Journal of Computational Physics 463 (2022) 111288

Contents lists available at ScienceDirect Computational

Journal of Computational Physics

www.elsevier.com/locate/jcp

Projection method for the fluctuating hydrodynamics )

Check for

equations R

Marc Mancini®, Maxime Theillard °, Changho Kim "*

4 Département de Mathématiques Appliquées, Ecole polytechnique, 91128 Palaiseau, France
b Department of Applied Mathematics, University of California, Merced, CA 95343, USA

ARTICLE INFO ABSTRACT

Article history: Computational fluctuating hydrodynamics aims at understanding the impact of thermal
Received 10 November 2021 fluctuations on fluid motions at small scales through numerical exploration. These fluc-
Received in revised form 3 May 2022 tuations are modeled as stochastic flux terms and incorporated into the classical Navier-

Accepted 4 May 2022

Available online 11 May 2022 Stokes equations, which need to be solved numerically. In this paper, we present a novel

projection-based method for solving the incompressible fluctuating hydrodynamics (FHD)
equations. By analyzing the equilibrium structure factor spectrum of the velocity field for

Il:(ﬁi/:rz;‘zisflg hydrodynamics the linearized FHD equations, we investigate how the inherent splitting errors affect the
Projection method numerical solution of the stochastic partial differential equations in the presence of non-
Structure factor periodic boundary conditions, and how iterative corrections can reduce these errors. Our
Staggered grid computational examples demonstrate both the capability of our approach to reproduce
Thermal fluctuations correctly stochastic properties of fluids at small scales as well as its potential use in the

simulations of multi-physics problems.
© 2022 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

This paper presents a projection-based method for solving the incompressible fluctuating hydrodynamics equations, with
the dual intent to provide an alternative simulation strategy and illustrate how traditional computational fluid dynamics
techniques can be adapted to incorporate thermal fluctuations.

1.1. Fluctuating hydrodynamics approach

Owing to the perpetual miniaturization of engineered systems, the smallest scale of interest for engineers and scien-
tists has been continuously shrinking, leading to the emergence of nanometric devices and a growing curiosity into the
fundamental properties of nanofluidic systems [1]. This trend has brought various exciting perspectives and novel ideas to
the scientific community, including bioengineered kinesin-microtubule systems [42], nanofabricated devices for biomolecule
applications [46], nano heat transport technologies [48,66], brain-on-a-chip platforms [30], and micro-sensing devices [54],
to name but a few. These systems display exotic behaviors and acquire unique features because their characteristic length
scales are small, for example, comparable to the Debye length, the size of biomolecules, or even the slip length [2].

In particular, since the characteristic length and time scales of the systems investigated are no longer widely separated
from those of the underlying molecular systems, the validity of any deterministic continuum models is questionable and
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should be investigated. Surprisingly, experimental [18,31,53,41,44,11], theoretical [16], and numerical [33,61,15,40] studies
have found that the Navier-Stokes equations remain largely valid down to a few nanometers. Specifically, the classical hy-
drodynamics equations can predict the average nanofluidics behavior near the equilibrium or in simple steady states even at
the nanometer scale. However, thermal fluctuations appearing in the instantaneous continuum fields are no longer negligible
as the system size becomes smaller. When these fluctuations interact with nonlinearity in the system, the entire dynamics
of the fluid system may not be correctly captured by the deterministic continuum description. For example, in the giant
fluctuation experiment in space [63,62], concentration fluctuations have been observed to grow to the macroscale (i.e. sizes
ranging up to millimeters and relaxation times as large as hundreds of seconds) under the presence of the concentration
gradient due to the coupling with random advection. Therefore, for a complete and accurate representation of nanofluidic
and sub-nanofluidic systems, thermal fluctuations must be accounted for.

The use of stochastic partial differential equations (SPDEs) to describe fluid dynamics dates back to Landau and Lif-
shitz [39]. They proposed to incorporate stochastic fluxes to each dissipative process (e.g. momentum diffusion) in the
Navier-Stokes equations to correctly model the effects of thermal fluctuations. This fluctuating hydrodynamics (FHD) ap-
proach has been successfully applied to describe various phenomena induced by hydrodynamic fluctuations. Until significant
progress in the computational FHD approach has been made for the past two decades (see below), most accomplishments of
the FHD theory were made by analytical methods [49]. While analytical approaches have provided insightful explanations,
they are mostly limited to simple nonequilibrium situations and moreover, they rely on several assumptions (e.g. lineariza-
tion and periodic boundary conditions). We note that stochastic terms can also be added to the deterministic fluid equations
in the context of uncertainty quantification [45,65] to represent a large variety of noisy contributions (e.g. uncertainty on
the boundary conditions [43]).

