u∗ −∇ϕ− un

∆t
+ un · ∇un

)
= −∇p+ µ∆(u∗ −∇ϕ), (20)

and because u∗ is defined as the solution of (3), this simplifies into

−ρ
∇ϕ

∆t
= −∇p− µ∆∇ϕ, (21)

or equivalently,

∇p =
ρ

∆t
∇ϕ− µ∇∆ϕ, (22)

and so, up to an additive constant, we arrive at our pressure reconstruction formula

p =
ρ

∆t
ϕ− µ∆ϕ. (23)

We point out that using a different time integrator may alter the above formula (see e.g. [28, 67]).
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3. Node-based projection operator on Cartesian grids

In this section, we introduce our collocated projection method, analyze its properties on periodic uniform
and adaptive Cartesian grids, and verify the stability of the method numerically. We find that the composi-
tion projection property is lost due to the collocation, and thus our operator is not a projection. However,
we see that our operator can be iterated to recover the canonical projection onto the divergence-free space.
We derive a technical sufficient condition for these iterations to converge and, in the periodic uniform case,
are able to prove that our operator is, in fact, contracting.

The convergence analysis relies on the connection between the staggered and collocated frameworks. To
this effect, we show that the collocated projection can be related to the staggered one through interpolation
procedures and leverage important facts about the discrete projection operator on staggered grids. The
interpolations are solely introduced for the purpose of proving the stability of the collocated projection;
they do not appear in the numerical implementation.

3.1. Definitions and key observation

Our nodal projection operator PN is defined from the nodal gradient GN , divergence DN and Laplacian
LN as

PN = I − GNL−1
N DN , (24)

where I is the appropriate identity operator and L−1
N is the operator that for any vector X, returns Y

the solution of LNY = X with problem-dependent homogeneous boundary conditions 1. Again, the nodal
Laplacian is not the composition of the nodal divergence and nodal gradient (i.e. LN ̸= GNDN ) and our
nodal projection operator is not a true projection (i.e. P2

N ̸= PN ). This means that the projected velocity
field is not guaranteed to be divergence-free (i.e. DNPNX ̸= 0). However, we can show that our projection
operator only preserves the incompressible modes of the velocity field. Therefore, if we iterate our projection
operator and if the iterated operator converges, then it must converge to the canonical orthogonal projection.

To demonstrate this, we assume that Pk
N → P∞

N as k → ∞, and remark that if λi are the eigenvalues of
PN , the eigenvalues of P∞

N are limk→∞ λk
i , and since they are finite, they can only be 1 or 0. In addition,

the eigenvectors of P∞
N corresponding to the eigenvalue 1 are the eigenvectors of PN for the same eigenvalue.

Therefore P∞
N is the projection on the eigenspace of PN corresponding to the eigenvalue 1. Clearly, any

divergence-free modes X belong to this eigenspace since

P∞
N X = lim

k→∞
Pk
NX = X. (25)

1If the boundary conditions are chosen so that the solution is not uniquely defined, we will enforce that the solution is zero
at one specific location.
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<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>

1

2
<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>

1

2
<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>=<latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit> �<latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit>

1

2�x
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Figure 3: Connection between the discrete divergence on collocated (DN ) and staggered grids (D). The arrows represent the
finite difference coefficients used in each contributing term.
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Figure 4: Spectrum of the projection operator with periodic boundary conditions (left) and no-slip boundary conditions (right)
on a uniform grid. We observe that the eigenvalues are in the interval [0,1], which suggests that the operator is stable. The
density of the eigenvalues for each grid resolution is shown.

Now, if X is an eigenvector associated to the eigenvalue 1, PNX = X, and so

GNL−1
N DNX = 0, (26)

meaning that L−1
N DNX must be constant. Assuming that a homogeneous Dirichlet boundary condition is

enforced somewhere, this constant must be zero

L−1
N DNX = 0, (27)

and thus DNX = 0, indicating that X is incompressible. The eigenspace for the eigenvalue 1 is the
incompressible space, and therefore P∞

N , if it exists, is the canonical projection on the incompressible space.
In the subsequent sections, we construct a sufficient condition for this limit to exist. However, we note

that in practice, this limit may not be reached as only a small number of iterations will be performed, and
the advanced velocity field may not be exactly divergence-free. These deviations can be kept arbitrarily
small by adjusting the stopping criteria, and in practice, a few iterations are needed to achieve a reasonably
small error tolerance. In fact, a single iteration may be enough to obtain an overall second-order solution
(see Section 4.2.2).

3.2. Uniform Cartesian grids

3.2.1. Periodic domains

In this case, we define GN , LN , DN to be the standard periodic second-order finite difference gradient,
Laplacian, and divergence. As Figure 3 illustrates, the nodal divergence operator DN can be seen as the
composition of the staggered discrete divergence D with the linear interpolation operator from the set of
nodes N to the set of edges E IE

N : N → E

DN = DIE
N . (28)

Similarly, the discrete nodal gradient GN is related to the staggered operator and the interpolation from the
edges to the nodes IN

E as
GN = IN

E G. (29)

The staggered operators satisfy the negative transpose property

DT = −G, (30)
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and the two interpolations are transpose of each other

(IN
E )T = IE

N . (31)

Finally, we observe that the nodal Laplacian LN is identical to the staggered one L

LN = L. (32)

Using these observations, we can rewrite the projection operator (24) as

PN = I − INE GL−1DIEN . (33)

All these ingredients allow us to follow the contraction’s proof (see Section 2.3): the norm of the projected
velocity is

∥PNX∥2 = ∥X∥2 − 2 < X|INE GL−1DIENX > +
∥∥INE GL−1DIENX

∥∥2 , (34)

setting L−1DIENX = Φ, and using the transpose properties of the divergence and interpolation we get

∥PNX∥2 = ∥X∥2 + 2 < DIENX|Φ > +
∥∥INE GΦ

∥∥2 , (35)

which is identical to
∥PNX∥2 = ∥X∥2 + 2 < LL−1DIENX|Φ > +

∥∥INE GΦ
∥∥2 , (36)

giving us

∥PNX∥2 = ∥X∥2 + 2 < LΦ|Φ > +
∥∥INE GΦ

∥∥2 , (37)

and since L = DG and G = −DT

∥PNX∥2 = ∥X∥2 − 2 < GΦ|GΦ > +
∥∥INE GΦ

∥∥2 , (38)

we have
∥PNX∥2 = ∥X∥2 − 2 ∥GΦ∥2 +

∥∥INE GΦ
∥∥2 , (39)

and so
∥PNX∥2 ≤ ∥X∥2 −

(
2−

∥∥INE
∥∥2
)
∥GΦ∥2 . (40)

Thus, if
∥∥INE

∥∥ <
√
2, we have ∥PNX∥ ≤ ∥X∥ and PN is contracting, and therefore converging. Here, the

interpolations are averaging operators, so their L∞-norms are less than or equal to one, and the projection
is contracting.

In Figure 4, we display the spectrum of the projection operator, computed directly from the discrete
numerical operator and for increasing grid resolution. Since the operator is contracting, we expect its
spectrum to lie in the interval [0, 1], and indeed it does. We color the eigenvalues by the density of the
eigenvalue for that grid resolution. Note that for all grid resolutions, the eigenvalue with the highest density
is the λ = 1 eigenvalue, which corresponds to an eigenvector with an incompressible mode.

3.2.2. No-slip boundary conditions

For a more realistic context, we turn our attention to no-slip boundary conditions. On rectangular
domains, this means that we set the x-velocity u = 0 along the horizontal walls, the y-velocity v = 0 along
the vertical walls, and the normal gradient of the Hodge variable to be zero on all walls. Currently, we
do not have proof of the stability of this operator, as a general formulation of this operator with these
boundary conditions, unlike in the periodic case, is not easily known. Instead, we reconstruct the numerical
operator by projecting the canonical basis vectors of Rn, where n is the dimension of the square matrix
operator, with the boundary condition set beforehand. The resulting spectrum for increasing grid resolution
is depicted in Figure 4, and is contained in [0, 1]. The addition of the boundary condition introduces an extra
constraint on the velocity field, causing the projection to be even more restrictive and thus the admissible
incompressible modes (i.e. eigenvector associated to λ = 1) to be rarer. In addition, the no-slip boundary
condition introduces a 0 eigenvalue to the operator, which corresponds to the canonical basis vectors that
are non-zero only along the walls with the prescribed boundary condition.
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3.3. Extension to Adaptive Grids

The negative transpose property is lost on adaptive grids, so the projected velocity norm cannot easily
be bounded. Instead, we focus on the spectrum of the projection, and since we know that the incompressible
space is the eigenspace associated with the eigenvalue 1 (see Section 3.1), we only need to find a sufficient
condition for all eigenvalues associated to compressible eigenvectors to be strictly less than 1 in absolute
value. In other words, a condition under which our projection is critically stable.

We start our study by formally defining all involved operators and proving the stability of the staggered
projection. We then leverage this property to find a sufficient convergence condition. For the sake of clarity,
this entire theoretical study is done on two-dimensional periodic grids. The extension to three dimensions
is tedious but straightforward.
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nt
<latexit sha1_base64="NJO7lt/UehNuwhge/6erKZxXbjM=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDkyo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfNLI37</latexit><latexit sha1_base64="NJO7lt/UehNuwhge/6erKZxXbjM=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDkyo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfNLI37</latexit><latexit sha1_base64="NJO7lt/UehNuwhge/6erKZxXbjM=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDkyo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfNLI37</latexit><latexit sha1_base64="NJO7lt/UehNuwhge/6erKZxXbjM=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDkyo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfNLI37</latexit>

nr
<latexit sha1_base64="B6VtTXH4JOc4E847+q/TMbrAhgw=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDlSo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfKJI35</latexit><latexit sha1_base64="B6VtTXH4JOc4E847+q/TMbrAhgw=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDlSo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfKJI35</latexit><latexit sha1_base64="B6VtTXH4JOc4E847+q/TMbrAhgw=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDlSo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfKJI35</latexit><latexit sha1_base64="B6VtTXH4JOc4E847+q/TMbrAhgw=">AAAB63icdVDLSgMxFM34rOOr6tJNsAquhkwtbZcFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7QgqeuDC4Zx7ufeeMOFMG4Q+nLX1jc2t7dKOu7u3f3BYPjru6jhVhHZIzGPVD7GmnEnaMcxw2k8UxSLktBfOrnO/d0+VZrG8M/OEBgJPJIsYwSaXXDlSo3IFeTW/Xm3WIfLQEpbUqlcNH0G/UCqgQHtUfh+OY5IKKg3hWOuBjxITZFgZRjhduMNU0wSTGZ7QgaUSC6qDbHnrAl5YZQyjWNmSBi7V7xMZFlrPRWg7BTZT/dvLxb+8QWqiZpAxmaSGSrJaFKUcmhjmj8MxU5QYPrcEE8XsrZBMscLE2HhcG8LXp/B/0q16PvL821qldV7EUQKn4AxcAh80QAvcgDboAAKm4AE8gWdHOI/Oi/O6al1zipkT8APO2yfKJI35</latexit>

nrt
<latexit sha1_base64="HsTcmXJ0MQ8jxp1tiuq5krHZ1to=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8WfiZ9PfdLZadSc+vVZh05FWcJQ2rVy4brIDdXypCj7Zfeh6OYpBEVmnCs1MB1Eu1lWGpGOJ3bw1TRBJMpHtOBoQJHVHnZ8t45OjfKCIWxNCU0WqrfJzIcKTWLAtMZYT1Rv72F+Jc3SHXY9DImklRTQVaLwpQjHaPF82jEJCWazwzBRDJzKyITLDHRJiLbhPD1KfqfdKsV16m4N7Vy6yyPowgncAoX4EIDWnANbegAAQ4P8ATP1p31aL1Yr6vWgpXPHMMPWG+fHZCP7A==</latexit><latexit sha1_base64="HsTcmXJ0MQ8jxp1tiuq5krHZ1to=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8WfiZ9PfdLZadSc+vVZh05FWcJQ2rVy4brIDdXypCj7Zfeh6OYpBEVmnCs1MB1Eu1lWGpGOJ3bw1TRBJMpHtOBoQJHVHnZ8t45OjfKCIWxNCU0WqrfJzIcKTWLAtMZYT1Rv72F+Jc3SHXY9DImklRTQVaLwpQjHaPF82jEJCWazwzBRDJzKyITLDHRJiLbhPD1KfqfdKsV16m4N7Vy6yyPowgncAoX4EIDWnANbegAAQ4P8ATP1p31aL1Yr6vWgpXPHMMPWG+fHZCP7A==</latexit><latexit sha1_base64="HsTcmXJ0MQ8jxp1tiuq5krHZ1to=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8WfiZ9PfdLZadSc+vVZh05FWcJQ2rVy4brIDdXypCj7Zfeh6OYpBEVmnCs1MB1Eu1lWGpGOJ3bw1TRBJMpHtOBoQJHVHnZ8t45OjfKCIWxNCU0WqrfJzIcKTWLAtMZYT1Rv72F+Jc3SHXY9DImklRTQVaLwpQjHaPF82jEJCWazwzBRDJzKyITLDHRJiLbhPD1KfqfdKsV16m4N7Vy6yyPowgncAoX4EIDWnANbegAAQ4P8ATP1p31aL1Yr6vWgpXPHMMPWG+fHZCP7A==</latexit><latexit sha1_base64="HsTcmXJ0MQ8jxp1tiuq5krHZ1to=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8WfiZ9PfdLZadSc+vVZh05FWcJQ2rVy4brIDdXypCj7Zfeh6OYpBEVmnCs1MB1Eu1lWGpGOJ3bw1TRBJMpHtOBoQJHVHnZ8t45OjfKCIWxNCU0WqrfJzIcKTWLAtMZYT1Rv72F+Jc3SHXY9DImklRTQVaLwpQjHaPF82jEJCWazwzBRDJzKyITLDHRJiLbhPD1KfqfdKsV16m4N7Vy6yyPowgncAoX4EIDWnANbegAAQ4P8ATP1p31aL1Yr6vWgpXPHMMPWG+fHZCP7A==</latexit>

nrb
<latexit sha1_base64="pjnieP8PnK4oDJ76r7EEG3G5mjo=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8Wfib9YO6Xyk6l5tarzTpyKs4ShtSqlw3XQW6ulCFH2y+9D0cxSSMqNOFYqYHrJNrLsNSMcDq3h6miCSZTPKYDQwWOqPKy5b1zdG6UEQpjaUpotFS/T2Q4UmoWBaYzwnqifnsL8S9vkOqw6WVMJKmmgqwWhSlHOkaL59GISUo0nxmCiWTmVkQmWGKiTUS2CeHrU/Q/6VYrrlNxb2rl1lkeRxFO4BQuwIUGtOAa2tABAhwe4AmerTvr0XqxXletBSufOYYfsN4+AQI2j9o=</latexit><latexit sha1_base64="pjnieP8PnK4oDJ76r7EEG3G5mjo=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8Wfib9YO6Xyk6l5tarzTpyKs4ShtSqlw3XQW6ulCFH2y+9D0cxSSMqNOFYqYHrJNrLsNSMcDq3h6miCSZTPKYDQwWOqPKy5b1zdG6UEQpjaUpotFS/T2Q4UmoWBaYzwnqifnsL8S9vkOqw6WVMJKmmgqwWhSlHOkaL59GISUo0nxmCiWTmVkQmWGKiTUS2CeHrU/Q/6VYrrlNxb2rl1lkeRxFO4BQuwIUGtOAa2tABAhwe4AmerTvr0XqxXletBSufOYYfsN4+AQI2j9o=</latexit><latexit sha1_base64="pjnieP8PnK4oDJ76r7EEG3G5mjo=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8Wfib9YO6Xyk6l5tarzTpyKs4ShtSqlw3XQW6ulCFH2y+9D0cxSSMqNOFYqYHrJNrLsNSMcDq3h6miCSZTPKYDQwWOqPKy5b1zdG6UEQpjaUpotFS/T2Q4UmoWBaYzwnqifnsL8S9vkOqw6WVMJKmmgqwWhSlHOkaL59GISUo0nxmCiWTmVkQmWGKiTUS2CeHrU/Q/6VYrrlNxb2rl1lkeRxFO4BQuwIUGtOAa2tABAhwe4AmerTvr0XqxXletBSufOYYfsN4+AQI2j9o=</latexit><latexit sha1_base64="pjnieP8PnK4oDJ76r7EEG3G5mjo=">AAAB73icdVBNS8NAEJ3Urxq/qh69LFbBU0lqaXssePFYwX5AG8Jmu2mXbjZxdyOU0D/hxYMiXv073vw3btsIKvpg4PHeDDPzgoQzpR3nwyqsrW9sbhW37Z3dvf2D0uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Grh9+6pVCwWt3qWUC/CY8FCRrA2Ut8Wfib9YO6Xyk6l5tarzTpyKs4ShtSqlw3XQW6ulCFH2y+9D0cxSSMqNOFYqYHrJNrLsNSMcDq3h6miCSZTPKYDQwWOqPKy5b1zdG6UEQpjaUpotFS/T2Q4UmoWBaYzwnqifnsL8S9vkOqw6WVMJKmmgqwWhSlHOkaL59GISUo0nxmCiWTmVkQmWGKiTUS2CeHrU/Q/6VYrrlNxb2rl1lkeRxFO4BQuwIUGtOAa2tABAhwe4AmerTvr0XqxXletBSufOYYfsN4+AQI2j9o=</latexit>

nb
<latexit sha1_base64="G4rVERaG/x6iGK81C4Ptz7X0g+Y=">AAAB63icdVBNS8NAEJ34WetX1aOXxSp4CkkbaL0VvHisYD+gDWWz3bRLN5uwuxFK6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5QcKZ0o7zYa2tb2xubZd2yrt7+weHlaPjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2XXu9+6pVCwWd3qeUD/CE8FCRrDOpbIYBaNK1bE9171qesixnSUM8Wr1RqOO3EKpQoH2qPI+HMckjajQhGOlBq6TaD/DUjPC6aI8TBVNMJnhCR0YKnBElZ8tb12gC6OMURhLU0Kjpfp9IsORUvMoMJ0R1lP128vFv7xBqsOmnzGRpJoKsloUphzpGOWPozGTlGg+NwQTycytiEyxxESbeMomhK9P0f+kW7Ndx3ZvvWrrvIijBKdwBpfgQgNacANt6ACBKTzAEzxbkfVovVivq9Y1q5g5gR+w3j4BvoiN8g==</latexit><latexit sha1_base64="G4rVERaG/x6iGK81C4Ptz7X0g+Y=">AAAB63icdVBNS8NAEJ34WetX1aOXxSp4CkkbaL0VvHisYD+gDWWz3bRLN5uwuxFK6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5QcKZ0o7zYa2tb2xubZd2yrt7+weHlaPjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2XXu9+6pVCwWd3qeUD/CE8FCRrDOpbIYBaNK1bE9171qesixnSUM8Wr1RqOO3EKpQoH2qPI+HMckjajQhGOlBq6TaD/DUjPC6aI8TBVNMJnhCR0YKnBElZ8tb12gC6OMURhLU0Kjpfp9IsORUvMoMJ0R1lP128vFv7xBqsOmnzGRpJoKsloUphzpGOWPozGTlGg+NwQTycytiEyxxESbeMomhK9P0f+kW7Ndx3ZvvWrrvIijBKdwBpfgQgNacANt6ACBKTzAEzxbkfVovVivq9Y1q5g5gR+w3j4BvoiN8g==</latexit><latexit sha1_base64="G4rVERaG/x6iGK81C4Ptz7X0g+Y=">AAAB63icdVBNS8NAEJ34WetX1aOXxSp4CkkbaL0VvHisYD+gDWWz3bRLN5uwuxFK6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5QcKZ0o7zYa2tb2xubZd2yrt7+weHlaPjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2XXu9+6pVCwWd3qeUD/CE8FCRrDOpbIYBaNK1bE9171qesixnSUM8Wr1RqOO3EKpQoH2qPI+HMckjajQhGOlBq6TaD/DUjPC6aI8TBVNMJnhCR0YKnBElZ8tb12gC6OMURhLU0Kjpfp9IsORUvMoMJ0R1lP128vFv7xBqsOmnzGRpJoKsloUphzpGOWPozGTlGg+NwQTycytiEyxxESbeMomhK9P0f+kW7Ndx3ZvvWrrvIijBKdwBpfgQgNacANt6ACBKTzAEzxbkfVovVivq9Y1q5g5gR+w3j4BvoiN8g==</latexit><latexit sha1_base64="G4rVERaG/x6iGK81C4Ptz7X0g+Y=">AAAB63icdVBNS8NAEJ34WetX1aOXxSp4CkkbaL0VvHisYD+gDWWz3bRLN5uwuxFK6F/w4kERr/4hb/4bN20EFX0w8Hhvhpl5QcKZ0o7zYa2tb2xubZd2yrt7+weHlaPjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC2XXu9+6pVCwWd3qeUD/CE8FCRrDOpbIYBaNK1bE9171qesixnSUM8Wr1RqOO3EKpQoH2qPI+HMckjajQhGOlBq6TaD/DUjPC6aI8TBVNMJnhCR0YKnBElZ8tb12gC6OMURhLU0Kjpfp9IsORUvMoMJ0R1lP128vFv7xBqsOmnzGRpJoKsloUphzpGOWPozGTlGg+NwQTycytiEyxxESbeMomhK9P0f+kW7Ndx3ZvvWrrvIijBKdwBpfgQgNacANt6ACBKTzAEzxbkfVovVivq9Y1q5g5gR+w3j4BvoiN8g==</latexit>

n0
<latexit sha1_base64="77GtjRIMDeTCh5qqU55sspxv7dw=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSp4WrKu2h4LXjxWtB/QLiWbZtvQbHZJskIp/QlePCji1V/kzX9j2q6gog8GHu/NMDMvTAXXBuMPZ2l5ZXVtvbBR3Nza3tkt7e03dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWOrmZ+654pzRN5Z8YpC2IykDzilBgr3coe7pXK2PV937usIOziOSzxLzy/6iEvV8qQo94rvXf7Cc1iJg0VROuOh1MTTIgynAo2LXYzzVJCR2TAOpZKEjMdTOanTtGJVfooSpQtadBc/T4xIbHW4zi0nTExQ/3bm4l/eZ3MRNVgwmWaGSbpYlGUCWQSNPsb9bli1IixJYQqbm9FdEgUocamU7QhfH2K/ifNM9fDrndzXq4d53EU4BCO4BQ8qEANrqEODaAwgAd4gmdHOI/Oi/O6aF1y8pkD+AHn7RMxnI2j</latexit><latexit sha1_base64="77GtjRIMDeTCh5qqU55sspxv7dw=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSp4WrKu2h4LXjxWtB/QLiWbZtvQbHZJskIp/QlePCji1V/kzX9j2q6gog8GHu/NMDMvTAXXBuMPZ2l5ZXVtvbBR3Nza3tkt7e03dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWOrmZ+654pzRN5Z8YpC2IykDzilBgr3coe7pXK2PV937usIOziOSzxLzy/6iEvV8qQo94rvXf7Cc1iJg0VROuOh1MTTIgynAo2LXYzzVJCR2TAOpZKEjMdTOanTtGJVfooSpQtadBc/T4xIbHW4zi0nTExQ/3bm4l/eZ3MRNVgwmWaGSbpYlGUCWQSNPsb9bli1IixJYQqbm9FdEgUocamU7QhfH2K/ifNM9fDrndzXq4d53EU4BCO4BQ8qEANrqEODaAwgAd4gmdHOI/Oi/O6aF1y8pkD+AHn7RMxnI2j</latexit><latexit sha1_base64="77GtjRIMDeTCh5qqU55sspxv7dw=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSp4WrKu2h4LXjxWtB/QLiWbZtvQbHZJskIp/QlePCji1V/kzX9j2q6gog8GHu/NMDMvTAXXBuMPZ2l5ZXVtvbBR3Nza3tkt7e03dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWOrmZ+654pzRN5Z8YpC2IykDzilBgr3coe7pXK2PV937usIOziOSzxLzy/6iEvV8qQo94rvXf7Cc1iJg0VROuOh1MTTIgynAo2LXYzzVJCR2TAOpZKEjMdTOanTtGJVfooSpQtadBc/T4xIbHW4zi0nTExQ/3bm4l/eZ3MRNVgwmWaGSbpYlGUCWQSNPsb9bli1IixJYQqbm9FdEgUocamU7QhfH2K/ifNM9fDrndzXq4d53EU4BCO4BQ8qEANrqEODaAwgAd4gmdHOI/Oi/O6aF1y8pkD+AHn7RMxnI2j</latexit><latexit sha1_base64="77GtjRIMDeTCh5qqU55sspxv7dw=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSp4WrKu2h4LXjxWtB/QLiWbZtvQbHZJskIp/QlePCji1V/kzX9j2q6gog8GHu/NMDMvTAXXBuMPZ2l5ZXVtvbBR3Nza3tkt7e03dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWOrmZ+654pzRN5Z8YpC2IykDzilBgr3coe7pXK2PV937usIOziOSzxLzy/6iEvV8qQo94rvXf7Cc1iJg0VROuOh1MTTIgynAo2LXYzzVJCR2TAOpZKEjMdTOanTtGJVfooSpQtadBc/T4xIbHW4zi0nTExQ/3bm4l/eZ3MRNVgwmWaGSbpYlGUCWQSNPsb9bli1IixJYQqbm9FdEgUocamU7QhfH2K/ifNM9fDrndzXq4d53EU4BCO4BQ8qEANrqEODaAwgAd4gmdHOI/Oi/O6aF1y8pkD+AHn7RMxnI2j</latexit>

b
<latexit sha1_base64="VIu2IGEHoFAGqUj06mRi31KTzsk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpQn5sHJr6xubW/ntws7u3v5B8fCoo6JEMmizSESy51EFgofQ1lwL6MUSaOAJ6HrT68zv3oNUPApv9SwGN6DjkPucUW2kljcsloh96RCnSjCxK/U6IWWcKeXqVQ07NlmghFZoDovvg1HEkgBCzQRVqu+QWLsplZozAfPCIFEQUzalY+gbGtIAlJsuDp3jM6OMsB9JU6HGC/X7REoDpWaBZzoDqifqt5eJf3n9RPs1N+VhnGgI2XKRnwisI5x9jUdcAtNiZghlkptbMZtQSZk22RRMCF+f4v9J58J2iO20KqUGXsWRRyfoFJ0jB1VRA92gJmojhgA9oCf0bN1Zj9aL9bpszVmrmWP0A9bbJx4JjQk=</latexit><latexit sha1_base64="VIu2IGEHoFAGqUj06mRi31KTzsk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpQn5sHJr6xubW/ntws7u3v5B8fCoo6JEMmizSESy51EFgofQ1lwL6MUSaOAJ6HrT68zv3oNUPApv9SwGN6DjkPucUW2kljcsloh96RCnSjCxK/U6IWWcKeXqVQ07NlmghFZoDovvg1HEkgBCzQRVqu+QWLsplZozAfPCIFEQUzalY+gbGtIAlJsuDp3jM6OMsB9JU6HGC/X7REoDpWaBZzoDqifqt5eJf3n9RPs1N+VhnGgI2XKRnwisI5x9jUdcAtNiZghlkptbMZtQSZk22RRMCF+f4v9J58J2iO20KqUGXsWRRyfoFJ0jB1VRA92gJmojhgA9oCf0bN1Zj9aL9bpszVmrmWP0A9bbJx4JjQk=</latexit><latexit sha1_base64="VIu2IGEHoFAGqUj06mRi31KTzsk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpQn5sHJr6xubW/ntws7u3v5B8fCoo6JEMmizSESy51EFgofQ1lwL6MUSaOAJ6HrT68zv3oNUPApv9SwGN6DjkPucUW2kljcsloh96RCnSjCxK/U6IWWcKeXqVQ07NlmghFZoDovvg1HEkgBCzQRVqu+QWLsplZozAfPCIFEQUzalY+gbGtIAlJsuDp3jM6OMsB9JU6HGC/X7REoDpWaBZzoDqifqt5eJf3n9RPs1N+VhnGgI2XKRnwisI5x9jUdcAtNiZghlkptbMZtQSZk22RRMCF+f4v9J58J2iO20KqUGXsWRRyfoFJ0jB1VRA92gJmojhgA9oCf0bN1Zj9aL9bpszVmrmWP0A9bbJx4JjQk=</latexit><latexit sha1_base64="VIu2IGEHoFAGqUj06mRi31KTzsk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpQn5sHJr6xubW/ntws7u3v5B8fCoo6JEMmizSESy51EFgofQ1lwL6MUSaOAJ6HrT68zv3oNUPApv9SwGN6DjkPucUW2kljcsloh96RCnSjCxK/U6IWWcKeXqVQ07NlmghFZoDovvg1HEkgBCzQRVqu+QWLsplZozAfPCIFEQUzalY+gbGtIAlJsuDp3jM6OMsB9JU6HGC/X7REoDpWaBZzoDqifqt5eJf3n9RPs1N+VhnGgI2XKRnwisI5x9jUdcAtNiZghlkptbMZtQSZk22RRMCF+f4v9J58J2iO20KqUGXsWRRyfoFJ0jB1VRA92gJmojhgA9oCf0bN1Zj9aL9bpszVmrmWP0A9bbJx4JjQk=</latexit>

r
<latexit sha1_base64="iQMy4bbsE57N3qbrBsoZO40oxGM=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYcFkvYvnSwU8UI25V6HeMyypRy9aqGHBsvUIIVmsPi+2AU0SRgoaaCKNV3cKzdlEjNqWDzwiBRLCZ0Ssasb2hIAqbcdHHoHJ0ZZYT8SJoKNVqo3ydSEig1CzzTGRA9Ub+9TPzL6yfar7kpD+NEs5AuF/mJQDpC2ddoxCWjWswMIVRycyuiEyIJ1Sabggnh61P0P+lc2A62nVal1ECrOPJwAqdwDg5UoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtEzZJjRk=</latexit><latexit sha1_base64="iQMy4bbsE57N3qbrBsoZO40oxGM=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYcFkvYvnSwU8UI25V6HeMyypRy9aqGHBsvUIIVmsPi+2AU0SRgoaaCKNV3cKzdlEjNqWDzwiBRLCZ0Ssasb2hIAqbcdHHoHJ0ZZYT8SJoKNVqo3ydSEig1CzzTGRA9Ub+9TPzL6yfar7kpD+NEs5AuF/mJQDpC2ddoxCWjWswMIVRycyuiEyIJ1Sabggnh61P0P+lc2A62nVal1ECrOPJwAqdwDg5UoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtEzZJjRk=</latexit><latexit sha1_base64="iQMy4bbsE57N3qbrBsoZO40oxGM=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYcFkvYvnSwU8UI25V6HeMyypRy9aqGHBsvUIIVmsPi+2AU0SRgoaaCKNV3cKzdlEjNqWDzwiBRLCZ0Ssasb2hIAqbcdHHoHJ0ZZYT8SJoKNVqo3ydSEig1CzzTGRA9Ub+9TPzL6yfar7kpD+NEs5AuF/mJQDpC2ddoxCWjWswMIVRycyuiEyIJ1Sabggnh61P0P+lc2A62nVal1ECrOPJwAqdwDg5UoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtEzZJjRk=</latexit><latexit sha1_base64="iQMy4bbsE57N3qbrBsoZO40oxGM=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZk10SS3gBePCZgHJEuYncwmY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7vFhwpTH+sHJr6xubW/ntws7u3v5B8fCoo6JEUtamkYhkzyOKCR6ytuZasF4sGQk8wbre9Drzu/dMKh6Ft3oWMzcg45D7nBJtpJYcFkvYvnSwU8UI25V6HeMyypRy9aqGHBsvUIIVmsPi+2AU0SRgoaaCKNV3cKzdlEjNqWDzwiBRLCZ0Ssasb2hIAqbcdHHoHJ0ZZYT8SJoKNVqo3ydSEig1CzzTGRA9Ub+9TPzL6yfar7kpD+NEs5AuF/mJQDpC2ddoxCWjWswMIVRycyuiEyIJ1Sabggnh61P0P+lc2A62nVal1ECrOPJwAqdwDg5UoQE30IQ2UGDwAE/wbN1Zj9aL9bpszVmrmWP4AevtEzZJjRk=</latexit>

rb
<latexit sha1_base64="XtBAu5SzRSgkT4NIsUWYBpBXM88=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1g36xhN0LD3sVjLBbrtUwPkeZcl65rCLPxXOUYIlGv/jeG8Q0jZg0VBCtux5OjD8lynAq2KzQSzVLCB2TIetaKknEtD+dnzpDJ1YZoDBWtqRBc/X7xJREWk+iwHZGxIz0by8T//K6qQmr/pTLJDVM0sWiMBXIxCj7Gw24YtSIiSWEKm5vRXREFKHGplOwIXx9iv4nrTPXw653Uy7V0TKOPBzBMZyCBxWowzU0oAkUhvAAT/DsCOfReXFeF605ZzlzCD/gvH0CpemN7g==</latexit><latexit sha1_base64="XtBAu5SzRSgkT4NIsUWYBpBXM88=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1g36xhN0LD3sVjLBbrtUwPkeZcl65rCLPxXOUYIlGv/jeG8Q0jZg0VBCtux5OjD8lynAq2KzQSzVLCB2TIetaKknEtD+dnzpDJ1YZoDBWtqRBc/X7xJREWk+iwHZGxIz0by8T//K6qQmr/pTLJDVM0sWiMBXIxCj7Gw24YtSIiSWEKm5vRXREFKHGplOwIXx9iv4nrTPXw653Uy7V0TKOPBzBMZyCBxWowzU0oAkUhvAAT/DsCOfReXFeF605ZzlzCD/gvH0CpemN7g==</latexit><latexit sha1_base64="XtBAu5SzRSgkT4NIsUWYBpBXM88=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1g36xhN0LD3sVjLBbrtUwPkeZcl65rCLPxXOUYIlGv/jeG8Q0jZg0VBCtux5OjD8lynAq2KzQSzVLCB2TIetaKknEtD+dnzpDJ1YZoDBWtqRBc/X7xJREWk+iwHZGxIz0by8T//K6qQmr/pTLJDVM0sWiMBXIxCj7Gw24YtSIiSWEKm5vRXREFKHGplOwIXx9iv4nrTPXw653Uy7V0TKOPBzBMZyCBxWowzU0oAkUhvAAT/DsCOfReXFeF605ZzlzCD/gvH0CpemN7g==</latexit><latexit sha1_base64="XtBAu5SzRSgkT4NIsUWYBpBXM88=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1g36xhN0LD3sVjLBbrtUwPkeZcl65rCLPxXOUYIlGv/jeG8Q0jZg0VBCtux5OjD8lynAq2KzQSzVLCB2TIetaKknEtD+dnzpDJ1YZoDBWtqRBc/X7xJREWk+iwHZGxIz0by8T//K6qQmr/pTLJDVM0sWiMBXIxCj7Gw24YtSIiSWEKm5vRXREFKHGplOwIXx9iv4nrTPXw653Uy7V0TKOPBzBMZyCBxWowzU0oAkUhvAAT/DsCOfReXFeF605ZzlzCD/gvH0CpemN7g==</latexit>

rt
<latexit sha1_base64="io+NEDZ9secN+C/IEonOlTFRw2o=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1Tb9Ywu6Fh70KRtgt12oYn6NMOa9cVpHn4jlKsESjX3zvDWKaRkwaKojWXQ8nxp8SZTgVbFbopZolhI7JkHUtlSRi2p/OT52hE6sMUBgrW9Kgufp9YkoirSdRYDsjYkb6t5eJf3nd1IRVf8plkhom6WJRmApkYpT9jQZcMWrExBJCFbe3IjoiilBj0ynYEL4+Rf+T1pnrYde7KZfqaBlHHo7gGE7BgwrU4Roa0AQKQ3iAJ3h2hPPovDivi9acs5w5hB9w3j4BwTGOAA==</latexit><latexit sha1_base64="io+NEDZ9secN+C/IEonOlTFRw2o=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1Tb9Ywu6Fh70KRtgt12oYn6NMOa9cVpHn4jlKsESjX3zvDWKaRkwaKojWXQ8nxp8SZTgVbFbopZolhI7JkHUtlSRi2p/OT52hE6sMUBgrW9Kgufp9YkoirSdRYDsjYkb6t5eJf3nd1IRVf8plkhom6WJRmApkYpT9jQZcMWrExBJCFbe3IjoiilBj0ynYEL4+Rf+T1pnrYde7KZfqaBlHHo7gGE7BgwrU4Roa0AQKQ3iAJ3h2hPPovDivi9acs5w5hB9w3j4BwTGOAA==</latexit><latexit sha1_base64="io+NEDZ9secN+C/IEonOlTFRw2o=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1Tb9Ywu6Fh70KRtgt12oYn6NMOa9cVpHn4jlKsESjX3zvDWKaRkwaKojWXQ8nxp8SZTgVbFbopZolhI7JkHUtlSRi2p/OT52hE6sMUBgrW9Kgufp9YkoirSdRYDsjYkb6t5eJf3nd1IRVf8plkhom6WJRmApkYpT9jQZcMWrExBJCFbe3IjoiilBj0ynYEL4+Rf+T1pnrYde7KZfqaBlHHo7gGE7BgwrU4Roa0AQKQ3iAJ3h2hPPovDivi9acs5w5hB9w3j4BwTGOAA==</latexit><latexit sha1_base64="io+NEDZ9secN+C/IEonOlTFRw2o=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbB05LVattbwYvHivYD2qVk02wbms0uSVYopT/BiwdFvPqLvPlvzLYVVPTBwOO9GWbmBYng2mD84eRWVtfWN/Kbha3tnd294v5BS8epoqxJYxGrTkA0E1yypuFGsE6iGIkCwdrB+Crz2/dMaR7LOzNJmB+RoeQhp8RY6Vb1Tb9Ywu6Fh70KRtgt12oYn6NMOa9cVpHn4jlKsESjX3zvDWKaRkwaKojWXQ8nxp8SZTgVbFbopZolhI7JkHUtlSRi2p/OT52hE6sMUBgrW9Kgufp9YkoirSdRYDsjYkb6t5eJf3nd1IRVf8plkhom6WJRmApkYpT9jQZcMWrExBJCFbe3IjoiilBj0ynYEL4+Rf+T1pnrYde7KZfqaBlHHo7gGE7BgwrU4Roa0AQKQ3iAJ3h2hPPovDivi9acs5w5hB9w3j4BwTGOAA==</latexit>

Figure 5: Finite difference discretization on quadtree grids. Here, node n0 has no direct neighbor to the right, and thus a
ghost node nr ( ) must be constructed using the existing neighboring nodes ( ). Standard central discretizations can then be
constructed using this ghosted neighborhood.

3.3.1. Construction of the discrete differential operators

To discretize our differential operators, we follow the work of Min and Gibou [47]. The central idea is to
define ghost values at T-junctions (often called hanging nodes) to circumvent the lack of direct neighbors.
This is done using standard Taylor analysis and derivative approximation. For example, referring to Figure
5, node n0 does not have a direct neighbor to the right, so we introduce a ghost node nr on the face
delimited by nodes nrt and nrb. For any nodal quantity ϕ, sampled at the existing nodes, we can calculate
a third-order accurate ghost value ϕr using the information at n0, at its direct neighbors in all three other
directions (i.e. nl, nt, nb), and at the neighboring nodes nrt and nrb as

ϕr =
rbϕrt + rtϕtb

rt + rb
− rtrb

t+ b

(
ϕt − ϕ0

t
− ϕ0 − ϕb

b

)
. (41)

Now, we should see each node as having four direct neighbors, one in each direction, with at most one ghost
neighbor. Using these new neighborhoods, we can construct discretizations for the standard differential
operators, such as the nodal Laplacian LN , divergence DN and gradient GN . As Figure 6 illustrates, these
operators evaluated at any node n0 for any given sampled Hodge variable ϕ and any given velocity field
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r
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`

r(` + r)
<latexit sha1_base64="9NFNDumIbdjLH6KstnxBYpTn+Qo=">AAAB/3icbVDLSsNAFJ3UV62v+sCNm8EiVISSiKDLghuXFewDmlAm05t26GQSZiZCiVn4K25cKOLW33Dn3zhps9Dqgcs9nHMvc+f4MWdK2/aXVVpaXlldK69XNja3tnequ3sdFSWSQptGPJI9nyjgTEBbM82hF0sgoc+h60+uc797D1KxSNzpaQxeSEaCBYwSbaRB9dANJKGpC5xnqazn/UyeZoNqzW7YM+C/xClIDRVoDaqf7jCiSQhCU06U6jt2rL2USM0oh6ziJgpiQidkBH1DBQlBeens/gyfGGWIg0iaEhrP1J8bKQmVmoa+mQyJHqtFLxf/8/qJDq68lIk40SDo/KEg4VhHOA8DD5kEqvnUEEIlM7diOiYmEG0iq5gQnMUv/yWd84ZjN5zbi1rzoIijjI7QMaojB12iJrpBLdRGFD2gJ/SCXq1H69l6s97noyWr2NlHv2B9fAPZcZXT</latexit><latexit sha1_base64="9NFNDumIbdjLH6KstnxBYpTn+Qo=">AAAB/3icbVDLSsNAFJ3UV62v+sCNm8EiVISSiKDLghuXFewDmlAm05t26GQSZiZCiVn4K25cKOLW33Dn3zhps9Dqgcs9nHMvc+f4MWdK2/aXVVpaXlldK69XNja3tnequ3sdFSWSQptGPJI9nyjgTEBbM82hF0sgoc+h60+uc797D1KxSNzpaQxeSEaCBYwSbaRB9dANJKGpC5xnqazn/UyeZoNqzW7YM+C/xClIDRVoDaqf7jCiSQhCU06U6jt2rL2USM0oh6ziJgpiQidkBH1DBQlBeens/gyfGGWIg0iaEhrP1J8bKQmVmoa+mQyJHqtFLxf/8/qJDq68lIk40SDo/KEg4VhHOA8DD5kEqvnUEEIlM7diOiYmEG0iq5gQnMUv/yWd84ZjN5zbi1rzoIijjI7QMaojB12iJrpBLdRGFD2gJ/SCXq1H69l6s97noyWr2NlHv2B9fAPZcZXT</latexit><latexit sha1_base64="9NFNDumIbdjLH6KstnxBYpTn+Qo=">AAAB/3icbVDLSsNAFJ3UV62v+sCNm8EiVISSiKDLghuXFewDmlAm05t26GQSZiZCiVn4K25cKOLW33Dn3zhps9Dqgcs9nHMvc+f4MWdK2/aXVVpaXlldK69XNja3tnequ3sdFSWSQptGPJI9nyjgTEBbM82hF0sgoc+h60+uc797D1KxSNzpaQxeSEaCBYwSbaRB9dANJKGpC5xnqazn/UyeZoNqzW7YM+C/xClIDRVoDaqf7jCiSQhCU06U6jt2rL2USM0oh6ziJgpiQidkBH1DBQlBeens/gyfGGWIg0iaEhrP1J8bKQmVmoa+mQyJHqtFLxf/8/qJDq68lIk40SDo/KEg4VhHOA8DD5kEqvnUEEIlM7diOiYmEG0iq5gQnMUv/yWd84ZjN5zbi1rzoIijjI7QMaojB12iJrpBLdRGFD2gJ/SCXq1H69l6s97noyWr2NlHv2B9fAPZcZXT</latexit><latexit sha1_base64="9NFNDumIbdjLH6KstnxBYpTn+Qo=">AAAB/3icbVDLSsNAFJ3UV62v+sCNm8EiVISSiKDLghuXFewDmlAm05t26GQSZiZCiVn4K25cKOLW33Dn3zhps9Dqgcs9nHMvc+f4MWdK2/aXVVpaXlldK69XNja3tnequ3sdFSWSQptGPJI9nyjgTEBbM82hF0sgoc+h60+uc797D1KxSNzpaQxeSEaCBYwSbaRB9dANJKGpC5xnqazn/UyeZoNqzW7YM+C/xClIDRVoDaqf7jCiSQhCU06U6jt2rL2USM0oh6ziJgpiQidkBH1DBQlBeens/gyfGGWIg0iaEhrP1J8bKQmVmoa+mQyJHqtFLxf/8/qJDq68lIk40SDo/KEg4VhHOA8DD5kEqvnUEEIlM7diOiYmEG0iq5gQnMUv/yWd84ZjN5zbi1rzoIijjI7QMaojB12iJrpBLdRGFD2gJ/SCXq1H69l6s97noyWr2NlHv2B9fAPZcZXT</latexit>