As mentioned above, significant progress in the computational FHD approach has been made for the past two decades.
Here we focus on the PDE-based (as opposed to particle-based) approaches for homogeneous fluids. The Landau-Lifshitz
Navier-Stokes equations (i.e. compressible FHD equations) were numerically solved for the one-species [20,12] and binary
mixture [13] cases as well as the multi-species case [8], which was extended to include stochastic reactions [14]. The in-
compressible FHD formulation [9] was extended to quasi-incompressible fluids by the low Mach number formulation for
the binary mixture [24,47] and multi-species cases [23]. The quasi-incompressible case was extended to include stochas-
tic reactions [36] as well as charges (i.e. electrolyte ions) [51,25]. To construct and analyze numerical schemes for FHD
equations, various advanced deterministic PDE and computational fluid dynamics (CFD) techniques have been applied and
extended. Spatial discretization based on the finite-volume approach and the stochastic version of the method of lines were
introduced, and the structure factor analysis technique was developed for the systematic construction of stochastic nu-
merical methods [26]. For (quasi-)incompressible FHD equations, staggered spatial discretization schemes (i.e. using a grid
with staggered momenta) were developed [9,64]. In addition, to solve the stochastic Stokes problem, which is a saddle-
point linear system, using the generalized minimal residual method (GMRES), an efficient variable-coefficient finite-volume
Stokes solver was developed [17]. Several time integrators for FHD equations (e.g. semi-implicit schemes [47]) were also
constructed and analyzed [22]. While it is not possible to give a complete summary of applications and extensions of the
FHD approach here, we note that the FHD approach has been applied to reaction-diffusion systems [3,5,35] and coupled
to kinetic Monte Carlo [55] and molecular dynamics [64]. Hydrodynamic couplings between microstructures or ions were
also considered using direct numerical simulations [56], the stochastic Eulerian-Lagrangian method [4,5,67,58], the boundary
integral formulation [10], and the immersed boundary approach [7,6,38].

1.2. Projection method

The projection method [19] uses the Hodge decomposition to decouple the fluid equations and update the solution in two
steps. First, the momentum contributions are used to advance the velocity field, which is then projected on the divergence-
free space to enforce the incompressibility condition and recover the pressure field. Owing to this decoupling, the projection
method alleviates the need for constructing and solving a monolithic system containing the coupled hydrodynamic equations
by forming and solving two smaller systems. Using traditional data structures and discretization strategies [32], one can
guarantee that these systems are symmetric positive definite and therefore can efficiently solve them using classical iterative
methods, which can be accelerated using parallel architectures [29]. On periodic domains, particularly in the context of FHD
calculations [5,7], the projection operator can be efficiently computed using fast Fourier transforms. However, when physical
boundary conditions such as the no-slip boundary condition are used, it is well known that decoupling causes errors near
the boundaries [27,28]. To avoid this issue, (semi-)implicit schemes for solving the incompressible FHD equations have been
developed mostly by solving the coupled system [47] (note, however, that the projection approach is still employed as a
preconditioner [17]). Nevertheless, since the computational advantage of using the projection method in FHD simulations
is expected to be significant, particularly for large-scale simulations, we propose a projection-based method with iterative
boundary corrections and perform a systematic numerical analysis based on the equilibrium structure factor.

Analytic structure factor analysis studies for incompressible FHD equations on staggered grids with non-periodic bound-
ary conditions have been limited (see Appendix B of Ref. [9]). Using the static structure factor for the linearized FHD
equations in equilibrium, we develop a semi-analytic approach to investigate projection-based methods. While we present
our projection method for the linearized FHD equations in equilibrium for the sake of a clear presentation and analysis,
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this method can be used to solve incompressible FHD equations that include the advection term and are coupled with
concentrations in a nonequilibrium setting. To demonstrate this, we present giant fluctuation simulation results.

The rest of the present paper is organized as follows. We start in section 2 by introducing the stochastic incompressible
Stokes equation and its spatial discretization on uniform staggered grids. In section 3, we introduce the steady-state covari-
ance and static structure factor that will be used to analyze our numerical schemes. Our projection method is presented in
section 4, analyzed in section 5, and numerically validated in section 6. In section 7, we employ our method to simulate
giant fluctuations. We conclude in section 8.