�r

`(` + r)
<latexit sha1_base64="x/RDn0Bah6Mu/Qfgi4DjgDcqA74=">AAACAHicbVDLSsNAFL3xWesrPsCFm8EiVMSSiKDLghuXFewDmlAm00k7dDIJMxOhhGz8FTcuFHHrZ7jzb5y0XWjrgXs5nHMvM/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej28JvP1KpWCwe9DihfoQHgoWMYG2knn3khRKT7ELmmUc5rxbtXJ7lPbvi1JwJ0CJxZ6QCMzR69pfXj0kaUaEJx0p1XSfRfoalZoTTvOyliiaYjPCAdg0VOKLKzyYH5OjUKH0UxtKU0Gii/t7IcKTUOArMZIT1UM17hfif1011eONnTCSppoJMHwpTjnSMijRQn0lKNB8bgolk5q+IDLFJRJvMyiYEd/7kRdK6rLlOzb2/qtQPZ3GU4BhOoAouXEMd7qABTSCQwzO8wpv1ZL1Y79bHdHTJmu0cwB9Ynz9I7ZYK</latexit><latexit sha1_base64="x/RDn0Bah6Mu/Qfgi4DjgDcqA74=">AAACAHicbVDLSsNAFL3xWesrPsCFm8EiVMSSiKDLghuXFewDmlAm00k7dDIJMxOhhGz8FTcuFHHrZ7jzb5y0XWjrgXs5nHMvM/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej28JvP1KpWCwe9DihfoQHgoWMYG2knn3khRKT7ELmmUc5rxbtXJ7lPbvi1JwJ0CJxZ6QCMzR69pfXj0kaUaEJx0p1XSfRfoalZoTTvOyliiaYjPCAdg0VOKLKzyYH5OjUKH0UxtKU0Gii/t7IcKTUOArMZIT1UM17hfif1011eONnTCSppoJMHwpTjnSMijRQn0lKNB8bgolk5q+IDLFJRJvMyiYEd/7kRdK6rLlOzb2/qtQPZ3GU4BhOoAouXEMd7qABTSCQwzO8wpv1ZL1Y79bHdHTJmu0cwB9Ynz9I7ZYK</latexit><latexit sha1_base64="x/RDn0Bah6Mu/Qfgi4DjgDcqA74=">AAACAHicbVDLSsNAFL3xWesrPsCFm8EiVMSSiKDLghuXFewDmlAm00k7dDIJMxOhhGz8FTcuFHHrZ7jzb5y0XWjrgXs5nHMvM/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej28JvP1KpWCwe9DihfoQHgoWMYG2knn3khRKT7ELmmUc5rxbtXJ7lPbvi1JwJ0CJxZ6QCMzR69pfXj0kaUaEJx0p1XSfRfoalZoTTvOyliiaYjPCAdg0VOKLKzyYH5OjUKH0UxtKU0Gii/t7IcKTUOArMZIT1UM17hfif1011eONnTCSppoJMHwpTjnSMijRQn0lKNB8bgolk5q+IDLFJRJvMyiYEd/7kRdK6rLlOzb2/qtQPZ3GU4BhOoAouXEMd7qABTSCQwzO8wpv1ZL1Y79bHdHTJmu0cwB9Ynz9I7ZYK</latexit><latexit sha1_base64="x/RDn0Bah6Mu/Qfgi4DjgDcqA74=">AAACAHicbVDLSsNAFL3xWesrPsCFm8EiVMSSiKDLghuXFewDmlAm00k7dDIJMxOhhGz8FTcuFHHrZ7jzb5y0XWjrgXs5nHMvM/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQej28JvP1KpWCwe9DihfoQHgoWMYG2knn3khRKT7ELmmUc5rxbtXJ7lPbvi1JwJ0CJxZ6QCMzR69pfXj0kaUaEJx0p1XSfRfoalZoTTvOyliiaYjPCAdg0VOKLKzyYH5OjUKH0UxtKU0Gii/t7IcKTUOArMZIT1UM17hfif1011eONnTCSppoJMHwpTjnSMijRQn0lKNB8bgolk5q+IDLFJRJvMyiYEd/7kRdK6rLlOzb2/qtQPZ3GU4BhOoAouXEMd7qABTSCQwzO8wpv1ZL1Y79bHdHTJmu0cwB9Ynz9I7ZYK</latexit>

1

` + r

✓
r

`
� `

r

◆

<latexit sha1_base64="lKKx0wv7yHlLsWF++evVqZMS0a4=">AAACJXicbZDLSsNAFIYn9VbjrV52boJFqIglEUEXLgpuXFawF2hKmUxP2qGTCzMnQgl5GTe+ihsXFhFc+SpOmy609YeBf75zDjPn92LBFdr2l1FYWV1b3yhumlvbO7t7pf2DpooSyaDBIhHJtkcVCB5CAzkKaMcSaOAJaHmju2m99QRS8Sh8xHEM3YAOQu5zRlGjXunWNF1fUpY6WeqCEOcycwX4WMmpzGl2kV9nXkNX8sEQz3qlsl21Z7KWjTM3ZTJXvVeauP2IJQGEyARVquPYMXZTKpEzAZnpJgpiykZ0AB1tQxqA6qazLTPrVJO+5UdSnxCtGf09kdJAqXHg6c6A4lAt1qbwv1onQf+mm/IwThBClj/kJ8LCyJpGZvW5BIZirA1lkuu/WmxIdR6ogzV1CM7iysumeVl17KrzcFWuHc3jKJJjckIqxCHXpEbuSZ00CCPP5JW8k4nxYrwZH8Zn3low5jOH5I+M7x8ORaYd</latexit><latexit sha1_base64="lKKx0wv7yHlLsWF++evVqZMS0a4=">AAACJXicbZDLSsNAFIYn9VbjrV52boJFqIglEUEXLgpuXFawF2hKmUxP2qGTCzMnQgl5GTe+ihsXFhFc+SpOmy609YeBf75zDjPn92LBFdr2l1FYWV1b3yhumlvbO7t7pf2DpooSyaDBIhHJtkcVCB5CAzkKaMcSaOAJaHmju2m99QRS8Sh8xHEM3YAOQu5zRlGjXunWNF1fUpY6WeqCEOcycwX4WMmpzGl2kV9nXkNX8sEQz3qlsl21Z7KWjTM3ZTJXvVeauP2IJQGEyARVquPYMXZTKpEzAZnpJgpiykZ0AB1tQxqA6qazLTPrVJO+5UdSnxCtGf09kdJAqXHg6c6A4lAt1qbwv1onQf+mm/IwThBClj/kJ8LCyJpGZvW5BIZirA1lkuu/WmxIdR6ogzV1CM7iysumeVl17KrzcFWuHc3jKJJjckIqxCHXpEbuSZ00CCPP5JW8k4nxYrwZH8Zn3low5jOH5I+M7x8ORaYd</latexit><latexit sha1_base64="lKKx0wv7yHlLsWF++evVqZMS0a4=">AAACJXicbZDLSsNAFIYn9VbjrV52boJFqIglEUEXLgpuXFawF2hKmUxP2qGTCzMnQgl5GTe+ihsXFhFc+SpOmy609YeBf75zDjPn92LBFdr2l1FYWV1b3yhumlvbO7t7pf2DpooSyaDBIhHJtkcVCB5CAzkKaMcSaOAJaHmju2m99QRS8Sh8xHEM3YAOQu5zRlGjXunWNF1fUpY6WeqCEOcycwX4WMmpzGl2kV9nXkNX8sEQz3qlsl21Z7KWjTM3ZTJXvVeauP2IJQGEyARVquPYMXZTKpEzAZnpJgpiykZ0AB1tQxqA6qazLTPrVJO+5UdSnxCtGf09kdJAqXHg6c6A4lAt1qbwv1onQf+mm/IwThBClj/kJ8LCyJpGZvW5BIZirA1lkuu/WmxIdR6ogzV1CM7iysumeVl17KrzcFWuHc3jKJJjckIqxCHXpEbuSZ00CCPP5JW8k4nxYrwZH8Zn3low5jOH5I+M7x8ORaYd</latexit><latexit sha1_base64="lKKx0wv7yHlLsWF++evVqZMS0a4=">AAACJXicbZDLSsNAFIYn9VbjrV52boJFqIglEUEXLgpuXFawF2hKmUxP2qGTCzMnQgl5GTe+ihsXFhFc+SpOmy609YeBf75zDjPn92LBFdr2l1FYWV1b3yhumlvbO7t7pf2DpooSyaDBIhHJtkcVCB5CAzkKaMcSaOAJaHmju2m99QRS8Sh8xHEM3YAOQu5zRlGjXunWNF1fUpY6WeqCEOcycwX4WMmpzGl2kV9nXkNX8sEQz3qlsl21Z7KWjTM3ZTJXvVeauP2IJQGEyARVquPYMXZTKpEzAZnpJgpiykZ0AB1tQxqA6qazLTPrVJO+5UdSnxCtGf09kdJAqXHg6c6A4lAt1qbwv1onQf+mm/IwThBClj/kJ8LCyJpGZvW5BIZirA1lkuu/WmxIdR6ogzV1CM7iysumeVl17KrzcFWuHc3jKJJjckIqxCHXpEbuSZ00CCPP5JW8k4nxYrwZH8Zn3low5jOH5I+M7x8ORaYd</latexit>

1

` + r
<latexit sha1_base64="yvt5NgMlgdaeKtfhq0aJqUgdCqY=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKae0XuI+dXsujbNbfuzuGsEq8kNSjR7Ntf/iChWYxCU06U6nluqoOcSM0ox6LqZwpTQsdkiD1DBYlRBfn88sK5MMrAiRJpSmhnrv6eyEms1DQOTWdM9EgtezPxP6+X6eguyJlIM42CLhZFGXd04sxicAZMItV8agihkplbHToiJgptwqqaELzll1dJ+7ruuXXv8abWOC3jqMAZnMMleHALDXiAJrSAwgSe4RXerNx6sd6tj0XrmlXOnMAfWJ8/hC2TbA==</latexit><latexit sha1_base64="yvt5NgMlgdaeKtfhq0aJqUgdCqY=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKae0XuI+dXsujbNbfuzuGsEq8kNSjR7Ntf/iChWYxCU06U6nluqoOcSM0ox6LqZwpTQsdkiD1DBYlRBfn88sK5MMrAiRJpSmhnrv6eyEms1DQOTWdM9EgtezPxP6+X6eguyJlIM42CLhZFGXd04sxicAZMItV8agihkplbHToiJgptwqqaELzll1dJ+7ruuXXv8abWOC3jqMAZnMMleHALDXiAJrSAwgSe4RXerNx6sd6tj0XrmlXOnMAfWJ8/hC2TbA==</latexit><latexit sha1_base64="yvt5NgMlgdaeKtfhq0aJqUgdCqY=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKae0XuI+dXsujbNbfuzuGsEq8kNSjR7Ntf/iChWYxCU06U6nluqoOcSM0ox6LqZwpTQsdkiD1DBYlRBfn88sK5MMrAiRJpSmhnrv6eyEms1DQOTWdM9EgtezPxP6+X6eguyJlIM42CLhZFGXd04sxicAZMItV8agihkplbHToiJgptwqqaELzll1dJ+7ruuXXv8abWOC3jqMAZnMMleHALDXiAJrSAwgSe4RXerNx6sd6tj0XrmlXOnMAfWJ8/hC2TbA==</latexit><latexit sha1_base64="yvt5NgMlgdaeKtfhq0aJqUgdCqY=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKae0XuI+dXsujbNbfuzuGsEq8kNSjR7Ntf/iChWYxCU06U6nluqoOcSM0ox6LqZwpTQsdkiD1DBYlRBfn88sK5MMrAiRJpSmhnrv6eyEms1DQOTWdM9EgtezPxP6+X6eguyJlIM42CLhZFGXd04sxicAZMItV8agihkplbHToiJgptwqqaELzll1dJ+7ruuXXv8abWOC3jqMAZnMMleHALDXiAJrSAwgSe4RXerNx6sd6tj0XrmlXOnMAfWJ8/hC2TbA==</latexit>

�1

` + r
<latexit sha1_base64="ty6hr5F5hjHb/cCMPk9GuLWJLHk=">AAAB+nicbVBNS8NAEJ3Ur1q/UvXmZbEIglgSEfRY8OKxgv2AJpTNdtMu3WzC7kYpMT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0srq2vlHerGxt7+zu2dX9topTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3U7zxQqVgs7vUkoX6Eh4KFjGBtpL5d9UKJSXbu5plHOT+Ted+uOXVnBrRM3ILUoECzb395g5ikERWacKxUz3US7WdYakY4zSteqmiCyRgPac9QgSOq/Gx2eo5OjDJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2JCcBdfXibti7rr1N27y1rjsIijDEdwDKfgwhU04Baa0AICj/AMr/BmPVkv1rv1MW8tWcXMAfyB9fkD8beTow==</latexit><latexit sha1_base64="ty6hr5F5hjHb/cCMPk9GuLWJLHk=">AAAB+nicbVBNS8NAEJ3Ur1q/UvXmZbEIglgSEfRY8OKxgv2AJpTNdtMu3WzC7kYpMT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0srq2vlHerGxt7+zu2dX9topTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3U7zxQqVgs7vUkoX6Eh4KFjGBtpL5d9UKJSXbu5plHOT+Ted+uOXVnBrRM3ILUoECzb395g5ikERWacKxUz3US7WdYakY4zSteqmiCyRgPac9QgSOq/Gx2eo5OjDJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2JCcBdfXibti7rr1N27y1rjsIijDEdwDKfgwhU04Baa0AICj/AMr/BmPVkv1rv1MW8tWcXMAfyB9fkD8beTow==</latexit><latexit sha1_base64="ty6hr5F5hjHb/cCMPk9GuLWJLHk=">AAAB+nicbVBNS8NAEJ3Ur1q/UvXmZbEIglgSEfRY8OKxgv2AJpTNdtMu3WzC7kYpMT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0srq2vlHerGxt7+zu2dX9topTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3U7zxQqVgs7vUkoX6Eh4KFjGBtpL5d9UKJSXbu5plHOT+Ted+uOXVnBrRM3ILUoECzb395g5ikERWacKxUz3US7WdYakY4zSteqmiCyRgPac9QgSOq/Gx2eo5OjDJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2JCcBdfXibti7rr1N27y1rjsIijDEdwDKfgwhU04Baa0AICj/AMr/BmPVkv1rv1MW8tWcXMAfyB9fkD8beTow==</latexit><latexit sha1_base64="ty6hr5F5hjHb/cCMPk9GuLWJLHk=">AAAB+nicbVBNS8NAEJ3Ur1q/UvXmZbEIglgSEfRY8OKxgv2AJpTNdtMu3WzC7kYpMT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0srq2vlHerGxt7+zu2dX9topTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8c3U7zxQqVgs7vUkoX6Eh4KFjGBtpL5d9UKJSXbu5plHOT+Ted+uOXVnBrRM3ILUoECzb395g5ikERWacKxUz3US7WdYakY4zSteqmiCyRgPac9QgSOq/Gx2eo5OjDJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2JCcBdfXibti7rr1N27y1rjsIijDEdwDKfgwhU04Baa0AICj/AMr/BmPVkv1rv1MW8tWcXMAfyB9fkD8beTow==</latexit>

DN
<latexit sha1_base64="WP0shmtMBCy3K5UWqRC6UJiOkqg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBVclRkRdFnQhSupYB/QDuVOmrahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6Cbzm2OmNI/ko5nEzA9xIHmfUzRW8jshmiFFkd5Ou/fdUtmtuDOQZeLlpAw5at3SV6cX0SRk0lCBWrc9NzZ+ispwKti02Ek0i5GOcMDalkoMmfbTWegpObNKj/QjZZ80ZKb+3kgx1HoSBnYyC6kXvUz8z2snpn/tp1zGiWGSzg/1E0FMRLIGSI8rRo2YWIJUcZuV0CEqpMb2VLQleItfXiaNi4rnVryHy3L1NK+jAMdwAufgwRVU4Q5qUAcKT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDxU+R/Q==</latexit><latexit sha1_base64="WP0shmtMBCy3K5UWqRC6UJiOkqg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBVclRkRdFnQhSupYB/QDuVOmrahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6Cbzm2OmNI/ko5nEzA9xIHmfUzRW8jshmiFFkd5Ou/fdUtmtuDOQZeLlpAw5at3SV6cX0SRk0lCBWrc9NzZ+ispwKti02Ek0i5GOcMDalkoMmfbTWegpObNKj/QjZZ80ZKb+3kgx1HoSBnYyC6kXvUz8z2snpn/tp1zGiWGSzg/1E0FMRLIGSI8rRo2YWIJUcZuV0CEqpMb2VLQleItfXiaNi4rnVryHy3L1NK+jAMdwAufgwRVU4Q5qUAcKT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDxU+R/Q==</latexit><latexit sha1_base64="WP0shmtMBCy3K5UWqRC6UJiOkqg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBVclRkRdFnQhSupYB/QDuVOmrahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6Cbzm2OmNI/ko5nEzA9xIHmfUzRW8jshmiFFkd5Ou/fdUtmtuDOQZeLlpAw5at3SV6cX0SRk0lCBWrc9NzZ+ispwKti02Ek0i5GOcMDalkoMmfbTWegpObNKj/QjZZ80ZKb+3kgx1HoSBnYyC6kXvUz8z2snpn/tp1zGiWGSzg/1E0FMRLIGSI8rRo2YWIJUcZuV0CEqpMb2VLQleItfXiaNi4rnVryHy3L1NK+jAMdwAufgwRVU4Q5qUAcKT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDxU+R/Q==</latexit><latexit sha1_base64="WP0shmtMBCy3K5UWqRC6UJiOkqg=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBVclRkRdFnQhSupYB/QDuVOmrahmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tyglhwbVz321lZXVvf2CxsFbd3dvf2SweHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6Cbzm2OmNI/ko5nEzA9xIHmfUzRW8jshmiFFkd5Ou/fdUtmtuDOQZeLlpAw5at3SV6cX0SRk0lCBWrc9NzZ+ispwKti02Ek0i5GOcMDalkoMmfbTWegpObNKj/QjZZ80ZKb+3kgx1HoSBnYyC6kXvUz8z2snpn/tp1zGiWGSzg/1E0FMRLIGSI8rRo2YWIJUcZuV0CEqpMb2VLQleItfXiaNi4rnVryHy3L1NK+jAMdwAufgwRVU4Q5qUAcKT/AMr/DmjJ0X5935mI+uOPnOEfyB8/kDxU+R/Q==</latexit>

1

t + b
<latexit sha1_base64="IIEc42hT9oWfxOoJvzurnXUBpb8=">AAAB+HicbVBNS8NAEJ3Urxo/Wj9uXoJFEISSiKDHghePFewHtKFstpt26WYTdidCDfklXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrtF1v63S2vrG5lZ5297Z3duvVA8O2zpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWCye3M7zwypXksH3CaMD8iI8lDTgkaaVCt2HY/VIRmXp7hRZAPqjW37s7hrBKvIDUo0BxUv/rDmKYRk0gF0brnuQn6GVHIqWC53U81SwidkBHrGSpJxLSfzQ/PnTOjDJ0wVqYkOnP190RGIq2nUWA6I4JjvezNxP+8XorhjZ9xmaTIJF0sClPhYOzMUnCGXDGKYmoIoYqbWx06JiYHNFnZJgRv+eVV0r6se27du7+qNY6LOMpwAqdwDh5cQwPuoAktoJDCM7zCm/VkvVjv1seitWQVM0fwB9bnD5ldkkE=</latexit><latexit sha1_base64="IIEc42hT9oWfxOoJvzurnXUBpb8=">AAAB+HicbVBNS8NAEJ3Urxo/Wj9uXoJFEISSiKDHghePFewHtKFstpt26WYTdidCDfklXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrtF1v63S2vrG5lZ5297Z3duvVA8O2zpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWCye3M7zwypXksH3CaMD8iI8lDTgkaaVCt2HY/VIRmXp7hRZAPqjW37s7hrBKvIDUo0BxUv/rDmKYRk0gF0brnuQn6GVHIqWC53U81SwidkBHrGSpJxLSfzQ/PnTOjDJ0wVqYkOnP190RGIq2nUWA6I4JjvezNxP+8XorhjZ9xmaTIJF0sClPhYOzMUnCGXDGKYmoIoYqbWx06JiYHNFnZJgRv+eVV0r6se27du7+qNY6LOMpwAqdwDh5cQwPuoAktoJDCM7zCm/VkvVjv1seitWQVM0fwB9bnD5ldkkE=</latexit><latexit sha1_base64="IIEc42hT9oWfxOoJvzurnXUBpb8=">AAAB+HicbVBNS8NAEJ3Urxo/Wj9uXoJFEISSiKDHghePFewHtKFstpt26WYTdidCDfklXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrtF1v63S2vrG5lZ5297Z3duvVA8O2zpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWCye3M7zwypXksH3CaMD8iI8lDTgkaaVCt2HY/VIRmXp7hRZAPqjW37s7hrBKvIDUo0BxUv/rDmKYRk0gF0brnuQn6GVHIqWC53U81SwidkBHrGSpJxLSfzQ/PnTOjDJ0wVqYkOnP190RGIq2nUWA6I4JjvezNxP+8XorhjZ9xmaTIJF0sClPhYOzMUnCGXDGKYmoIoYqbWx06JiYHNFnZJgRv+eVV0r6se27du7+qNY6LOMpwAqdwDh5cQwPuoAktoJDCM7zCm/VkvVjv1seitWQVM0fwB9bnD5ldkkE=</latexit><latexit sha1_base64="IIEc42hT9oWfxOoJvzurnXUBpb8=">AAAB+HicbVBNS8NAEJ3Urxo/Wj9uXoJFEISSiKDHghePFewHtKFstpt26WYTdidCDfklXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrtF1v63S2vrG5lZ5297Z3duvVA8O2zpOFWUtGotYdQOimeCStZCjYN1EMRIFgnWCye3M7zwypXksH3CaMD8iI8lDTgkaaVCt2HY/VIRmXp7hRZAPqjW37s7hrBKvIDUo0BxUv/rDmKYRk0gF0brnuQn6GVHIqWC53U81SwidkBHrGSpJxLSfzQ/PnTOjDJ0wVqYkOnP190RGIq2nUWA6I4JjvezNxP+8XorhjZ9xmaTIJF0sClPhYOzMUnCGXDGKYmoIoYqbWx06JiYHNFnZJgRv+eVV0r6se27du7+qNY6LOMpwAqdwDh5cQwPuoAktoJDCM7zCm/VkvVjv1seitWQVM0fwB9bnD5ldkkE=</latexit>

�1

t + b
<latexit sha1_base64="1H89sqlAtYvzAobAguGvwS3t+zw=">AAAB+XicbVDJSgNBEK2JWxy3cbl5aQyCIIYZEfQY8OIxglkgCaGn05M06VnorgmEYf7EiwdFvPon3vwbO8kcNPFBweO9Kqrq+YkUGl332yqtrW9sbpW37Z3dvf0D5/CoqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/vp/5rQlXWsTRE04T3gvpMBKBYBSN1Hcc2+4GirLsysszvPTzvlNxq+4cZJV4BalAgXrf+eoOYpaGPEImqdYdz02wl1GFgkme291U84SyMR3yjqERDbnuZfPLc3JulAEJYmUqQjJXf09kNNR6GvqmM6Q40sveTPzP66QY3PUyESUp8ogtFgWpJBiTWQxkIBRnKKeGUKaEuZWwETVBoAnLNiF4yy+vkuZ11XOr3uNNpXZSxFGGUziDC/DgFmrwAHVoAIMJPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifPwaBkng=</latexit><latexit sha1_base64="1H89sqlAtYvzAobAguGvwS3t+zw=">AAAB+XicbVDJSgNBEK2JWxy3cbl5aQyCIIYZEfQY8OIxglkgCaGn05M06VnorgmEYf7EiwdFvPon3vwbO8kcNPFBweO9Kqrq+YkUGl332yqtrW9sbpW37Z3dvf0D5/CoqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/vp/5rQlXWsTRE04T3gvpMBKBYBSN1Hcc2+4GirLsysszvPTzvlNxq+4cZJV4BalAgXrf+eoOYpaGPEImqdYdz02wl1GFgkme291U84SyMR3yjqERDbnuZfPLc3JulAEJYmUqQjJXf09kNNR6GvqmM6Q40sveTPzP66QY3PUyESUp8ogtFgWpJBiTWQxkIBRnKKeGUKaEuZWwETVBoAnLNiF4yy+vkuZ11XOr3uNNpXZSxFGGUziDC/DgFmrwAHVoAIMJPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifPwaBkng=</latexit><latexit sha1_base64="1H89sqlAtYvzAobAguGvwS3t+zw=">AAAB+XicbVDJSgNBEK2JWxy3cbl5aQyCIIYZEfQY8OIxglkgCaGn05M06VnorgmEYf7EiwdFvPon3vwbO8kcNPFBweO9Kqrq+YkUGl332yqtrW9sbpW37Z3dvf0D5/CoqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/vp/5rQlXWsTRE04T3gvpMBKBYBSN1Hcc2+4GirLsysszvPTzvlNxq+4cZJV4BalAgXrf+eoOYpaGPEImqdYdz02wl1GFgkme291U84SyMR3yjqERDbnuZfPLc3JulAEJYmUqQjJXf09kNNR6GvqmM6Q40sveTPzP66QY3PUyESUp8ogtFgWpJBiTWQxkIBRnKKeGUKaEuZWwETVBoAnLNiF4yy+vkuZ11XOr3uNNpXZSxFGGUziDC/DgFmrwAHVoAIMJPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifPwaBkng=</latexit><latexit sha1_base64="1H89sqlAtYvzAobAguGvwS3t+zw=">AAAB+XicbVDJSgNBEK2JWxy3cbl5aQyCIIYZEfQY8OIxglkgCaGn05M06VnorgmEYf7EiwdFvPon3vwbO8kcNPFBweO9Kqrq+YkUGl332yqtrW9sbpW37Z3dvf0D5/CoqeNUMd5gsYxV26eaSxHxBgqUvJ0oTkNf8pY/vp/5rQlXWsTRE04T3gvpMBKBYBSN1Hcc2+4GirLsysszvPTzvlNxq+4cZJV4BalAgXrf+eoOYpaGPEImqdYdz02wl1GFgkme291U84SyMR3yjqERDbnuZfPLc3JulAEJYmUqQjJXf09kNNR6GvqmM6Q40sveTPzP66QY3PUyESUp8ogtFgWpJBiTWQxkIBRnKKeGUKaEuZWwETVBoAnLNiF4yy+vkuZ11XOr3uNNpXZSxFGGUziDC/DgFmrwAHVoAIMJPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifPwaBkng=</latexit>

LN
<latexit sha1_base64="uiNjsfpXve1m1PfM/13IcNlcmdY=">AAAB9XicbVDLSgMxFL3xWcdX1aWbYBVclRkRdFlw40Kkgn1AO5ZMmmlDM5khyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygkRwbVz3Gy0tr6yurZc2nM2t7Z3d8t5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6Cr3W49MaR7LezNOmB+RgeQhp8RY6cHpRsQMKRHZzaR32ytX3Ko7BV4kXkEqUKDeK391+zFNIyYNFUTrjucmxs+IMpwKNnG6qWYJoSMyYB1LJYmY9rNp6gk+sUofh7GyTxo8VX9vZCTSehwFdjIPqee9XPzP66QmvPQzLpPUMElnh8JUYBPjvALc54pRI8aWEKq4zYrpkChCjS3KsSV4819eJM2zqudWvbvzSu24qKMEh3AEp+DBBdTgGurQAAoKnuEV3tATekHv6GM2uoSKnQP4A/T5AwY8khk=</latexit><latexit sha1_base64="uiNjsfpXve1m1PfM/13IcNlcmdY=">AAAB9XicbVDLSgMxFL3xWcdX1aWbYBVclRkRdFlw40Kkgn1AO5ZMmmlDM5khyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygkRwbVz3Gy0tr6yurZc2nM2t7Z3d8t5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6Cr3W49MaR7LezNOmB+RgeQhp8RY6cHpRsQMKRHZzaR32ytX3Ko7BV4kXkEqUKDeK391+zFNIyYNFUTrjucmxs+IMpwKNnG6qWYJoSMyYB1LJYmY9rNp6gk+sUofh7GyTxo8VX9vZCTSehwFdjIPqee9XPzP66QmvPQzLpPUMElnh8JUYBPjvALc54pRI8aWEKq4zYrpkChCjS3KsSV4819eJM2zqudWvbvzSu24qKMEh3AEp+DBBdTgGurQAAoKnuEV3tATekHv6GM2uoSKnQP4A/T5AwY8khk=</latexit><latexit sha1_base64="uiNjsfpXve1m1PfM/13IcNlcmdY=">AAAB9XicbVDLSgMxFL3xWcdX1aWbYBVclRkRdFlw40Kkgn1AO5ZMmmlDM5khyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygkRwbVz3Gy0tr6yurZc2nM2t7Z3d8t5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6Cr3W49MaR7LezNOmB+RgeQhp8RY6cHpRsQMKRHZzaR32ytX3Ko7BV4kXkEqUKDeK391+zFNIyYNFUTrjucmxs+IMpwKNnG6qWYJoSMyYB1LJYmY9rNp6gk+sUofh7GyTxo8VX9vZCTSehwFdjIPqee9XPzP66QmvPQzLpPUMElnh8JUYBPjvALc54pRI8aWEKq4zYrpkChCjS3KsSV4819eJM2zqudWvbvzSu24qKMEh3AEp+DBBdTgGurQAAoKnuEV3tATekHv6GM2uoSKnQP4A/T5AwY8khk=</latexit><latexit sha1_base64="uiNjsfpXve1m1PfM/13IcNlcmdY=">AAAB9XicbVDLSgMxFL3xWcdX1aWbYBVclRkRdFlw40Kkgn1AO5ZMmmlDM5khyShl6H+4caGIW//FnX9jpp2Fth4IHM65l3tygkRwbVz3Gy0tr6yurZc2nM2t7Z3d8t5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6Cr3W49MaR7LezNOmB+RgeQhp8RY6cHpRsQMKRHZzaR32ytX3Ko7BV4kXkEqUKDeK391+zFNIyYNFUTrjucmxs+IMpwKNnG6qWYJoSMyYB1LJYmY9rNp6gk+sUofh7GyTxo8VX9vZCTSehwFdjIPqee9XPzP66QmvPQzLpPUMElnh8JUYBPjvALc54pRI8aWEKq4zYrpkChCjS3KsSV4819eJM2zqudWvbvzSu24qKMEh3AEp+DBBdTgGurQAAoKnuEV3tATekHv6GM2uoSKnQP4A/T5AwY8khk=</latexit>

2

r(` + r)
<latexit sha1_base64="ITmUVlJSXR7KeM42mWlw0+vI+T8=">AAAB/XicbVBNS8NAEJ3Urxq/ovbmJViEilCSIuix4MVjBfsBTSib7aZdutmE3Y1QQ/CvePGgiFf/hzf/jds2B219MPB4b4aZeUHCqFSO822U1tY3NrfK2+bO7t7+gXV41JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuMLmZ+d0HIiSN+b2aJsSP0IjTkGKktDSwKqYXCoSzRp6JmkcYuxDn+cCqOnVnDnuVuAWpQoHWwPryhjFOI8IVZkjKvuskys+QUBQzkpteKkmC8ASNSF9TjiIi/Wx+fW6faWVoh7HQxZU9V39PZCiSchoFujNCaiyXvZn4n9dPVXjtZ5QnqSIcLxaFKbNVbM+isIdUEKzYVBOEBdW32niMdBpKB2bqENzll1dJp1F3nbp7d1ltVoo4ynACp1ADF66gCbfQgjZgeIRneIU348l4Md6Nj0VryShmjuEPjM8fZFKUYg==</latexit><latexit sha1_base64="ITmUVlJSXR7KeM42mWlw0+vI+T8=">AAAB/XicbVBNS8NAEJ3Urxq/ovbmJViEilCSIuix4MVjBfsBTSib7aZdutmE3Y1QQ/CvePGgiFf/hzf/jds2B219MPB4b4aZeUHCqFSO822U1tY3NrfK2+bO7t7+gXV41JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuMLmZ+d0HIiSN+b2aJsSP0IjTkGKktDSwKqYXCoSzRp6JmkcYuxDn+cCqOnVnDnuVuAWpQoHWwPryhjFOI8IVZkjKvuskys+QUBQzkpteKkmC8ASNSF9TjiIi/Wx+fW6faWVoh7HQxZU9V39PZCiSchoFujNCaiyXvZn4n9dPVXjtZ5QnqSIcLxaFKbNVbM+isIdUEKzYVBOEBdW32niMdBpKB2bqENzll1dJp1F3nbp7d1ltVoo4ynACp1ADF66gCbfQgjZgeIRneIU348l4Md6Nj0VryShmjuEPjM8fZFKUYg==</latexit><latexit sha1_base64="ITmUVlJSXR7KeM42mWlw0+vI+T8=">AAAB/XicbVBNS8NAEJ3Urxq/ovbmJViEilCSIuix4MVjBfsBTSib7aZdutmE3Y1QQ/CvePGgiFf/hzf/jds2B219MPB4b4aZeUHCqFSO822U1tY3NrfK2+bO7t7+gXV41JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuMLmZ+d0HIiSN+b2aJsSP0IjTkGKktDSwKqYXCoSzRp6JmkcYuxDn+cCqOnVnDnuVuAWpQoHWwPryhjFOI8IVZkjKvuskys+QUBQzkpteKkmC8ASNSF9TjiIi/Wx+fW6faWVoh7HQxZU9V39PZCiSchoFujNCaiyXvZn4n9dPVXjtZ5QnqSIcLxaFKbNVbM+isIdUEKzYVBOEBdW32niMdBpKB2bqENzll1dJp1F3nbp7d1ltVoo4ynACp1ADF66gCbfQgjZgeIRneIU348l4Md6Nj0VryShmjuEPjM8fZFKUYg==</latexit><latexit sha1_base64="ITmUVlJSXR7KeM42mWlw0+vI+T8=">AAAB/XicbVBNS8NAEJ3Urxq/ovbmJViEilCSIuix4MVjBfsBTSib7aZdutmE3Y1QQ/CvePGgiFf/hzf/jds2B219MPB4b4aZeUHCqFSO822U1tY3NrfK2+bO7t7+gXV41JFxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuMLmZ+d0HIiSN+b2aJsSP0IjTkGKktDSwKqYXCoSzRp6JmkcYuxDn+cCqOnVnDnuVuAWpQoHWwPryhjFOI8IVZkjKvuskys+QUBQzkpteKkmC8ASNSF9TjiIi/Wx+fW6faWVoh7HQxZU9V39PZCiSchoFujNCaiyXvZn4n9dPVXjtZ5QnqSIcLxaFKbNVbM+isIdUEKzYVBOEBdW32niMdBpKB2bqENzll1dJp1F3nbp7d1ltVoo4ynACp1ADF66gCbfQgjZgeIRneIU348l4Md6Nj0VryShmjuEPjM8fZFKUYg==</latexit>

2

`(` + r)
<latexit sha1_base64="zpIYGCAxH0LgfDu7Y7n/bqOaOZk=">AAACAXicbVDLSsNAFL2prxpf8bEQ3AwWoSKUpAi6LLhxWcE+oAllMp20QycPZiZCCXXjr7hxoYhb/8Kdf+OkzUJbD9zL4Zx7mbnHTziTyra/jdLK6tr6RnnT3Nre2d2z9g/aMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPb3K/80CFZHF0ryYJ9UI8jFjACFZa6lvHphsITLL6NHMp59W8XYjzKepbFbtmz4CWiVOQChRo9q0vdxCTNKSRIhxL2XPsRHkZFooRTqemm0qaYDLGQ9rTNMIhlV42u2CKzrQyQEEsdEUKzdTfGxkOpZyEvp4MsRrJRS8X//N6qQquvYxFSapoROYPBSlHKkZ5HGjABCWKTzTBRDD9V0RGWCeidGimDsFZPHmZtOs1x645d5eVxlERRxlO4BSq4MAVNOAWmtACAo/wDK/wZjwZL8a78TEfLRnFziH8gfH5AwitldE=</latexit><latexit sha1_base64="zpIYGCAxH0LgfDu7Y7n/bqOaOZk=">AAACAXicbVDLSsNAFL2prxpf8bEQ3AwWoSKUpAi6LLhxWcE+oAllMp20QycPZiZCCXXjr7hxoYhb/8Kdf+OkzUJbD9zL4Zx7mbnHTziTyra/jdLK6tr6RnnT3Nre2d2z9g/aMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPb3K/80CFZHF0ryYJ9UI8jFjACFZa6lvHphsITLL6NHMp59W8XYjzKepbFbtmz4CWiVOQChRo9q0vdxCTNKSRIhxL2XPsRHkZFooRTqemm0qaYDLGQ9rTNMIhlV42u2CKzrQyQEEsdEUKzdTfGxkOpZyEvp4MsRrJRS8X//N6qQquvYxFSapoROYPBSlHKkZ5HGjABCWKTzTBRDD9V0RGWCeidGimDsFZPHmZtOs1x645d5eVxlERRxlO4BSq4MAVNOAWmtACAo/wDK/wZjwZL8a78TEfLRnFziH8gfH5AwitldE=</latexit><latexit sha1_base64="zpIYGCAxH0LgfDu7Y7n/bqOaOZk=">AAACAXicbVDLSsNAFL2prxpf8bEQ3AwWoSKUpAi6LLhxWcE+oAllMp20QycPZiZCCXXjr7hxoYhb/8Kdf+OkzUJbD9zL4Zx7mbnHTziTyra/jdLK6tr6RnnT3Nre2d2z9g/aMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPb3K/80CFZHF0ryYJ9UI8jFjACFZa6lvHphsITLL6NHMp59W8XYjzKepbFbtmz4CWiVOQChRo9q0vdxCTNKSRIhxL2XPsRHkZFooRTqemm0qaYDLGQ9rTNMIhlV42u2CKzrQyQEEsdEUKzdTfGxkOpZyEvp4MsRrJRS8X//N6qQquvYxFSapoROYPBSlHKkZ5HGjABCWKTzTBRDD9V0RGWCeidGimDsFZPHmZtOs1x645d5eVxlERRxlO4BSq4MAVNOAWmtACAo/wDK/wZjwZL8a78TEfLRnFziH8gfH5AwitldE=</latexit><latexit sha1_base64="zpIYGCAxH0LgfDu7Y7n/bqOaOZk=">AAACAXicbVDLSsNAFL2prxpf8bEQ3AwWoSKUpAi6LLhxWcE+oAllMp20QycPZiZCCXXjr7hxoYhb/8Kdf+OkzUJbD9zL4Zx7mbnHTziTyra/jdLK6tr6RnnT3Nre2d2z9g/aMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPb3K/80CFZHF0ryYJ9UI8jFjACFZa6lvHphsITLL6NHMp59W8XYjzKepbFbtmz4CWiVOQChRo9q0vdxCTNKSRIhxL2XPsRHkZFooRTqemm0qaYDLGQ9rTNMIhlV42u2CKzrQyQEEsdEUKzdTfGxkOpZyEvp4MsRrJRS8X//N6qQquvYxFSapoROYPBSlHKkZ5HGjABCWKTzTBRDD9V0RGWCeidGimDsFZPHmZtOs1x645d5eVxlERRxlO4BSq4MAVNOAWmtACAo/wDK/wZjwZL8a78TEfLRnFziH8gfH5AwitldE=</latexit>

� 2

` + r

✓
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`
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1

r

◆

<latexit sha1_base64="BLMYzPqVnM9RsWf5s8i9sUM2s+0=">AAACJHicbVDLSgMxFM34rONrfOzcBIugiGWmCApuBDcuFWwrdErJpHfaYOZBckcow3yMG3/FjQsfuHDjt5i2g/g6EDg551ySe4JUCo2u+25NTc/Mzs1XFuzFpeWVVWdtvamTTHFo8EQm6jpgGqSIoYECJVynClgUSGgFN2cjv3ULSoskvsJhCp2I9WMRCs7QSF3nxD7wQ8V4Xi9yH6TcV4UvIcRdOpG9iVzsf11NQIn+APdo16m6NXcM+pd4JamSEhdd58XvJTyLIEYumdZtz02xkzOFgksobD/TkDJ+w/rQNjRmEehOPl6yoDtG6dEwUebESMfq94mcRVoPo8AkI4YD/dsbif957QzD404u4jRDiPnkoTCTFBM6aoz2hAKOcmgI40qYv1I+YKYNNL3apgTv98p/SbNe89yad3lYPd0s66iQLbJNdolHjsgpOScXpEE4uSMP5Ik8W/fWo/VqvU2iU1Y5s0F+wPr4BNeCpMw=</latexit><latexit sha1_base64="BLMYzPqVnM9RsWf5s8i9sUM2s+0=">AAACJHicbVDLSgMxFM34rONrfOzcBIugiGWmCApuBDcuFWwrdErJpHfaYOZBckcow3yMG3/FjQsfuHDjt5i2g/g6EDg551ySe4JUCo2u+25NTc/Mzs1XFuzFpeWVVWdtvamTTHFo8EQm6jpgGqSIoYECJVynClgUSGgFN2cjv3ULSoskvsJhCp2I9WMRCs7QSF3nxD7wQ8V4Xi9yH6TcV4UvIcRdOpG9iVzsf11NQIn+APdo16m6NXcM+pd4JamSEhdd58XvJTyLIEYumdZtz02xkzOFgksobD/TkDJ+w/rQNjRmEehOPl6yoDtG6dEwUebESMfq94mcRVoPo8AkI4YD/dsbif957QzD404u4jRDiPnkoTCTFBM6aoz2hAKOcmgI40qYv1I+YKYNNL3apgTv98p/SbNe89yad3lYPd0s66iQLbJNdolHjsgpOScXpEE4uSMP5Ik8W/fWo/VqvU2iU1Y5s0F+wPr4BNeCpMw=</latexit><latexit sha1_base64="BLMYzPqVnM9RsWf5s8i9sUM2s+0=">AAACJHicbVDLSgMxFM34rONrfOzcBIugiGWmCApuBDcuFWwrdErJpHfaYOZBckcow3yMG3/FjQsfuHDjt5i2g/g6EDg551ySe4JUCo2u+25NTc/Mzs1XFuzFpeWVVWdtvamTTHFo8EQm6jpgGqSIoYECJVynClgUSGgFN2cjv3ULSoskvsJhCp2I9WMRCs7QSF3nxD7wQ8V4Xi9yH6TcV4UvIcRdOpG9iVzsf11NQIn+APdo16m6NXcM+pd4JamSEhdd58XvJTyLIEYumdZtz02xkzOFgksobD/TkDJ+w/rQNjRmEehOPl6yoDtG6dEwUebESMfq94mcRVoPo8AkI4YD/dsbif957QzD404u4jRDiPnkoTCTFBM6aoz2hAKOcmgI40qYv1I+YKYNNL3apgTv98p/SbNe89yad3lYPd0s66iQLbJNdolHjsgpOScXpEE4uSMP5Ik8W/fWo/VqvU2iU1Y5s0F+wPr4BNeCpMw=</latexit><latexit sha1_base64="BLMYzPqVnM9RsWf5s8i9sUM2s+0=">AAACJHicbVDLSgMxFM34rONrfOzcBIugiGWmCApuBDcuFWwrdErJpHfaYOZBckcow3yMG3/FjQsfuHDjt5i2g/g6EDg551ySe4JUCo2u+25NTc/Mzs1XFuzFpeWVVWdtvamTTHFo8EQm6jpgGqSIoYECJVynClgUSGgFN2cjv3ULSoskvsJhCp2I9WMRCs7QSF3nxD7wQ8V4Xi9yH6TcV4UvIcRdOpG9iVzsf11NQIn+APdo16m6NXcM+pd4JamSEhdd58XvJTyLIEYumdZtz02xkzOFgksobD/TkDJ+w/rQNjRmEehOPl6yoDtG6dEwUebESMfq94mcRVoPo8AkI4YD/dsbif957QzD404u4jRDiPnkoTCTFBM6aoz2hAKOcmgI40qYv1I+YKYNNL3apgTv98p/SbNe89yad3lYPd0s66iQLbJNdolHjsgpOScXpEE4uSMP5Ik8W/fWo/VqvU2iU1Y5s0F+wPr4BNeCpMw=</latexit>