2. Linearized fluctuating hydrodynamic equations

We introduce here an SPDE for the velocity field of an incompressible fluid and discuss its spatial and temporal dis-
cretizations. We consider the equilibrium case, where the SPDE can be linearized. The resulting stochastic incompressible
Stokes equation is presented in section 2.1. Its spatial discretization based on the finite-volume approach is described in
section 2.2. As an example of a numerical scheme that does not use the projection method approach, a temporal integration
scheme based on the Crank-Nicolson approximation is given in section 2.3.

2.1. Continuum equation

The fluctuating behavior of an incompressible fluid in equilibrium can be modeled by the following FHD equations:

d
pa—l: +pu-Vu=pAu—Vm +/2kgTuVv - X, (1a)
V.u=0, (1b)

where u(r,t) and 7 (r,t) denote respectively the velocity and pressure fields, p and T are respectively the mass density
and temperature of the fluid and are taken as constant, kg is the Boltzmann constant, and w is the dynamic viscosity. The
tensor field \/2kgT X denotes the stochastic momentum flux.

When velocity fluctuations can be assumed to be small, the self-advected term u - Vu, which is of second order in u,
can be neglected (see e.g. [58] for in-depth analysis). Under this assumption, using the kinematic viscosity v = /o and the
orthogonal projection P onto the space of divergence-free velocity fields, we linearize equation (1) as

ks T
3_“=7>[uAu+ | KB UV-W] 2)
at Jo)

Here, we assume that W is a spatiotemporal Gaussian white noise tensor field with independent components having
covariance

(Wij (e, OWyrj (', t)) = 81188 (r — 1)8 (¢ — t). )

In principle, the symmetrized form (i.e. ¥ = %(W + WT) should have been used. However, what matters in the Fokker—
Planck description is the covariance of the projected stochastic forcing P[V - X] (see (4) below) and the use of the
symmetrized form is not necessary for incompressible flow with constant viscosity [9,22]. We also assume that the ini-
tial velocity u(r, 0) is divergence-free, i.e. Pu(0) = u(0). This assumption implies that u(r, t) remains to be divergence-free
for all t > 0.

In this paper, we consider the periodic boundary condition and the no-slip boundary condition (i.e. u =0 on the bound-
ary). For both boundary conditions, the divergence operator D and gradient operator G satisfy D* = —G, where star denotes
an adjoint of a matrix or linear operator. Hence, the vector Laplacian operator £ = Dg is self-adjoint, i.e. £* = L, and the
projection operator P =7 — G(DG) D with Z being the identity operator is indeed an orthogonal projection, ie. P =P
and P* = P. In addition, using (W) W*(t')) = 8(t —t')T and L = —DD*, the covariance of the projected stochastic forcing
is expressed as [9]

(PDW (@) (PDW(t')*) = —8(t —t"YPLP. (4)

Therefore, it can be seen in (2) that the stochastic term is linked to the viscous term [39] by the fluctuation-dissipation
balance [37].
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Fig. 1. Data layout for the two-dimensional periodic case. The velocity components (Uyx and Uy ) are stored at the faces (> and » respectively). The pressure
and Hodge variable components are stored at the cell centers (*). The diagonal components of the stochastic stress (Wyy and Wy, ) are stored at the cell
centers, whereas the off-diagonal components (Wy, and W) are stored at the nodes (). All discrete differential operators are defined using the standard
second-order centered finite differences.

2.2. Spatial discretization

To spatially discretize the stochastic incompressible Stokes equation (2), we employ the staggered-grid discretization on
uniform mesh developed in [9]. While we consider the two-dimensional case in this paper for clarity, the three-dimensional
case is essentially the same. We denote the spatially discretized equation as

du 2kgTv
— =P | VLU +
dt PAV

DwW |, (5)

where U and W are respectively the discretizations of u and the stochastic tensor field WW; P and L are respectively the
discrete projection and vector Laplacian operators; Dy is the discrete divergence operator acting on W; and AV = Axx Ay
is the volume of a cell. The data layout and discrete operators are illustrated in Fig. 1 and described next. In section 2.2.1,
we first describe variables and operators, assuming periodic boundary conditions. In section 2.2.2, we explain modifications
needed to impose the no-slip boundary condition.