1

2
<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>

1

2
<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>

1

2
<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>

1

2
<latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit><latexit sha1_base64="hcSmao/FAy/QP2BtqYD+axFYd7Y=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNy2IRPJWkCHosePFYwX5AG8pmu2mXbjZhdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmBYkUBl332yltbG5t75R3K3v7B4dH1eOTjolTzXibxTLWvYAaLoXibRQoeS/RnEaB5N1gejf3u09cGxGrR5wl3I/oWIlQMIpW6g9CTVnm5VkjH1Zrbt1dgKwTryA1KNAaVr8Go5ilEVfIJDWm77kJ+hnVKJjkeWWQGp5QNqVj3rdU0YgbP1ucnJNLq4xIGGtbCslC/T2R0ciYWRTYzojixKx6c/E/r59ieOtnQiUpcsWWi8JUEozJ/H8yEpozlDNLKNPC3krYhNoU0KZUsSF4qy+vk06j7rl17+G61jwr4ijDOVzAFXhwA024hxa0gUEMz/AKbw46L86787FsLTnFzCn8gfP5AytqkQU=</latexit>

IẼ
Ñ

<latexit sha1_base64="4TvGd34QQAug/OZbRfTRC39jb00=">AAACDHicbZDLSsNAFIYn9VbrLerSzWAUXJVEBF0WRNCNVLAXaGKZTCbt0MkkzEyEEvIAbnwVNy4UcesDuPNtnLQRtPWHgY//nMOc8/sJo1LZ9pdRWVhcWl6prtbW1jc2t8ztnbaMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/NF5Ue/cEyFpzG/VOCFehAachhQjpa2+abkRUkOMWHaV32Wuoiwg2UWe93/4WrNp2XV7IjgPTgkWKNXsm59uEOM0IlxhhqTsOXaivAwJRTEjec1NJUkQHqEB6WnkKCLSyybH5PBQOwEMY6EfV3Di/p7IUCTlOPJ1Z7G6nK0V5n+1XqrCMy+jPEkV4Xj6UZgyqGJYJAMDKghWbKwBYUH1rhAPkUBY6fxqOgRn9uR5aB/XHbvu3JxYjYMyjirYA/vgCDjgFDTAJWiCFsDgATyBF/BqPBrPxpvxPm2tGOXMLvgj4+Mbf9ycbg==</latexit><latexit sha1_base64="4TvGd34QQAug/OZbRfTRC39jb00=">AAACDHicbZDLSsNAFIYn9VbrLerSzWAUXJVEBF0WRNCNVLAXaGKZTCbt0MkkzEyEEvIAbnwVNy4UcesDuPNtnLQRtPWHgY//nMOc8/sJo1LZ9pdRWVhcWl6prtbW1jc2t8ztnbaMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/NF5Ue/cEyFpzG/VOCFehAachhQjpa2+abkRUkOMWHaV32Wuoiwg2UWe93/4WrNp2XV7IjgPTgkWKNXsm59uEOM0IlxhhqTsOXaivAwJRTEjec1NJUkQHqEB6WnkKCLSyybH5PBQOwEMY6EfV3Di/p7IUCTlOPJ1Z7G6nK0V5n+1XqrCMy+jPEkV4Xj6UZgyqGJYJAMDKghWbKwBYUH1rhAPkUBY6fxqOgRn9uR5aB/XHbvu3JxYjYMyjirYA/vgCDjgFDTAJWiCFsDgATyBF/BqPBrPxpvxPm2tGOXMLvgj4+Mbf9ycbg==</latexit><latexit sha1_base64="4TvGd34QQAug/OZbRfTRC39jb00=">AAACDHicbZDLSsNAFIYn9VbrLerSzWAUXJVEBF0WRNCNVLAXaGKZTCbt0MkkzEyEEvIAbnwVNy4UcesDuPNtnLQRtPWHgY//nMOc8/sJo1LZ9pdRWVhcWl6prtbW1jc2t8ztnbaMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/NF5Ue/cEyFpzG/VOCFehAachhQjpa2+abkRUkOMWHaV32Wuoiwg2UWe93/4WrNp2XV7IjgPTgkWKNXsm59uEOM0IlxhhqTsOXaivAwJRTEjec1NJUkQHqEB6WnkKCLSyybH5PBQOwEMY6EfV3Di/p7IUCTlOPJ1Z7G6nK0V5n+1XqrCMy+jPEkV4Xj6UZgyqGJYJAMDKghWbKwBYUH1rhAPkUBY6fxqOgRn9uR5aB/XHbvu3JxYjYMyjirYA/vgCDjgFDTAJWiCFsDgATyBF/BqPBrPxpvxPm2tGOXMLvgj4+Mbf9ycbg==</latexit><latexit sha1_base64="4TvGd34QQAug/OZbRfTRC39jb00=">AAACDHicbZDLSsNAFIYn9VbrLerSzWAUXJVEBF0WRNCNVLAXaGKZTCbt0MkkzEyEEvIAbnwVNy4UcesDuPNtnLQRtPWHgY//nMOc8/sJo1LZ9pdRWVhcWl6prtbW1jc2t8ztnbaMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/NF5Ue/cEyFpzG/VOCFehAachhQjpa2+abkRUkOMWHaV32Wuoiwg2UWe93/4WrNp2XV7IjgPTgkWKNXsm59uEOM0IlxhhqTsOXaivAwJRTEjec1NJUkQHqEB6WnkKCLSyybH5PBQOwEMY6EfV3Di/p7IUCTlOPJ1Z7G6nK0V5n+1XqrCMy+jPEkV4Xj6UZgyqGJYJAMDKghWbKwBYUH1rhAPkUBY6fxqOgRn9uR5aB/XHbvu3JxYjYMyjirYA/vgCDjgFDTAJWiCFsDgATyBF/BqPBrPxpvxPm2tGOXMLvgj4+Mbf9ycbg==</latexit>

�2

` + r
<latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit><latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit><latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit><latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit>

2

` + r
<latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit><latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit><latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit><latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit>

2

t + b
<latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit><latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit><latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit><latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit>

�2

t + b
<latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit><latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit><latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit><latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit>

D
<latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit><latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit><latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit><latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit>

=<latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit>

�<latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit>=<latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit>

�<latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit>

�<latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit><latexit sha1_base64="/Vjonqjp3OM1evQT78A5BOWCnxw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAHjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//G2WQPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkJvc7T1QbpuSDnSY0FHgkWcwItk5q9wnTpDKo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ0zrC0jnM4q/dTQBJMJHtGeoxILasJsfu0MnTlliGKlXUmL5urviQwLY6Yicp0C27FZ9nLxP6+X2vg6zJhMUkslWSyKU46sQvnraMg0JZZPHcFEM3crImOsMbEuoDyEYPnlVdK+qAd+Pbi/rDVuizjKcAKncA4BXEED7qAJLSDwCM/wCm+e8l68d+9j0Vryiplj+APv8wcCLY6/</latexit>

IN
Ẽ

<latexit sha1_base64="biEjaNnThKZu50dQsgcRNd7bwnM=">AAACBnicbZDLSsNAFIYn9VbrLepShMEquCqJCLosiKAbqWAv0MQymUzaoZNJmJkIZcjKja/ixoUibn0Gd76Nk7YLbf1h4OM/5zDn/EHKqFSO822VFhaXllfKq5W19Y3NLXt7pyWTTGDSxAlLRCdAkjDKSVNRxUgnFQTFASPtYHhR1NsPREia8Ds1Sokfoz6nEcVIGatn73sxUgOMmL7O77W+yfOe9hRlIdGXhu2qU3PGgvPgTqEKpmr07C8vTHAWE64wQ1J2XSdVvkZCUcxIXvEySVKEh6hPugY5ion09fiMHB4ZJ4RRIszjCo7d3xMaxVKO4sB0FkvL2Vph/lfrZio69zXlaaYIx5OPooxBlcAiExhSQbBiIwMIC2p2hXiABMLKJFcxIbizJ89D66TmOjX39rRaP5zGUQZ74AAcAxecgTq4Ag3QBBg8gmfwCt6sJ+vFerc+Jq0lazqzC/7I+vwBpPKZxA==</latexit><latexit sha1_base64="biEjaNnThKZu50dQsgcRNd7bwnM=">AAACBnicbZDLSsNAFIYn9VbrLepShMEquCqJCLosiKAbqWAv0MQymUzaoZNJmJkIZcjKja/ixoUibn0Gd76Nk7YLbf1h4OM/5zDn/EHKqFSO822VFhaXllfKq5W19Y3NLXt7pyWTTGDSxAlLRCdAkjDKSVNRxUgnFQTFASPtYHhR1NsPREia8Ds1Sokfoz6nEcVIGatn73sxUgOMmL7O77W+yfOe9hRlIdGXhu2qU3PGgvPgTqEKpmr07C8vTHAWE64wQ1J2XSdVvkZCUcxIXvEySVKEh6hPugY5ion09fiMHB4ZJ4RRIszjCo7d3xMaxVKO4sB0FkvL2Vph/lfrZio69zXlaaYIx5OPooxBlcAiExhSQbBiIwMIC2p2hXiABMLKJFcxIbizJ89D66TmOjX39rRaP5zGUQZ74AAcAxecgTq4Ag3QBBg8gmfwCt6sJ+vFerc+Jq0lazqzC/7I+vwBpPKZxA==</latexit><latexit sha1_base64="biEjaNnThKZu50dQsgcRNd7bwnM=">AAACBnicbZDLSsNAFIYn9VbrLepShMEquCqJCLosiKAbqWAv0MQymUzaoZNJmJkIZcjKja/ixoUibn0Gd76Nk7YLbf1h4OM/5zDn/EHKqFSO822VFhaXllfKq5W19Y3NLXt7pyWTTGDSxAlLRCdAkjDKSVNRxUgnFQTFASPtYHhR1NsPREia8Ds1Sokfoz6nEcVIGatn73sxUgOMmL7O77W+yfOe9hRlIdGXhu2qU3PGgvPgTqEKpmr07C8vTHAWE64wQ1J2XSdVvkZCUcxIXvEySVKEh6hPugY5ion09fiMHB4ZJ4RRIszjCo7d3xMaxVKO4sB0FkvL2Vph/lfrZio69zXlaaYIx5OPooxBlcAiExhSQbBiIwMIC2p2hXiABMLKJFcxIbizJ89D66TmOjX39rRaP5zGUQZ74AAcAxecgTq4Ag3QBBg8gmfwCt6sJ+vFerc+Jq0lazqzC/7I+vwBpPKZxA==</latexit><latexit sha1_base64="biEjaNnThKZu50dQsgcRNd7bwnM=">AAACBnicbZDLSsNAFIYn9VbrLepShMEquCqJCLosiKAbqWAv0MQymUzaoZNJmJkIZcjKja/ixoUibn0Gd76Nk7YLbf1h4OM/5zDn/EHKqFSO822VFhaXllfKq5W19Y3NLXt7pyWTTGDSxAlLRCdAkjDKSVNRxUgnFQTFASPtYHhR1NsPREia8Ds1Sokfoz6nEcVIGatn73sxUgOMmL7O77W+yfOe9hRlIdGXhu2qU3PGgvPgTqEKpmr07C8vTHAWE64wQ1J2XSdVvkZCUcxIXvEySVKEh6hPugY5ion09fiMHB4ZJ4RRIszjCo7d3xMaxVKO4sB0FkvL2Vph/lfrZio69zXlaaYIx5OPooxBlcAiExhSQbBiIwMIC2p2hXiABMLKJFcxIbizJ89D66TmOjX39rRaP5zGUQZ74AAcAxecgTq4Ag3QBBg8gmfwCt6sJ+vFerc+Jq0lazqzC/7I+vwBpPKZxA==</latexit>

r

` + r
<latexit sha1_base64="vWTBfL0auAB0RiBDHy+zv6iV27s=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKayyL3kfMrWfTtmlt353BWiVeSGpRo9u0vf5DQLEahKSdK9Tw31UFOpGaUY1H1M4UpoWMyxJ6hgsSognx+eeFcGGXgRIk0JbQzV39P5CRWahqHpjMmeqSWvZn4n9fLdHQX5EykmUZBF4uijDs6cWYxOAMmkWo+NYRQycytDh0RE4U2YVVNCN7yy6ukfV333Lr3eFNrnJZxVOAMzuESPLiFBjxAE1pAYQLP8ApvVm69WO/Wx6J1zSpnTuAPrM8f6PqTrQ==</latexit><latexit sha1_base64="vWTBfL0auAB0RiBDHy+zv6iV27s=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKayyL3kfMrWfTtmlt353BWiVeSGpRo9u0vf5DQLEahKSdK9Tw31UFOpGaUY1H1M4UpoWMyxJ6hgsSognx+eeFcGGXgRIk0JbQzV39P5CRWahqHpjMmeqSWvZn4n9fLdHQX5EykmUZBF4uijDs6cWYxOAMmkWo+NYRQycytDh0RE4U2YVVNCN7yy6ukfV333Lr3eFNrnJZxVOAMzuESPLiFBjxAE1pAYQLP8ApvVm69WO/Wx6J1zSpnTuAPrM8f6PqTrQ==</latexit><latexit sha1_base64="vWTBfL0auAB0RiBDHy+zv6iV27s=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKayyL3kfMrWfTtmlt353BWiVeSGpRo9u0vf5DQLEahKSdK9Tw31UFOpGaUY1H1M4UpoWMyxJ6hgsSognx+eeFcGGXgRIk0JbQzV39P5CRWahqHpjMmeqSWvZn4n9fLdHQX5EykmUZBF4uijDs6cWYxOAMmkWo+NYRQycytDh0RE4U2YVVNCN7yy6ukfV333Lr3eFNrnJZxVOAMzuESPLiFBjxAE1pAYQLP8ApvVm69WO/Wx6J1zSpnTuAPrM8f6PqTrQ==</latexit><latexit sha1_base64="vWTBfL0auAB0RiBDHy+zv6iV27s=">AAAB+XicbVBNS8NAEJ34WetX/Lh5CRZBEEoigh4LXjxWsB/QhLLZTtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2q7sVHf39g8O7aPjtkoySbFFE57IbkgUciawpZnm2E0lkjjk2AnH9zO/M0GpWCKe9DTFICZDwSJGiTZS37b9SBKayyL3kfMrWfTtmlt353BWiVeSGpRo9u0vf5DQLEahKSdK9Tw31UFOpGaUY1H1M4UpoWMyxJ6hgsSognx+eeFcGGXgRIk0JbQzV39P5CRWahqHpjMmeqSWvZn4n9fLdHQX5EykmUZBF4uijDs6cWYxOAMmkWo+NYRQycytDh0RE4U2YVVNCN7yy6ukfV333Lr3eFNrnJZxVOAMzuESPLiFBjxAE1pAYQLP8ApvVm69WO/Wx6J1zSpnTuAPrM8f6PqTrQ==</latexit>

`

` + r
<latexit sha1_base64="2gngDy2paZz6KSxwE/ymAwbHeg8=">AAAB/HicbVDLSsNAFJ3UV62vaN25GSyCIJREBF0W3LisYB/QhDKZ3rRDJ5MwMxFKiL/ixoUibv0Qd/6N0zQLbT1wL4dz7mXunCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKil0aMxj2Q+IAs4EdDTTHPqJBBIFHHrB9Hbu9x5BKhaLBz1LwI/IWLCQUaKNNLTrXigJzTzgPC/6hcyHdsNpOgXwKnFL0kAl2kP7yxvFNI1AaMqJUgPXSbSfEakZ5ZDXvFRBQuiUjGFgqCARKD8rjs/xmVFGOIylKaFxof7eyEik1CwKzGRE9EQte3PxP2+Q6vDGz5hIUg2CLh4KU451jOdJ4BGTQDWfGUKoZOZWTCfEpKFNXjUTgrv85VXSvWy6TtO9v2q0jss4qugEnaJz5KJr1EJ3qI06iKIZekav6M16sl6sd+tjMVqxyp06+gPr8wcrrpTy</latexit><latexit sha1_base64="2gngDy2paZz6KSxwE/ymAwbHeg8=">AAAB/HicbVDLSsNAFJ3UV62vaN25GSyCIJREBF0W3LisYB/QhDKZ3rRDJ5MwMxFKiL/ixoUibv0Qd/6N0zQLbT1wL4dz7mXunCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKil0aMxj2Q+IAs4EdDTTHPqJBBIFHHrB9Hbu9x5BKhaLBz1LwI/IWLCQUaKNNLTrXigJzTzgPC/6hcyHdsNpOgXwKnFL0kAl2kP7yxvFNI1AaMqJUgPXSbSfEakZ5ZDXvFRBQuiUjGFgqCARKD8rjs/xmVFGOIylKaFxof7eyEik1CwKzGRE9EQte3PxP2+Q6vDGz5hIUg2CLh4KU451jOdJ4BGTQDWfGUKoZOZWTCfEpKFNXjUTgrv85VXSvWy6TtO9v2q0jss4qugEnaJz5KJr1EJ3qI06iKIZekav6M16sl6sd+tjMVqxyp06+gPr8wcrrpTy</latexit><latexit sha1_base64="2gngDy2paZz6KSxwE/ymAwbHeg8=">AAAB/HicbVDLSsNAFJ3UV62vaN25GSyCIJREBF0W3LisYB/QhDKZ3rRDJ5MwMxFKiL/ixoUibv0Qd/6N0zQLbT1wL4dz7mXunCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKil0aMxj2Q+IAs4EdDTTHPqJBBIFHHrB9Hbu9x5BKhaLBz1LwI/IWLCQUaKNNLTrXigJzTzgPC/6hcyHdsNpOgXwKnFL0kAl2kP7yxvFNI1AaMqJUgPXSbSfEakZ5ZDXvFRBQuiUjGFgqCARKD8rjs/xmVFGOIylKaFxof7eyEik1CwKzGRE9EQte3PxP2+Q6vDGz5hIUg2CLh4KU451jOdJ4BGTQDWfGUKoZOZWTCfEpKFNXjUTgrv85VXSvWy6TtO9v2q0jss4qugEnaJz5KJr1EJ3qI06iKIZekav6M16sl6sd+tjMVqxyp06+gPr8wcrrpTy</latexit><latexit sha1_base64="2gngDy2paZz6KSxwE/ymAwbHeg8=">AAAB/HicbVDLSsNAFJ3UV62vaN25GSyCIJREBF0W3LisYB/QhDKZ3rRDJ5MwMxFKiL/ixoUibv0Qd/6N0zQLbT1wL4dz7mXunCDhTGnH+bYqa+sbm1vV7drO7t7+gX141FVxKil0aMxj2Q+IAs4EdDTTHPqJBBIFHHrB9Hbu9x5BKhaLBz1LwI/IWLCQUaKNNLTrXigJzTzgPC/6hcyHdsNpOgXwKnFL0kAl2kP7yxvFNI1AaMqJUgPXSbSfEakZ5ZDXvFRBQuiUjGFgqCARKD8rjs/xmVFGOIylKaFxof7eyEik1CwKzGRE9EQte3PxP2+Q6vDGz5hIUg2CLh4KU451jOdJ4BGTQDWfGUKoZOZWTCfEpKFNXjUTgrv85VXSvWy6TtO9v2q0jss4qugEnaJz5KJr1EJ3qI06iKIZekav6M16sl6sd+tjMVqxyp06+gPr8wcrrpTy</latexit>

r
<latexit sha1_base64="bAR4EJugGYVgWKDDMI/iReNjLOU=">AAAB6HicdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOyBfuAdiiZNNPGZjJDkhFK6Re4caGIWz/JnX9jpq2gogcuHM65l3vvCVPBtUHowymsrK6tbxQ3S1vbO7t75f2Dlk4yRVmTJiJRnZBoJrhkTcONYJ1UMRKHgrXD8XXut++Z0jyRt2aSsiAmQ8kjTomxUkP1yxXkXmDfu0TQEuT52M8J9ryqB7GL5qiAJer98ntvkNAsZtJQQbTuYpSaYEqU4VSwWamXaZYSOiZD1rVUkpjpYDo/dAZPrTKAUaJsSQPn6veJKYm1nsSh7YyJGenfXi7+5XUzE10FUy7TzDBJF4uiTECTwPxrOOCKUSMmlhCquL0V0hFRhBqbTcmG8PUp/J+0zl2MXNzwK7WjZRxFcAxOwBnAoApq4AbUQRNQwMADeALPzp3z6Lw4r4vWgrOcOQQ/4Lx9AiMyjQI=</latexit><latexit sha1_base64="bAR4EJugGYVgWKDDMI/iReNjLOU=">AAAB6HicdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOyBfuAdiiZNNPGZjJDkhFK6Re4caGIWz/JnX9jpq2gogcuHM65l3vvCVPBtUHowymsrK6tbxQ3S1vbO7t75f2Dlk4yRVmTJiJRnZBoJrhkTcONYJ1UMRKHgrXD8XXut++Z0jyRt2aSsiAmQ8kjTomxUkP1yxXkXmDfu0TQEuT52M8J9ryqB7GL5qiAJer98ntvkNAsZtJQQbTuYpSaYEqU4VSwWamXaZYSOiZD1rVUkpjpYDo/dAZPrTKAUaJsSQPn6veJKYm1nsSh7YyJGenfXi7+5XUzE10FUy7TzDBJF4uiTECTwPxrOOCKUSMmlhCquL0V0hFRhBqbTcmG8PUp/J+0zl2MXNzwK7WjZRxFcAxOwBnAoApq4AbUQRNQwMADeALPzp3z6Lw4r4vWgrOcOQQ/4Lx9AiMyjQI=</latexit><latexit sha1_base64="bAR4EJugGYVgWKDDMI/iReNjLOU=">AAAB6HicdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOyBfuAdiiZNNPGZjJDkhFK6Re4caGIWz/JnX9jpq2gogcuHM65l3vvCVPBtUHowymsrK6tbxQ3S1vbO7t75f2Dlk4yRVmTJiJRnZBoJrhkTcONYJ1UMRKHgrXD8XXut++Z0jyRt2aSsiAmQ8kjTomxUkP1yxXkXmDfu0TQEuT52M8J9ryqB7GL5qiAJer98ntvkNAsZtJQQbTuYpSaYEqU4VSwWamXaZYSOiZD1rVUkpjpYDo/dAZPrTKAUaJsSQPn6veJKYm1nsSh7YyJGenfXi7+5XUzE10FUy7TzDBJF4uiTECTwPxrOOCKUSMmlhCquL0V0hFRhBqbTcmG8PUp/J+0zl2MXNzwK7WjZRxFcAxOwBnAoApq4AbUQRNQwMADeALPzp3z6Lw4r4vWgrOcOQQ/4Lx9AiMyjQI=</latexit><latexit sha1_base64="bAR4EJugGYVgWKDDMI/iReNjLOU=">AAAB6HicdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOyBfuAdiiZNNPGZjJDkhFK6Re4caGIWz/JnX9jpq2gogcuHM65l3vvCVPBtUHowymsrK6tbxQ3S1vbO7t75f2Dlk4yRVmTJiJRnZBoJrhkTcONYJ1UMRKHgrXD8XXut++Z0jyRt2aSsiAmQ8kjTomxUkP1yxXkXmDfu0TQEuT52M8J9ryqB7GL5qiAJer98ntvkNAsZtJQQbTuYpSaYEqU4VSwWamXaZYSOiZD1rVUkpjpYDo/dAZPrTKAUaJsSQPn6veJKYm1nsSh7YyJGenfXi7+5XUzE10FUy7TzDBJF4uiTECTwPxrOOCKUSMmlhCquL0V0hFRhBqbTcmG8PUp/J+0zl2MXNzwK7WjZRxFcAxOwBnAoApq4AbUQRNQwMADeALPzp3z6Lw4r4vWgrOcOQQ/4Lx9AiMyjQI=</latexit>

`
<latexit sha1_base64="ob4awpw9BZ5TX2oFcxFAjEvMsPE=">AAAB63icdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOygn1AO5RMmmlDM5khyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCVPBtUHowymtrK6tb5Q3K1vbO7t71f2Dtk4yRVmLJiJR3ZBoJrhkLcONYN1UMRKHgnXCyXXhd+6Z0jyRd2aasiAmI8kjTokppD4TYlCtIfcC+94lgpYgz8d+QbDn1T2IXTRHDSzRHFTf+8OEZjGThgqidQ+j1AQ5UYZTwWaVfqZZSuiEjFjPUklipoN8fusMnlplCKNE2ZIGztXvEzmJtZ7Goe2MiRnr314h/uX1MhNdBTmXaWaYpItFUSagSWDxOBxyxagRU0sIVdzeCumYKEKNjadiQ/j6FP5P2ucuRi6+9WuNo2UcZXAMTsAZwKAOGuAGNEELUDAGD+AJPDux8+i8OK+L1pKznDkEP+C8fQJTaI5H</latexit><latexit sha1_base64="ob4awpw9BZ5TX2oFcxFAjEvMsPE=">AAAB63icdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOygn1AO5RMmmlDM5khyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCVPBtUHowymtrK6tb5Q3K1vbO7t71f2Dtk4yRVmLJiJR3ZBoJrhkLcONYN1UMRKHgnXCyXXhd+6Z0jyRd2aasiAmI8kjTokppD4TYlCtIfcC+94lgpYgz8d+QbDn1T2IXTRHDSzRHFTf+8OEZjGThgqidQ+j1AQ5UYZTwWaVfqZZSuiEjFjPUklipoN8fusMnlplCKNE2ZIGztXvEzmJtZ7Goe2MiRnr314h/uX1MhNdBTmXaWaYpItFUSagSWDxOBxyxagRU0sIVdzeCumYKEKNjadiQ/j6FP5P2ucuRi6+9WuNo2UcZXAMTsAZwKAOGuAGNEELUDAGD+AJPDux8+i8OK+L1pKznDkEP+C8fQJTaI5H</latexit><latexit sha1_base64="ob4awpw9BZ5TX2oFcxFAjEvMsPE=">AAAB63icdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOygn1AO5RMmmlDM5khyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCVPBtUHowymtrK6tb5Q3K1vbO7t71f2Dtk4yRVmLJiJR3ZBoJrhkLcONYN1UMRKHgnXCyXXhd+6Z0jyRd2aasiAmI8kjTokppD4TYlCtIfcC+94lgpYgz8d+QbDn1T2IXTRHDSzRHFTf+8OEZjGThgqidQ+j1AQ5UYZTwWaVfqZZSuiEjFjPUklipoN8fusMnlplCKNE2ZIGztXvEzmJtZ7Goe2MiRnr314h/uX1MhNdBTmXaWaYpItFUSagSWDxOBxyxagRU0sIVdzeCumYKEKNjadiQ/j6FP5P2ucuRi6+9WuNo2UcZXAMTsAZwKAOGuAGNEELUDAGD+AJPDux8+i8OK+L1pKznDkEP+C8fQJTaI5H</latexit><latexit sha1_base64="ob4awpw9BZ5TX2oFcxFAjEvMsPE=">AAAB63icdVDLSgMxFM3UV62v+ti5CRbB1ZA4o3VZcOOygn1AO5RMmmlDM5khyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCVPBtUHowymtrK6tb5Q3K1vbO7t71f2Dtk4yRVmLJiJR3ZBoJrhkLcONYN1UMRKHgnXCyXXhd+6Z0jyRd2aasiAmI8kjTokppD4TYlCtIfcC+94lgpYgz8d+QbDn1T2IXTRHDSzRHFTf+8OEZjGThgqidQ+j1AQ5UYZTwWaVfqZZSuiEjFjPUklipoN8fusMnlplCKNE2ZIGztXvEzmJtZ7Goe2MiRnr314h/uX1MhNdBTmXaWaYpItFUSagSWDxOBxyxagRU0sIVdzeCumYKEKNjadiQ/j6FP5P2ucuRi6+9WuNo2UcZXAMTsAZwKAOGuAGNEELUDAGD+AJPDux8+i8OK+L1pKznDkEP+C8fQJTaI5H</latexit>

=<latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit><latexit sha1_base64="r3kzvTBR6wpxQapzg+zM18ew4Xk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ0IPHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY1njMM=</latexit>

�2

` + r
<latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit><latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit><latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit><latexit sha1_base64="gt4ylT2+gJXPJ8f3WCFth80qeL8=">AAAB+nicbVBNS8NAEJ34WetXqt68LBZBEEtSBD0WvHisYD+gCWWz3bRLN5uwu1FKzE/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2Cxtlbd3dvf27cpBW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB+Gbqdx6oVCwW93qSUD/CQ8FCRrA2Ut+ueKHEJLuo55lHOT+Xed+uOjVnBrRM3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4zcteqmiCyRgPac9QgSOq/Gx2eo5OjTJAYSxNCY1m6u+JDEdKTaLAdEZYj9SiNxX/83qpDq/9jIkk1VSQ+aIw5UjHaJoDGjBJieYTQzCRzNyKyAibLLRJq2xCcBdfXibtes11au7dZbVxVMRRgmM4gTNw4QoacAtNaAGBR3iGV3iznqwX6936mLeuWMXMIfyB9fkD80STpA==</latexit>

2

` + r
<latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit><latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit><latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit><latexit sha1_base64="QRQMprbH38FTnLllQqHTRc1pqF0=">AAAB+XicbVDJSgNBEK2JW4zbuNy8NAZBEMJMEPQY8OIxglkgM4SeTk3SpGehuycQhvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVC1LBlXacb6u0sbm1vVPereztHxwe2ccnbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY38/9zgSl4kn8pKcp+hEdxjzkjGoj9W3bCyVleX2WeyjEtZz17apTcxYg68QtSBUKNPv2lzdIWBZhrJmgSvVcJ9V+TqXmTOCs4mUKU8rGdIg9Q2MaofLzxeUzcmmUAQkTaSrWZKH+nshppNQ0CkxnRPVIrXpz8T+vl+nwzs95nGYaY7ZcFGaC6ITMYyADLpFpMTWEMsnNrYSNqIlCm7AqJgR39eV10q7XXKfmPt5UG2dFHGU4hwu4AhduoQEP0IQWMJjAM7zCm5VbL9a79bFsLVnFzCn8gfX5A4W6k20=</latexit>

2

t + b
<latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit><latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit><latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit><latexit sha1_base64="oaz17GD+G13lFez7CxT5jBAV248=">AAAB9HicbVDLSgNBEOyNrxhf8XHzMhgEQQi7QdBjwIvHCCYGkiXMTmaTIbOz60xvICz7HV48KOLVj/Hm3zh5HDSxoKGo6qa7K0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJaxbgfUcCkUb6JAyduJ5jQKJH8MRrdT/3HMtRGxesBJwv2IDpQIBaNoJb8basqyWp7hZZD3yhW36s5AVom3IBVYoNErf3X7MUsjrpBJakzHcxP0M6pRMMnzUjc1PKFsRAe8Y6miETd+Njs6J+dW6ZMw1rYUkpn6eyKjkTGTKLCdEcWhWfam4n9eJ8Xwxs+ESlLkis0XhakkGJNpAqQvNGcoJ5ZQpoW9lbAhtTmgzalkQ/CWX14lrVrVc6ve/VWlfrKIowincAYX4ME11OEOGtAEBk/wDK/w5oydF+fd+Zi3FpzFzDH8gfP5A7nLkek=</latexit>

�2

t + b
<latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit><latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit><latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit><latexit sha1_base64="29aym/PSexxKxXX4l5yrBGp1jrE=">AAAB9XicbVBNS8NAEJ3Ur1q/6sfNS7AIgliSIuix4MVjBfsBbSyb7aZdutmE3YlSQv6HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdXyimeCSNZGjYJ1YMRL6grX98c3Ubz8ypXkk73ESMy8kQ8kDTgka6aEXKELTi1qW4rmf9csVp+rMYC8TNycVyNHol796g4gmIZNIBdG66zoxeilRyKlgWamXaBYTOiZD1jVUkpBpL51dndmnRhnYQaRMSbRn6u+JlIRaT0LfdIYER3rRm4r/ed0Eg2sv5TJOkEk6XxQkwsbInkZgD7hiFMXEEEIVN7fadERMEGiCKpkQ3MWXl0mrVnWdqnt3Wakf5XEU4RhO4AxcuII63EIDmkBBwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8muJIg</latexit>

D
<latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit><latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit><latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit><latexit sha1_base64="Q6HMc8wVXErCqhx1mcs+4xq/d28=">AAAB8nicbVDLSsNAFL2pr1pfVZduBqvgqiQi6LKgC5cV7APaUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctFlo64GBwzn3MueeIJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbnO/88S1EbF6xGnC/YiOlAgFo2ilXj+iOGZUZnezQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkk+q/RTwxPKJnTEe5YqGnHjZ/PIM3JulSEJY22fQjJXf29kNDJmGgV2Mo9olr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLBZCRtTTRnaliq2BG/55FXSvqx7bt17uKo1zoo6ynACp3ABHlxDA+6hCS1gEMMzvMKbg86L8+58LEZLTrFzDH/gfP4Aa9eRPA==</latexit>

1

r
<latexit sha1_base64="/wTiq/wnzmPJ50YeXsj6FhH8VxU=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+ketiUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8GKWj8zLCV0QkYssFSShJkwn59cuOdWGbqx0rYkunP190ROEmOmSWQ7E4Jjs+zNxP+8IMP4Jsy5TDNkki4WxZlwUbmz/90h14yimFpCqOb2VpeOiU0BbUo1G4K//PIq6V42fa/p3181WidlHFU4hTO4AB+uoQV30IYOUFDwDK/w5qDz4rw7H4vWilPOHMMfOJ8/jKqRRQ==</latexit><latexit sha1_base64="/wTiq/wnzmPJ50YeXsj6FhH8VxU=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+ketiUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8GKWj8zLCV0QkYssFSShJkwn59cuOdWGbqx0rYkunP190ROEmOmSWQ7E4Jjs+zNxP+8IMP4Jsy5TDNkki4WxZlwUbmz/90h14yimFpCqOb2VpeOiU0BbUo1G4K//PIq6V42fa/p3181WidlHFU4hTO4AB+uoQV30IYOUFDwDK/w5qDz4rw7H4vWilPOHMMfOJ8/jKqRRQ==</latexit><latexit sha1_base64="/wTiq/wnzmPJ50YeXsj6FhH8VxU=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+ketiUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8GKWj8zLCV0QkYssFSShJkwn59cuOdWGbqx0rYkunP190ROEmOmSWQ7E4Jjs+zNxP+8IMP4Jsy5TDNkki4WxZlwUbmz/90h14yimFpCqOb2VpeOiU0BbUo1G4K//PIq6V42fa/p3181WidlHFU4hTO4AB+uoQV30IYOUFDwDK/w5qDz4rw7H4vWilPOHMMfOJ8/jKqRRQ==</latexit><latexit sha1_base64="/wTiq/wnzmPJ50YeXsj6FhH8VxU=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+ketiUG94TW8Od5X4JWlAifag/tUfKpolTCIVxJjA91IMc6KRU8GKWj8zLCV0QkYssFSShJkwn59cuOdWGbqx0rYkunP190ROEmOmSWQ7E4Jjs+zNxP+8IMP4Jsy5TDNkki4WxZlwUbmz/90h14yimFpCqOb2VpeOiU0BbUo1G4K//PIq6V42fa/p3181WidlHFU4hTO4AB+uoQV30IYOUFDwDK/w5qDz4rw7H4vWilPOHMMfOJ8/jKqRRQ==</latexit>

�1

r
<latexit sha1_base64="t5aPHfCUT8pR3ULGvgzpq9iZ7Hw=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eWZzgfVmlt35yCrxCtIDQo0B9UvfxizNOIKmaTG9Dw3wX5GNQomeV7xU8MTyiZ0xHuWKhpx08/mN+fk3CpDEsbalkIyV39PZDQyZhoFtjOiODbL3kz8z+ulGN72M6GSFLlii0VhKgnGZBYAGQrNGcqpJZRpYW8lbExtDGhjqtgQvOWXV0n7qu65de/hutY4KeIowymcwQV4cAMNuIcmtIBBAs/wCm9O6rw4787HorXkFDPH8AfO5w/5KpF8</latexit><latexit sha1_base64="t5aPHfCUT8pR3ULGvgzpq9iZ7Hw=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eWZzgfVmlt35yCrxCtIDQo0B9UvfxizNOIKmaTG9Dw3wX5GNQomeV7xU8MTyiZ0xHuWKhpx08/mN+fk3CpDEsbalkIyV39PZDQyZhoFtjOiODbL3kz8z+ulGN72M6GSFLlii0VhKgnGZBYAGQrNGcqpJZRpYW8lbExtDGhjqtgQvOWXV0n7qu65de/hutY4KeIowymcwQV4cAMNuIcmtIBBAs/wCm9O6rw4787HorXkFDPH8AfO5w/5KpF8</latexit><latexit sha1_base64="t5aPHfCUT8pR3ULGvgzpq9iZ7Hw=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eWZzgfVmlt35yCrxCtIDQo0B9UvfxizNOIKmaTG9Dw3wX5GNQomeV7xU8MTyiZ0xHuWKhpx08/mN+fk3CpDEsbalkIyV39PZDQyZhoFtjOiODbL3kz8z+ulGN72M6GSFLlii0VhKgnGZBYAGQrNGcqpJZRpYW8lbExtDGhjqtgQvOWXV0n7qu65de/hutY4KeIowymcwQV4cAMNuIcmtIBBAs/wCm9O6rw4787HorXkFDPH8AfO5w/5KpF8</latexit><latexit sha1_base64="t5aPHfCUT8pR3ULGvgzpq9iZ7Hw=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eWZzgfVmlt35yCrxCtIDQo0B9UvfxizNOIKmaTG9Dw3wX5GNQomeV7xU8MTyiZ0xHuWKhpx08/mN+fk3CpDEsbalkIyV39PZDQyZhoFtjOiODbL3kz8z+ulGN72M6GSFLlii0VhKgnGZBYAGQrNGcqpJZRpYW8lbExtDGhjqtgQvOWXV0n7qu65de/hutY4KeIowymcwQV4cAMNuIcmtIBBAs/wCm9O6rw4787HorXkFDPH8AfO5w/5KpF8</latexit>�1

b
<latexit sha1_base64="cMWbmJrURKiy6wb9Bo+5hO0Dfio=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eVZkA+qNbfuzkFWiVeQGhRoDqpf/jBmacQVMkmN6Xlugv2MahRM8rzip4YnlE3oiPcsVTTipp/Nb87JuVWGJIy1LYVkrv6eyGhkzDQKbGdEcWyWvZn4n9dLMbztZ0IlKXLFFovCVBKMySwAMhSaM5RTSyjTwt5K2JjaGNDGVLEheMsvr5L2Vd1z697Dda1xUsRRhlM4gwvw4AYacA9NaAGDBJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx/g2pFs</latexit><latexit sha1_base64="cMWbmJrURKiy6wb9Bo+5hO0Dfio=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eVZkA+qNbfuzkFWiVeQGhRoDqpf/jBmacQVMkmN6Xlugv2MahRM8rzip4YnlE3oiPcsVTTipp/Nb87JuVWGJIy1LYVkrv6eyGhkzDQKbGdEcWyWvZn4n9dLMbztZ0IlKXLFFovCVBKMySwAMhSaM5RTSyjTwt5K2JjaGNDGVLEheMsvr5L2Vd1z697Dda1xUsRRhlM4gwvw4AYacA9NaAGDBJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx/g2pFs</latexit><latexit sha1_base64="cMWbmJrURKiy6wb9Bo+5hO0Dfio=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eVZkA+qNbfuzkFWiVeQGhRoDqpf/jBmacQVMkmN6Xlugv2MahRM8rzip4YnlE3oiPcsVTTipp/Nb87JuVWGJIy1LYVkrv6eyGhkzDQKbGdEcWyWvZn4n9dLMbztZ0IlKXLFFovCVBKMySwAMhSaM5RTSyjTwt5K2JjaGNDGVLEheMsvr5L2Vd1z697Dda1xUsRRhlM4gwvw4AYacA9NaAGDBJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx/g2pFs</latexit><latexit sha1_base64="cMWbmJrURKiy6wb9Bo+5hO0Dfio=">AAAB83icbVBNS8NAEJ3Ur1q/6sfNy2IRvFgSEfRY8OKxgv2AppTNdtMu3WzC7kQoIX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NaW9/Y3CpvV3Z29/YPqodHbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7md564NiJWjzhNeD+iIyVCwShayfdDTVl26eVZkA+qNbfuzkFWiVeQGhRoDqpf/jBmacQVMkmN6Xlugv2MahRM8rzip4YnlE3oiPcsVTTipp/Nb87JuVWGJIy1LYVkrv6eyGhkzDQKbGdEcWyWvZn4n9dLMbztZ0IlKXLFFovCVBKMySwAMhSaM5RTSyjTwt5K2JjaGNDGVLEheMsvr5L2Vd1z697Dda1xUsRRhlM4gwvw4AYacA9NaAGDBJ7hFd6c1Hlx3p2PRWvJKWaO4Q+czx/g2pFs</latexit>