2.2.1. Variables and operators

According to the marker-and-cell layout [34], the velocity components (Uy and Uy ) are stored at the faces, whereas the
pressure and Hodge variable (denoted as ®) components are stored at the cell centers. The discrete divergence operator
D and discrete gradient operator G are defined as follows. At a cell center c, the divergence of the velocity, (DU)., is
constructed using the second-order centered finite difference. At face f, the Hodge gradient (G®)y is also computed using
the second-order centered finite difference. With these definitions, desired relations that hold in the continuous case are
still valid. First, the discrete gradient and divergence operators obey the duality relation D* = —G. From the definition of
the discrete projection operator P = — G(DG)~'D, it can be easily seen that P is indeed an orthogonal projection, i.e.
P2 =P and P* = P.! The discrete Laplacian of the velocity at face f, denoted by (LU) f» is computed using the standard
second-order 5-point stencil.

The diagonal components of the stochastic stress tensor (Wy, and W) are stored at the cell centers, while the off-
diagonal components (Wyy, and W) are stored at the nodes of the mesh (see Fig. 1). These stochastic terms are constructed
as follows. Since each component of the stochastic noise W;; is a distribution, it cannot simply be evaluated at any given
point and must be interpreted in the integral form. That is, its discretization W ; is constructed as the spatial average over
the volume V;; of size AV, centered where W; is stored:

— 1
Wii(t) = AV / Wi (r, t)dr. (6)
Vij
Hence, each component Wij defined at each cell center or node is an independent Gaussian white noise process with

variance AV ~1. To explicitly express the dependence of the magnitude of fluctuations on AV, we introduce normalized
stochastic processes W (t) = W (t)/~/ AV. The covariance of W (t) is expressed as

(WHOW () =Cwd(t —t). (7)
1 The duality relation between the discrete gradient and divergence operators is essential for the projection property and ultimately for the stability of

the method. The relation is easily satisfied here because the grid is uniform. On adaptive grids, it requires careful discretization (see e.g. [32,59,60]) or
adequate function basis selection (see e.g. [52]).
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Fig. 2. Data layout for the two-dimensional no-slip boundary case around the left-bottom corner. Velocity components contained in U are denoted by filled
triangles, whereas empty triangles depict velocity components belonging to ghost cells. Normal velocity components at the boundaries, set to be zero, are
shown as empty circles. Empty squares denote tangential velocity components prescribed at the boundaries.

While Cy is simply the identity matrix in the periodic boundary case, we will see that Cyy needs to be modified for the
no-slip boundary condition.

One of the crucial issues for spatial discretization is that the discrete system should reproduce a correct equilibrium
distribution that is expected from the continuous case. Since the fluctuation-dissipation balance principle dictates the equi-
librium in the continuous case, it is required that its discrete version should be satisfied when a spatial discretization is
constructed [7,50]. In other words, the discrete fluctuation-dissipation balance dictates the choice of Dy . Since Dy is a dis-
cretization of a divergence operator, it is natural to base its construct on D, keeping in mind that D acting on U is defined at
the cell centers, while Dy, acting on W is defined at the faces. Using the second-order centered finite differences, the dis-
crete stochastic divergence Dy is constructed. Then it can easily be seen that the following discrete fluctuation-dissipation
balance

L=L*=-DwCwDjy (8)

is satisfied. The properties of the discretized operators L and P are important for computing the steady-state covariance in
sections 3 and 5.

2.2.2. Boundary conditions

In the presence of non-periodic boundaries, the discrete operators defined above need to be modified near the bound-
aries. For the no-slip boundary condition, the velocity component normal to the boundary is zero at the boundary. Hence,
the velocity components at faces on the boundary are set to zero and not included as independent degrees of freedom (see
Fig. 2). Then, no values in cells outside the physical domain (i.e. ghost cells) are needed to define D. For the projection step,
this zero normal velocity condition implies that the homogeneous Neumann boundary condition should be chosen for the
Hodge variable [27]. Hence, ghost cell values for the Hodge variable are set to be equal to the values in the neighboring
interior cells, and the resulting G operator satisfies the duality relation with D [9]. Therefore, P2 = P and P* = P continue
to hold for P=1— G(DG)~'D.

To define the discrete vector Laplacian L, ghost cells are needed for parallel velocity components that are half a grid
spacing away from the boundary (see Fig. 2). When the tangential velocity is prescribed at the nodes on the boundary, the
corresponding ghost cell value is determined by the linear extrapolation [9]. Then, L can be constructed using the 5-point
stencil, and LU can be expressed as

LU = LoU + BU, 9)

where U denotes the prescribed tangential velocity. Since we consider the homogeneous Dirichlet boundary condition (i.e.
U =0), LU becomes LoU, and thus B does not appear. However, it is noted that the intermediate velocity appearing in a
projection method may not satisfy the prescribed boundary condition. To develop and analyze our numerical schemes, we
will use this representation for nonzero tangential velocities. We note that the size of B depends on how U is represented.
For the data layout of U, we use the same one as U, where each tangential velocity prescribed on the boundaries (empty
squares in Fig. 2) is stored at the location of the face (the closest filled triangle) half a grid spacing inward from the actual
location of the prescribed velocity on the boundaries. In this setting, the size of B is identical to that of L.