1

b
<latexit sha1_base64="G6eNasuWzqCCsJijD3ZKUAP83Os=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+kUfFoN7wmt4c7irxS9KAEu1B/as/VDRLmEQqiDGB76UY5kQjp4IVtX5mWErohIxYYKkkCTNhPj+5cM+tMnRjpW1JdOfq74mcJMZMk8h2JgTHZtmbif95QYbxTZhzmWbIJF0sijPhonJn/7tDrhlFMbWEUM3trS4dE5sC2pRqNgR/+eVV0r1s+l7Tv79qtE7KOKpwCmdwAT5cQwvuoA0doKDgGV7hzUHnxXl3PhatFaecOYY/cD5/AHRakTU=</latexit><latexit sha1_base64="G6eNasuWzqCCsJijD3ZKUAP83Os=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+kUfFoN7wmt4c7irxS9KAEu1B/as/VDRLmEQqiDGB76UY5kQjp4IVtX5mWErohIxYYKkkCTNhPj+5cM+tMnRjpW1JdOfq74mcJMZMk8h2JgTHZtmbif95QYbxTZhzmWbIJF0sijPhonJn/7tDrhlFMbWEUM3trS4dE5sC2pRqNgR/+eVV0r1s+l7Tv79qtE7KOKpwCmdwAT5cQwvuoA0doKDgGV7hzUHnxXl3PhatFaecOYY/cD5/AHRakTU=</latexit><latexit sha1_base64="G6eNasuWzqCCsJijD3ZKUAP83Os=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+kUfFoN7wmt4c7irxS9KAEu1B/as/VDRLmEQqiDGB76UY5kQjp4IVtX5mWErohIxYYKkkCTNhPj+5cM+tMnRjpW1JdOfq74mcJMZMk8h2JgTHZtmbif95QYbxTZhzmWbIJF0sijPhonJn/7tDrhlFMbWEUM3trS4dE5sC2pRqNgR/+eVV0r1s+l7Tv79qtE7KOKpwCmdwAT5cQwvuoA0doKDgGV7hzUHnxXl3PhatFaecOYY/cD5/AHRakTU=</latexit><latexit sha1_base64="G6eNasuWzqCCsJijD3ZKUAP83Os=">AAAB8nicbVBNS8NAEJ3Ur1q/6sfNS7AInkoigh4LXjxWsLWQhrLZbtqlm92wOxFKyM/w4kERr/4ab/4bt20O2vpg4PHeDDPzolRwg5737VTW1jc2t6rbtZ3dvf2D+uFR16hMU9ahSijdi4hhgkvWQY6C9VLNSBIJ9hhNbmf+4xPThiv5gNOUhQkZSR5zStBKQT/WhOZ+kUfFoN7wmt4c7irxS9KAEu1B/as/VDRLmEQqiDGB76UY5kQjp4IVtX5mWErohIxYYKkkCTNhPj+5cM+tMnRjpW1JdOfq74mcJMZMk8h2JgTHZtmbif95QYbxTZhzmWbIJF0sijPhonJn/7tDrhlFMbWEUM3trS4dE5sC2pRqNgR/+eVV0r1s+l7Tv79qtE7KOKpwCmdwAT5cQwvuoA0doKDgGV7hzUHnxXl3PhatFaecOYY/cD5/AHRakTU=</latexit>
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Figure 6: Connections between the staggered and collocated operators on periodic quadtree grids. The nodal Laplacian LN is
the composition of the staggered divergence D and gradient G. The nodal divergence DN and gradient GN are related to their
staggered counterpart through linear interpolation. Ghost variables are depicted as empty symbols ( and ). As in Figure 5,
arrows represent the finite difference coefficients. For the gradient and Laplacian, only the x-contribution is illustrated. The
y-contribution is computed similarly.

u = (u, v) are expressed in terms of their neighborhood information as

LNϕ
∣∣
0
=

2

r + ℓ

(
ϕr − ϕ0

r
− ϕ0 − ϕℓ

ℓ

)
+

2

t+ b

(
ϕt − ϕ0

t
− ϕ0 − ϕb

b

)
, (42)

DN (u, v)
∣∣
0
=

ur − uℓ

r + ℓ
+

vt − vb
t+ b

, (43)

GNϕ
∣∣
0
=

(
ℓ

r + ℓ

ϕr − ϕ0

r
+

r

r + ℓ

ϕ0 − ϕℓ

ℓ
,

b

t+ b

ϕt − ϕ0

t
+

t

t+ b

ϕ0 − ϕb

b

)
. (44)

Note that our definitions of the Laplacian and gradient are identical to those in previous studies (see
e.g. [47, 45, 66, 68, 69, 37]), and in particular, they have been shown to yield supra convergence, in the
sense that both the solution and its gradient converge with second-order accuracy [47]. The divergence
operator, however, does not follow the construction proposed by Min and Gibou [47, 45]. Here, we use
the standard central difference formula to construct a first-order accurate approximation of the divergence
operator instead of creating weighted averages of the forward and backward derivative and constructing
a second-order centered difference approximation. It was observed in [45] that using the second-order
divergence in a purely nodal context leads to an unstable projection operator.

To establish the connection between the staggered and collocated projection, we must formally define all
discrete differential operators and the interpolations needed to bridge between them, as well as the spaces
they act on. Using ghost nodes allows us to see these operators as natural extensions of their uniform
counterparts.

3.3.2. Interpolations: notations and definitions

From the set of nodes and edges N we define Ñ as the set of all grid nodes and ghost neighbors (depicted
as empty circles in Figure 6), and refer to it as the set of ghosted nodes. For each ghost node, we define a
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ghost edge (depicted as empty triangles in Figure 6), centered between the ghost node and the corresponding
hanging node. We denote by Ẽ the set of ghosted edges, i.e. grid, and ghost edges. As we did before, for any
two discrete spaces A and B, defined from the grid structure, we will define IB

A : A → B as the interpolation
from A to B.

As Figure 6 illustrates, we define the interpolation from the set of ghosted nodes to ghosted edges,

IẼ
Ñ

: Ñ → Ẽ, and the interpolation from the set of ghosted edges to the set of nodes, IN
Ẽ

: Ẽ → N , as

the standard linear interpolations from the nearest neighbors. We also define IÑ
N : N → Ñ as the ghost

operator, which returns the value at the grid nodes from the interpolated value at the ghost nodes. Similarly,

we define IẼ
E : E → Ẽ.

We define the operator IE
Ẽ

as the canonical restriction from Ẽ to E. The staggered gradient operator,

G : Ñ → Ẽ, is constructed using the standard second-order central difference scheme and the staggered
divergence operator, D : Ẽ → N is constructed using a weighted first-order central difference scheme (see
Figure 6).

3.3.3. Staggered projection on quadtree grids

We start by observing that the nodal Laplacian is obtained by taking the divergence of the gradient

computed for the ghosted values, i.e. L = DGIÑ
N , and so the projection operator P : E → E has the form

P = I − IE
Ẽ
GIÑ

N

(
DGIÑ

N

)−1

DIẼ
E . (45)

Because IE
Ẽ
IẼ
E = I (i.e un-ghosting the ghosted edges’ values returns the edges’ values), we can rewrite the

above definition by defining the operator PẼ as

P = IE
Ẽ

(
I − GIÑ

N

(
DGIÑ

N

)−1

D
)

︸ ︷︷ ︸
PẼ

IẼ
E . (46)

PẼ should be interpreted as the projection on the space of ghosted edges. Squaring it, we see that

P2
Ẽ
= I − 2GIÑ

N

(
DGIÑ

N

)−1

D + GIÑ
N

(
DGIÑ

N

)−1

DGIÑ
N

(
DGIÑ

N

)−1

D, (47)

P2
Ẽ
= I − GIÑ

N

(
DGIÑ

N

)−1

D, (48)

P2
Ẽ
= PẼ , (49)

and so PẼ is indeed a projection2.

3.3.4. Stability of the collocated projection

To connect the staggered and collocated projections, we start by recognizing that the nodal Laplacian
LN is the composition of the staggered divergence with the staggered gradient (see Figure 6)

LN = DGIÑ
N . (50)

As it was the case on uniform grids, the nodal divergence and gradient remain related to their staggered
counterparts through linear interpolations, only now these relationships involve the ghost interpolation

operator IÑ
N

DN = DIẼ
Ñ
IÑ
N , (51)

GN = IN
Ẽ
GIÑ

N . (52)

2Note that, as it is the case in the continuous world, this propriety only relies on the fact that the staggered Laplacian is
the composition of the divergence and gradient operators. We, for example, did not have to assume that these two operators
are the negative transpose of each other.
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Using the above expression, the nodal projection operator

PN = I − GN (LN )
−1 DN , (53)

can be expressed as

PN = I − IN
Ẽ
GIÑ

N

(
DGIÑ

N

)−1

DIẼ
Ñ
IÑ
N . (54)

We consider a compressible eigenpair (λ,X) such that

PNX = λX, DNX ̸= 0, and λ ̸= 1. (55)

We multiply the whole equation on the left by the operator IẼ
Ñ
IÑ
N , and define Y = IẼ

Ñ
IÑ
NX, to obtain

IẼ
Ñ
IÑ
NPNX = Y − IẼ

Ñ
IÑ
N IN

Ẽ︸ ︷︷ ︸
Ip

GIÑ
N

(
DGIN

N

)−1 D︸ ︷︷ ︸
QẼ=I−PẼ

Y = λY, (56)

therefore (I − IpQẼ)Y = λY, and λ is also an eigenvalue for the operator M = I − IpQẼ .
To conclude, we will find a condition under which Mk converges as k → ∞, which is a sufficient condition

for the eigenvalues of M, other than one, to be strictly less than one in absolute value. To do this, we define
ϵ = I − Ip, and rewrite M as

M = I − (I − ϵ)QẼ , (57)

and

M = PẼ + ϵQẼ . (58)

Since PẼ is a projection,
QẼPẼ = (I − PẼ)PẼ = 0. (59)

Squaring M, we get
M2 = P2

Ẽ
+ PẼϵQẼ + ϵQẼPẼ + (ϵQẼ)

2
, (60)

which, using the fact that P2
Ẽ
= PẼ and the orthogonality condition (59), we simplify into

M2 = PẼ (I + ϵQẼ) + (ϵQẼ)
2
. (61)

By recurrence, we obtain that

Mk = PẼ

(
k−1∑

i=0

(ϵQẼ)
i

)
+ (ϵQẼ)

k
, (62)

from which we conclude that the limit of Mk as k → ∞ exists if and only if ρ(ϵQẼ), the spectral radius of
ϵQẼ , is less than 1, i.e.

ρ (ϵQẼ) < 1. (63)

Before we proceed to the numerical validations, we should discuss the implication of the above conditions.
First, we should note that the above condition is satisfied if ∥ϵQẼ∥ < 1, and so for the condition (63) to be
satisfied, it is sufficient to have

∥ϵ∥ <
1

∥QẼ∥
. (64)

Since the staggered operators PẼ and QẼ on uniform grids are orthogonal with norm equal to one, we
expect their norms on adaptive grids to be close to one (i.e. ∥QẼ∥ ≈ 1), and so we expect the above
stability condition to be met if ∥ϵ∥ ⪅ 1. In other words, we expect that if the norm of the interpolation
error introduced by Ip is less than one, which is a realistic expectation as Ip is the product of consistent
interpolations, and therefore consistent itself, then the projection is converging.
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Intuitively, one could think that for the iterated projection to converge, Ip must be stable and that,
therefore, its norm must be less than one. Our proof suggests that this intuition is wrong and that, somewhat
surprisingly, an unstable interpolation can lead to a converging algorithm as long as (64) is satisfied. This is
essential as IP involves interpolating from the nodes to the ghost nodes, which, as formula (41) illustrates,
is done using quadratic interpolating polynomials and can virtually introduce instabilities. The other two

interpolations (IẼ
Ñ

and IN
Ẽ
) involved in IP are constructed by taking weighted averages, and thus stable.

Our proof does not rely on a specific form for the ghost node interpolation; rather, it tells whether, for
a given interpolation, the projection is stable. Unfortunately, our general ghost node construction is too
complicated for us to prove whether condition (63) is met or not. Even for simpler constructions, such
as a linear one, where the ghost values are obtained as the weighted average of existing values, IP is now
the product of three averaging stochastic matrices, and thus itself a square stochastic matrix with positive
coefficients, we can only conclude that its eigenvalues are in the disk D(0, 1), which is insufficient.

Overall, the condition (63) feels achievable and, in fact, less restrictive than one would have naively
thought, and so we are reasonably hopeful that our method is stable. Yet, the constructions of our interpo-
lation operators, even in the low-order scenario, are too complicated for us to prove it formally. In addition,
we should point out that boundary effects are left out of our theoretical study. We, therefore, resort to an
in-depth computational verification.

3.4. Computational verification

In this section, we verify the stability of our nodal projection operator by computing its convergence
properties using a standard example with homogeneous Neumann boundary conditions and by verifying the
stability of our nodal projection operator in the presence of different combinations of boundary and interface
conditions. For the examples in this section and subsequent tests, wall and boundary conditions are treated
using the second-order hybrid Finite-Volume/Finite Difference approach presented in [69], itself based on
previous studies [68]. For interface conditions, the fluid quantities in Ω− are systematically extended to
Ω+ using the PDE-based approach proposed by Aslam in [7]. All other problem-specific treatments are
described in the appropriate sections.

3.4.1. Projection test - supra-convergence of the Hodge variable

We verify the convergence and stability of our projection operator by repeatedly applying the operator
to an initially non-divergence-free velocity field and computing the error between the resulting velocity field
and the exact divergence-free velocity field, as was done in previous studies [45, 51, 28]. Doing so, we test
the stability of our projection and the convergence of the Hodge variable as the grid resolution goes to zero.
We consider the two-dimensional velocity field:

u∗(x, y) = sin(x) cos(y) + x(π − x)y2
(y
3
− π

2

)
, (65)

v∗(x, y) =− cos(x) sin(y) + y(π − y)x2
(x
3
− π

2

)
, (66)

in the domain Ω = [0, π]2 with Neumann boundary conditions. The divergence-free velocity field corre-
sponding to u∗ and v∗ above is:

u(x, y) = sin(x) cos(y), (67)

v(x, y) =− cos(x) sin(y). (68)

We perform this test by starting with a randomized quadtree with 240 initial splits. Our goal here is
to verify the order of accuracy for our projection operator in extreme scenarios where the grid is highly
non-graded. We then successively refine the grid by further splitting each leaf, each time splitting the local
spatial resolution in half, and monitor the error. The results of this test are shown in Figure 8, along with
the initial random quadtree. As expected, the projection is stable, and we see second-order convergence in
the velocity field.
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Figure 7: Initial highly non-graded quadtree used for the Projection Test initialized with 240 random splits
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Figure 8: The L1 (left) and L∞ (right) errors for the projection test on a randomly generated quadtree with increasing number
of splits.

Table 1: The final error and order of convergence for the projection test on a randomly generated quadtree with an increasing
number of splits.

Splits L1 Order L∞ Order
0 7.82e-02 - 3.48e-01 -
1 1.96e-02 2.00 1.05e-01 1.73
2 8.47e-03 1.21 3.20e-02 1.72
3 2.61e-03 1.70 8.99e-03 1.83
4 7.16e-04 1.87 2.61e-03 1.79
5 1.87e-04 1.94 7.76e-04 1.75
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3.4.2. Projection test - stability

In this test, we specifically look at the stability of our projection operator in the presence of a variety
of boundary and interface conditions. Using the same initial velocity field as in the previous example, (65),
we successively apply the projection operator to this field and monitor the norm of the variation between
the velocity at the current projection iteration and the velocity after the final projection iteration. For a
stable operator, this variation will tend to zero, up to the solver tolerance.

The results of this test are shown in Figure 9. As expected, the variation in the norm of the velocity
decreases as we successively apply our projection operator. For these examples, the tolerance of our linear
solver was set to 10−12. As expected, we see that our collocated projection operator is numerically stable
for all boundary and interface conditions tested. We also note that in practice, only a small number of
iterations of the projection operator will be used and, as we later show, second-order accuracy in both the
velocity and Hodge variable can be achieved with only a single projection applied.

4. Nodal Navier-Stokes solver

In this section, we integrate our nodal projection operator into a general framework for solving the incom-
pressible Navier-Stokes equations. We begin by presenting an overview of our time-stepping algorithm and
then we provide a brief introduction of the specific numerical techniques used to compute the intermediate
velocity field. We conclude this section by solving an analytical solution to the Navier-Stokes equations with
our nodal solver and comparing these results with the MAC-based solver presented in [28]. Furthermore,
we use this example to discuss the practical number of projection iterations that need to be applied when
using our nodal solver.

4.1. Overview of the time stepping algorithm

We advance our velocity field from un to un+1 using a standard two-step projection method. In the
Viscosity step, we compute the intermediate velocity field, u∗, using a semi-Lagrangian Backward Difference
Formula (SLBDF) scheme for the temporal integration of the momentum equation where the viscous terms
are treated implicitly. In the Projection step, we repeatedly apply our nodal projection operator with the
stopping criteria described in Section 4.1.3. To account for the splitting error on the boundary (see Section
2.4), we iterate the Viscosity and Projection steps following a boundary correction procedure detailed in
Section 4.1.3. A summary of our time-stepping algorithm can be seen in Figure 10 and details of the specific
techniques used can be found in the subsequent sections.

4.1.1. Viscosity step - SLBDF integrator

To solve for the auxiliary velocity field u∗, we start by integrating the momentum equation (1) using
a semi-Lagrangian backward difference (SLBDF) scheme [40, 28, 67] with an adaptive time-step ∆tn =
tn+1 − tn, and implicit treatment of the viscous term, namely

ρ

(
α
u∗ − un

d

∆tn
+ β

un
d − un−1

d

∆tn−1

)
= µ△u∗ + f , (73)

where

α =
2∆tn +∆tn−1

∆tn +∆tn−1
, β = − ∆tn

∆tn +∆tn−1
. (74)

The departing velocities un
d and un−1

d are obtained by interpolating the velocity field at the departure points
xn
d and xn−1

d and corresponding time steps. The adaptive time-step, ∆tn is determined by pre-setting the
CFL number, CFL = max ∥u∥∆t/∆x. To find the departure points, we follow the characteristic curve
backward using a second-order Runge-Kutta method (RK2, midpoint):

x̂ = xn+1 − ∆tn
2

· un+1(xn+1), (75)

xn
d = xn+1 −∆tn · un+ 1

2 (x̂), (76)
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1 – Initialization
Initialize the corrective velocity boundary condition c as the final one from the previous iteration.

2 – Repeat until
∥∥un+1 − u|Γ

∥∥ < ϵo

2a – Viscosity step
Compute the intermediate velocity field u∗ as the numerical solution of

ρ
Du∗

Dt
= µ△u∗ + f ∀x ∈ Ω−/Γ, (69)

u∗ = u|Γ + c ∀x ∈ Γ, (70)

Initialize un+1 = u∗

2b – Projection step

Repeat until
∥∥un+1 − PNun+1

∥∥ < ϵi
∥∥un+1

∥∥
Project the velocity field

un+1 = PNun+1. (71)

Compute the new correction

c = c− ω
(
un+1 − u|Γ

)
. (72)

3 – Update
Adapt the mesh to un+1 and update all the variables accordingly.

Figure 10: Outline of the algorithm for the construction of the solution un+1 at time tn+1 from the solution un at the previous
time step tn.

and

x̄ = xn+1 − (∆tn +∆tn+1)

2
· un+1(xn+1), (77)

xn−1
d = xn+1 − (∆tn +∆tn+1) · umid(x̄). (78)

We interpolate the intermediate velocities, un+ 1
2 (x̂) and umid(x̄), from the velocity fields at tn−1 and tn as

un+ 1
2 (x̂) =

2∆tn−1 +∆tn
2∆tn−1

un(x̂)− ∆tn
2∆tn−1

un−1(x̂), (79)

umid(x̄) =
∆tn +∆tn−1

2∆tn−1
un(x̄) +

∆tn−1 −∆tn
2∆tn−1

un−1(x̄). (80)

4.1.2. Viscosity step - improved trajectory reconstruction

As the semi-Lagrangian method shown in Section 4.1.1 relies on knowing what un+1 is, we must look
to other explicit methods to find the departure point. Here, we discuss two departure point methods that
utilize an RK2 scheme and approximate un+1.

The first and most obvious choice for utilizing an RK2 method with known information is to replace un+1

in (75) and (77) with un. This midpoint rule formulation was popularized by Xiu and Karniadakis [71] and
has been a popular integration choice for projection methods that utilize a semi-Lagrangian discretization
of the advection term (see, e.g. [28, 45]). Using un is akin to a constant Taylor approximation to un+1.

This constant approximation is often a sufficient approximation for lower CFL numbers, but for larger
CFL numbers, it can cause the computed departure point to lie too far from the characteristic prior to
interpolation and can lead to less accurate velocity terms. By doing a first-order Taylor expansion of
un+1(xn+1) around tn and using an Euler approximation for any derivative terms, we get

un+1(xn+1) = un(xn+1) +
∆tn

∆tn−1

(
un(xn+1)− un−1(xn+1)

)
+O(∆t2), (81)

18



which we substitute into (75) and (77). By having a higher-order approximation for un+1(xn+1), we expect
our numerical simulations to have more accurate results, especially if a large time-step is used.

While we can mitigate this issue with a higher-order integration scheme, such as a fourth-order Runge-
Kutta method, the order of accuracy of the semi-Lagrangian method is determined by both the integration
scheme used to find the departure point and the interpolation scheme used to evaluate u at the departure
point. Since we are using a quadratic interpolation scheme, using an integration scheme that is higher than
second-order accurate is superfluous.

We use both integrating schemes for our numerical validation in Section 5. The classical scheme is used
to directly compare the nodal projection method with previous numerical studies and experiments, and the
new improved integrating scheme is used to compare the accuracy of the solver when implementing each
integrating scheme.

4.1.3. Stopping criteria for iterative procedures

As our projection operator is not an exact orthogonal projection, we use an iterative procedure to create
an approximately divergence-free velocity field. We perform successive projections until

∥∥un+1 − PNun+1
∥∥ < ϵi

∥∥un+1
∥∥ , (82)

or a predefined maximum number of iterations, Kmax, has been reached. Typically, we choose ϵi = 10−3,
set Kmax = 5, and only a few (1− 3) iterations are required to reach convergence.

The boundary correction c is designed to compensate for the splitting errors (see 2.4) in a similar fashion
to what was proposed in [67]. It is designed so that when the correction reaches convergence (see Eq. (72)),
the boundary condition on the solid object is satisfied (i.e. un+1 = u). The parameter ω controls the
convergence rate and must be chosen in the range 0 < ω < 1. Similar corrections are performed on the wall
of the computational domain ∂Ω but are not explicited here for the sake of concision. Typically, we terminate
the outer iterations when the error in the interface’s velocity (

∥∥un+1 − u|Γ
∥∥) is less than ϵo = 10−3.

4.1.4. Refinement criteria

As it was done in our previous studies [28, 67, 69, 16, 64], the mesh is dynamically refined near the solid
interface and where high gradients of vorticity occur. At each iteration, we recursively apply the following
splitting criterion at each cell.

We split each cell C if

min
n∈nodes(C)

|ϕ(n)| ≤ B · Lip(ϕ) · diag(C) and level(C) ≤ maxlevel, (83)

or

min
n∈nodes(C)

diag(C) · ∥∇u(n)∥
∥u∥∞

≥ TV and level(C) ≤ maxV , (84)

or

level(C) ≤ minlevel. (85)

If none of these criteria are met, we merge C by removing all its descendants.
Here Lip(ϕ) is an upper estimate of the minimal Lipschitz constant of the level set function ϕ. Since the

level set used to create the mesh will be reinitialized (i.e. |∇ϕ| = 1), we use Lip(ϕ) = 1.2. diag(C) is the
length of the diagonal of cell C. B is the user-specified width of the uniform band around the interface. TV

is the vorticity threshold and maxlevel is the maximum grid level allowed for the vorticity-based refinement.
Condition (85) ensures that a minimum resolution of minlevel is maintained.

4.2. Verification - analytic vortex
4.2.1. Convergence study

We consider the following analytical solution to the Navier-Stokes Equations,

u(x, y) = sin(x) cos(y) cos(t), (86)

v(x, y) = − cos(x) sin(y) cos(t), (87)

p(x, y) = 0. (88)
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We set µ = 1, ρ = 1, and define the forcing terms as

fx = sin(x) cos(y) (2µ cos(t)− ρ sin(t)) + ρ cos2(t) sin(x) cos(x), (89)

fy = cos(x) sin(y) (ρ sin(t)− 2µ cos(t)) + ρ cos2(t) sin(y) cos(y). (90)

We monitor the convergence of our solver as our mesh is refined and compare the results against the MAC-
based solver of [28]. Each of the simulations is run until a final time of tf = π/3 is reached with an adaptive
time step defined by ∆tn = ∆x/max ∥un∥. We set the maximum number of projections, Kmax, to 5, with an
error tolerance of 10−3 (see Section 4.1.3), and use the boundary correction procedure explained in Section
4.1.3. The results of this example are shown in Table 2 and in Figure 11.

We see that our nodal projection method achieves second-order convergence in both the L1 and L∞

norm for velocity as expected based on our discretization. For the Hodge variable, we also see second-order
convergence in both L1 and L∞. If we compare the results of our nodal solver with the MAC-based solver
of [28], we notice a distinct improvement in the L∞ norm for velocity.

Table 2: Convergence of x-component velocity and Hodge variable Φ for the Nodes and MAC [28] implementations.

Velocity
Nodes MAC

Level (max:min) L1 Order L∞ Order L1 Order L∞ Order
7:3 6.84e-04 - 2.34e-02 - 5.48e-03 - 2.18e-02 -
8:4 1.25e-04 2.46 2.72e-03 3.11 1.76e-03 1.64 8.65e-03 1.33
9:5 2.33e-05 2.42 9.56e-04 1.51 5.56e-04 1.66 3.28e-03 1.40
10:6 5.61e-06 2.05 2.19e-04 2.12 1.61e-04 1.79 1.64e-03 1.00
11:7 1.36e-06 2.05 4.44e-05 2.30 3.62e-05 2.15 3.84e-04 2.09
12:8 4.15e-07 1.71 9.55e-06 2.22 8.59e-06 2.08 2.45e-04 0.65

Hodge
Nodes MAC

Level (max:min) L1 Order L∞ Order L1 Order L∞ Order
7:3 4.43e-05 - 4.16e-04 - 3.17e-04 - 1.62e-03 -
8:4 1.67e-05 1.41 9.48e-05 2.13 3.47e-05 3.19 2.47e-04 2.71
9:5 2.55e-06 2.71 1.44e-05 2.72 4.48e-06 2.95 5.85e-05 2.08
10:6 3.07e-07 3.05 2.45e-06 2.55 7.20e-07 2.64 1.44e-05 2.02
11:7 3.12e-08 3.30 5.49e-07 2.16 7.41e-08 3.28 2.81e-06 2.36
12:8 3.67e-09 3.09 1.05e-07 2.39 1.14e-08 2.70 6.72e-07 2.06
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Figure 11: Visualization of the error convergence for the velocity and Hodge variable.

4.2.2. Impact of successive projections - determining Kmax

In order to develop a practical guideline for the number of projection iterations that should be used in
our nodal solver, we again consider the analytic vortex example from the previous section. We continue
using the same adaptive time step, grid refinement criteria, and boundary correction procedures previously
described. However, instead of using the error threshold described in 4.1.3, we explicitly define the number
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of projections to be performed at each time step. The results of this test are shown in Table 3 for the
explicit number of projections set to 1, 5, and 10.

We emphasize that for this example, only a single projection is required to achieve second-order accuracy
in the L∞ norm for both velocity and the Hodge variable. Increasing the number of projections does not
significantly change the solution or the order of accuracy. For this reason, we do not set a minimum number
of projections for our nodal solver. Instead, we specify a maximum number of projections, Kmax, and
typically use a default value of 5 projections. In practice and using an error threshold of 10−3 (see Section
4.1.3), we observe that a single projection is often sufficient.

Table 3: Impact of the number of projections on the L∞ error for the velocity and Hodge variable Φ for the analytic vortex
example.

Projections = 1 Projections = 5 Projections = 10
Velocity Hodge Velocity Hodge Velocity Hodge

Level L∞ Order L∞ Order L∞ Order L∞ Order L∞ Order L∞ Order
7:3 2.36e-02 - 4.16e-04 - 4.19e-02 - 9.65e-05 - 5.44e-02 - 7.01e-05 -
8:4 2.79e-03 3.08 9.49e-05 2.13 6.86e-03 2.61 3.24e-05 1.58 8.74e-03 2.64 1.44e-05 2.28
9:5 9.74e-04 1.52 1.44e-05 2.72 2.32e-03 1.56 5.81e-06 2.48 3.03e-03 1.53 2.89e-06 2.32
10:6 2.25e-04 2.12 2.45e-06 2.56 4.92e-04 2.24 9.52e-07 2.61 6.38e-04 2.25 6.31e-07 2.20
11:7 4.58e-05 2.29 5.49e-07 2.16 9.92e-05 2.31 2.11e-07 2.17 4.58e-05 3.80 5.48e-07 0.20
12:8 9.96e-06 2.20 1.05e-07 2.38 1.82e-05 2.45 4.24e-08 2.32 2.45e-05 0.90 3.47e-08 3.98

4.2.3. Verification of the improved departure point reconstruction scheme

Finally, we use the analytic vortex example to verify that our improved departure point reconstruction
scheme remains second-order accurate. Using an identical setup as in Section 4.2, we monitor the convergence
of our solver using the original SLBDF scheme presented in [28] and compare the results against the improved
scheme presented herein. Again, the maximum number of projections, Kmax, is set to 5, with an error
tolerance for the projection set to 10−3. The L1 and L∞ errors for the x-component velocity and the
Hodge variable are shown in Table 4. As expected, we that the improved reconstruction scheme maintains
second-order accuracy.

Table 4: Convergence of the x-component velocity and Hodge variable Φ using the original and improved departure point
reconstruction schemes.

Velocity
Original Reconstruction Improved Reconstruction

Level (max:min) L1 Order L∞ Order L1 Order L∞ Order
7:3 6.84e-04 - 2.34e-02 - 9.08e-04 - 2.90e-02 -
8:4 1.25e-04 2.46 2.72e-03 3.11 1.13e-04 3.0. 2.73e-03 3.41
9:5 2.33e-05 2.42 9.56e-04 1.51 2.38e-05 2.24 9.58e-04 1.51
10:6 5.61e-06 2.05 2.19e-04 2.12 5.58e-06 2.09 2.20e-04 2.12
11:7 1.36e-06 2.05 4.44e-05 2.30 1.30e-06 2.10 4.47e-05 2.30
12:8 4.15e-07 1.71 9.55e-06 2.22 3.95e-07 1.72 9.55e-06 2.23

Hodge
Original Reconstruction Improved Reconstruction

Level (max:min) L1 Order L∞ Order L1 Order L∞ Order
7:3 4.43e-05 - 4.16e-04 - 3.59e-05 - 3.18e-04 -
8:4 1.67e-05 1.41 9.48e-05 2.13 1.69e-05 1.09 9.72e-05 1.71
9:5 2.55e-06 2.71 1.44e-05 2.72 2.57e-06 2.72 1.47e-05 2.72
10:6 3.07e-07 3.05 2.45e-06 2.55 3.10e-07 3.05 2.44e-06 2.59
11:7 3.12e-08 3.30 5.49e-07 2.16 3.20e-08 3.28 5.59e-07 2.13
12:8 3.67e-09 3.09 1.05e-07 2.39 3.83e-09 3.06 1.08e-07 2.37

5. Validation examples

In this section, we validate our node-based Navier-Stokes solver using several canonical problems in
two and three spatial dimensions. We compare the results of our solver with previous numerical studies
[25, 23, 28, 51, 10, 12, 21, 49, 44, 34, 20] and experimental results [19] demonstrating the robustness of
our solver. Furthermore, we use the Kármán vortex example to highlight the advantages of our improved
departure point reconstruction scheme and the efficiency of our solver. Finally, we conclude this section by
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Figure 12: x- and y-components of the velocity field in the driven cavity example. The black circles are the results from Ghia
et al. [25] and the red stars are from Erturk et al. [23]. The line results are taken from our solver. This simulation was run
with a minimum and maximum quadtree level of 8 and 10, respectively, and a CFL of 1.0.

simulating a high Reynolds number flow past the UC Merced Beginnings sculpture to demonstrate that our
solver can be used to simulate flows with non-trivial geometries.

5.1. Driven cavity

The lid-driven cavity problem is a canonical example for validating an incompressible flow solver. Follow-
ing the numerical experiments of Ghia et al. [25] and Erturk et al. [23], we consider the domain Ω = [0, 1]2

with the top wall moving at a unit velocity and no-slip boundary conditions on the velocity for all four
walls. We set the density ρ = 1 and the Reynolds number to Re = 1 000.

The numerical simulations are performed using minimum and maximum quadtree levels of 8 and 10,
respectively. We set the CFL number to 1.0 and dynamically refine the mesh based on the procedure
discussed in Section 4.1.4. In Figure 12 we plot the results of our simulation with data from the numerical
experiments of Ghia et al. [25] and Erturk et al. [23]. We see excellent agreement between our simulation
and the previous studies.

5.2. Oscillating cylinder

We demonstrate the ability of our solver to handle moving interfaces by considering an oscillating cylinder
example. The oscillating cylinder is a popular example of a one-way fluid-structure interaction problem that
has been studied in both experimental and numerical contexts [19, 33, 60, 28]. In this test, oscillatory motion
is imposed on a cylinder in a quiescent fluid and the flow around the cylinder is characterized by the Reynolds
number and the Keulegan–Carpenter number defined as

KC =
umax

2rf
.

We follow the problem definition of [19] and [28] and set these dimensionless parameters to Re = 100
and KC = 5. We set the radius of the cylinder to r = 0.05, our frequency to f = 1, and the amplitude
of oscillation to x0 = 1.5914r. We consider the computational domain of Ω = [−1, 1]2 with homogeneous
Dirichlet boundary conditions and define the center position of our cylinder as

xc = x0(1− cos(2πft)).

We compare the results of our solver with those of [19] and [28] by computing the drag coefficient. We
compute the drag and lift forces on the disk by integrating

F =

∫

Γ

(−pI+ 2µσ) · n (91)
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where Γ is the boundary of the cylinder, σ is the symmetric stress tensor and n is the outward facing normal
vector to the cylinder. The drag and lift coefficients, Cd and Cl, are computed by re-scaling the components
of F by ρr ∥u∥2∞ . Numerically, the integral is computed using the quadrature rules of [46] on third-order
smooth extensions [7] of the integrands.

For this example, we are able to use an adaptive mesh with minimum and maximum quadtree levels
of 4 and 11, respectively. Additionally, we see good quantitative agreement with both studies for CFL
numbers up to 10. Figure 13 shows the time history of the drag coefficient for Re = 100 and KC = 5 and
a comparison with previous studies using a CFL of 10. In Figure 14, we show the time evolution of the
vorticity and the adaptive grid refinement of the oscillating cylinder.
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Figure 13: History of the drag coefficient for an oscillating cylinder with Re = 100 and KC = 5. The red crosses are the
original experimental data from Dutsch et al. [19] and the orange stars were computed by Guittet et al. [28]. Data points
were digitized using the original figures. This simulation was run with a minimum and maximum quadtree level of 4 and 11,
respectively, and a CFL of 10.0.

5.3. Von Kármán vortex street

Next, we validate our solver by considering the analysis of flow past a cylinder in two and three spatial
dimensions.

5.3.1. Two-dimensions

The setup for this problem consists of a cylinder of radius r = 0.5 with its center at the location (8, 0)
in a rectangular domain Ω = [0, 32]× [−8, 8]. For the velocity, we impose a Dirichlet boundary condition of
u = 1 on the left, top, and bottom walls and a homogeneous Neumann boundary condition on the right wall.
We impose homogeneous Neumann boundary conditions on the left, right, and bottom walls for the Hodge
variable and a Dirichlet boundary condition of Φ = 0 on the right wall. For this case, we ran our simulation
on adaptive quadtree grids with minimum and maximum refinement levels of 7 and 10, respectively. To
solve the advective term of the momentum equation, we use the classical departure point reconstruction
method described in Section 4.1.2. We also set a uniform band around the disk to properly capture the
boundary layer around the interface.

We solve this problem for several CFL numbers to quantify the impact the time step has on the drag
and lift forces on the cylinder and to act as a calibration tool for more complex two- and three-dimensional
problems. In Figure 15, we see that as we increase the CFL number, both the average drag coefficient
values and the amplitude of the coefficient oscillations increase. Qualitatively (Figure 16), we observe a
more severe destabilization of the wake past the cylinder for the higher CFL numbers, which is consistent
with the increased forces. Nonetheless, we see that our solver can produce good qualitative results for large
CFL numbers. We also see that the drag and lift coefficients are consistent with previous numerical and
experimental results (Table 5).
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Figure 14: Time evolution of the vorticity and adaptive grid refinement for the oscillating cylinder with Re = 100 and KC = 5.

Table 5: Drag and lift coefficients for the two-dimensional flow past disk problem.

Drag coefficient Lift coefficient
Re = 100 Re = 200 Re = 100 Re = 200

Ng et al. [51] 1.368± .016 1.373± 0.050 ±0.360 ±0.724
Braza et al. [10] 1.364± .015 1.400± 0.050 ±0.250 ±0.750
Calhoun [12] 1.330± .014 1.172± 0.058 ±0.298 ±0.668
Engelman et al. [21] 1.411± .010 - ±0.350 -
Guittet et al. [28] 1.401± .011 1.383± 0.048 ±0.331 ±0.705
Present 1.387± .019 1.370± 0.060 ±0.346 ±0.762

5.3.2. Impact of departure point reconstruction

We implement the two-dimensional flow past disk problem in Section 5.3.1, with the only difference
being that we use our improved departure point method. For Re = 100, we see a significant improvement
in both the drag and lift coefficients for higher CFL numbers (Figure 17) compared to the implementation
found in Section 5.3.1 (Figure 15).

These significant improvements are further realized when looking at the data qualitatively. In Figure 18,
we compare a snapshot of the vorticity profile with CFL = 10 of the two departure point reconstruction
methods. The destabilization is not as present in the improved departure point method (as expected from the
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Figure 15: Drag and lift computations for the 2-dimensional flow past disk problem with Re = 100 for CFL numbers of 1, 2,
5, and 10.

Figure 16: Visualization of the 2-dimensional flow past disk problem with Re = 100 and levels = 10:7. The vorticity and grid
are shown.

computed drag and lift computation) and looks similar to the more accurate, lower CFL number simulations.

5.3.3. Three-dimensions

To further validate the solver and demonstrate our solver’s capabilities in three dimensions, we solve the
three-dimensional flow past sphere problem. The setup is similar to the 2D example in Section 5.3.1, where
the radius r = 0.5 and is centered at (8, 0, 0) in the domain Ω = [0, 32]× [−8, 8]× [−8, 8], with minimum and
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Figure 17: Drag and lift computations for the 2-dimensional flow past disk problem with Re = 100 for CFL numbers of 1, 2,
5, and 10, with the improved departure point reconstruction.

Figure 18: Visualization of the vorticity for CFL = 10. The left is the original simulation from Figure 16, and the right is the
improved departure point reconstruction.

maximum refinement levels of 4 and 10, respectively. Like in two dimensions, we quantify the capabilities
of our solver by computing the drag coefficients in a similar way to equation (91). These results can be seen
in Table 6, which shows that our data agree with previous numerical and experimental studies. We also
visualize the Re = 350 simulation in Figure 19.

Table 6: Drag coefficients for the three-dimensional flow past sphere problem.

Re = 100 Re = 200 Re = 300 Re = 350
Mittal et al. [49] 1.08 - 0.67 0.62
Marella et al. [44] 1.06 - 0.621 -
Le Clair et al. [39] 1.096 0.772 0.632 -
Johnson and Patel [34] 1.1 0.8 0.656 -
Guittet et al. [28] 1.112 0.784 0.659 0.627
Egan et al. [20] 1.11 - 0.673 0.633
Present 1.058 0.768 0.646 0.601
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Figure 19: Visualization of flow past a sphere for Re = 350 at several times. The vorticity and grid are shown.

5.4. Flow past Beginnings

We conclude this section by simulating a high Reynolds number flow past the UC Merced Beginnings
sculpture. The model of the sculpture was placed in the domain of Ω = [−12.2m, 61.0m]×[−24.4m, 24.4m]×
[0.0m, 36.8m], with minimum and maximum octree refinement levels of 1 and 11, respectively. The Be-
ginnings sculpture is approximately 12.2m (40 ft) in height and we center the sculpture at the point,
(x, y, z) = (0, 0, 0). We set the free-stream velocity on the boundary of the domain to u0 = 21.5m s−1

(48mph), which represents a windy day at UC Merced. The density of the fluid in the simulation is set to
ρ = 1.3 kgm−3 and the viscosity to µ = 1.8× 10−5 kgm−1 s−1, which corresponds to a Reynolds number of
Re = 1.87 × 107. The velocity at the bottom wall of the domain, zmin, is set to 0 and we set the outflow
wall of the domain, xmax, to a pressure value of 0. A schematic of the problem setup is shown in Figure 20.

This example demonstrates the ability of our solver to simulate a high Reynolds number flow around an
irregular geometry representing a real-world object, akin to a real work science and engineering problem.
Using a 40-core machine, our nodal projection method takes approximately 560 seconds per time iteration
with approximately 3 325 000 nodes using the default values for Kmax and error thresholds. Figure 21,
taken at t = 3 032 seconds, demonstrates that our approach can resolve a realistic flow field around the
Beginnings statue, including the boundary layer while maintaining stability and computational efficiency.
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Figure 20: Problem schematic for the flow past Beginnings example with a photograph of the statue at UC Merced shown on
the left.

Figure 21: Visualization of the flow past the UC Merced Beginnings sculpture for Re = 1.87× 107. A slice of the grid is shown
.

6. Conclusions

We presented a novel projection method for the simulation of incompressible flows in arbitrary domains
using quad/octrees, where all of the variables are collocated at the grid nodes. By design, our collocated
projection operator is an iterative procedure. If it exists, the limit of this iterated procedure is the canonical
projection on the incompressible space (Section 3.1). Leveraging the connection between the collocated
and MAC layouts, we found a technical sufficient condition for this limit to exist on periodic grids. We
then verified the stability and convergence of our projection operator numerically in the presence of various
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boundary and interface conditions. Next, we validated our nodal Navier-Stokes solver using canonical two-
and three-dimensional examples and see that our collocated solver achieves high-order convergence (Section
4.2), replicates experimental data (Section 5.2), and can accurately represent standard computational results
with CFL numbers far greater than 1 (Section 5.3). Finally, we showed that our solver is well suited to
study real-world science and engineering problems by simulating high Reynolds number flows past arbitrary
geometries (Section 5.4). Our nodal projection method has proven to be a competitive computational fluid
dynamics tool for studying complex fluid flows.

However, we see room for further exploration and improvement at both theoretical and computational
levels. Although we derived a technical sufficient condition for the stability of our projection operator,
we could not formally prove its stability for our specific ghost node construction and left the boundary
effects out of our analysis. Therefore, we relied on an in-depth computational verification process. A more
detailed theoretical study could provide information to optimize the construction of collocated operators.
Furthermore, our implementation was parallelized using a shared-memory framework. To further extend the
capabilities of our nodal solver, we aim to expand it to a distributed memory framework, as this significant
enhancement will provide stronger scalability and enable us to investigate a broader range of applications.

To conclude, we emphasize that our nodal projection method uses a fully collocated data layout, drasti-
cally reducing implementation costs. The results presented herein demonstrate that our method is a suitable
foundation to study a wide range of fluid flows, and we believe that this work can be readily extended to
solve more complex phenomena, such as free-surface and multi-phase flows. We foresee our nodal projection
method leading to the development of a new class of collocated computational tools capable of accelerating
scientific discoveries by lowering accessibility barriers.
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