Finally, since L is modified, Cy also needs to be modified to satisfy the discrete fluctuation-dissipation balance (8). This
can be achieved by setting the variance of stochastic fluxes W;; (affecting the tangential velocity components) at nodes on
the boundary to twice that used for the interior fluxes [9]. In other words, Cy is still a diagonal matrix with most diagonal
elements being one but diagonal elements corresponding to those nodes on the boundary become two.
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2.3. Temporal discretization

Following [22], we discretize (5) in time as

u" 4 untl 2kgTV AL
U™ =P U™+ vALL + + =B Dyww"|. (10)
2 PAV

n
Here, superscripts denote timesteps. Since the covariance of ftt,, +AtW(t)dt is proportional to At, the collection of the

Gaussian white noise processes W (t) has been replaced by ~/AtW", where each component of W" defined at each spatial
point at each time step is an independent standard normal random variate. As explained in section 2.2.2, the variance of
W™ needs to be doubled on the no-slip boundary to satisfy the discrete fluctuation-dissipation balance (8).

This scheme is obtained from the Crank-Nicolson approximation with the assumption PU" = U". Note that the resulting
U™ also stays in the projected space. As explained in section 3.2, this scheme does not introduce any time discretiza-
tion error in the equilibrium covariance (or equivalently, the equilibrium structure factor) [22]. In order to implement this
scheme, however, a linear solver [17] for the following coupled system is required [22]:

1 1 2kgTv At
[— —vALL ) U™ AGIT™ 2 = (1 4+ —vAtL ) U + [ 222 "2y, W, (11a)
2 2 OAV

pu™l =o. (11b)

The main goal of this paper is to solve (10) not using a linear solver for the saddle-point system (11) but using a projection
method.

3. Steady-state covariance and static structure factor

In this section, we introduce quantities that characterize the behavior of fluctuations in the equilibrium Stokes system
and corresponding discretized systems. Since the mean velocity is zero at equilibrium, we focus on the second moment. The
steady-state covariance measures the covariance of velocities at two physical locations for a system in equilibrium.? Since
the velocity fields are represented by u(t), U(t), and U™ for the continuum, spatially discretized, and fully discretized cases,
respectively, the corresponding steady-state covariances are defined as

Continuum R = tlim (u(t)u*()), (12a)
—00

Spatially discretized Rax = tlim (UMU*()), (12b)
—00

Fully discretized Rax At = nlim (U™u™*y. (12¢)
—00

For each case, the static structure factor is defined as the Fourier transform of the steady-state covariance. We note that, for
the no-slip boundary case, the velocity field is mirrored and the resulting field in the extended domain is used (see Fig. B.1)
since the velocity field in the original domain is not periodic.

These quantities can be used to investigate the accuracy of spatial discretization and numerical schemes. In section 5,
we analytically investigate our projection-method-based schemes by computing the steady-state covariance. In section 6, we
numerically investigate those schemes by computing the static structure factor. In this section, we derive the main analytic
results for the continuum and spatially discretized cases (i.e. R and Rax) as well as the Crank-Nicolson scheme (10) (i.e.
RCA",'(Y At)- While those results are known [9], we present them along with derivations, as both aspects are essential for the
analysis of our projection-method-based schemes. In Appendix A, we develop a systematic procedure to construct and solve

linear systems from which the steady-state covariance can be uniquely determined.
3.1. Continuum and spatially discretized cases

Using the result of Appendix A, the steady-state covariance R of the continuum equation (2) is given as the unique
solution of

2kgTv

VPLR + VRLP = — PDD*P, (13a)

PR=RP=R. (13b)

2 One can also consider time-correlation functions, ie. C(7) = lim;_, o (u(t)u*(t 4+ 7)), and their space-time spectra, so-called dynamic structure fac-
tor [26]. The dynamic structure factor gives more detailed information on the time evolution of the system. In the present paper, however, we focus the
(semi-)analytic analysis of the static structure factor.
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The physical intuition that the equilibrium covariance must be proportional to the projection operator, suggests that

ksT
R="2p (14)
o

Using the properties of P and £ mentioned in section 2.1 (i.e. P* =P, P2 =P, £* = L, L = —DD*), it can be easily
shown that (14) indeed satisfies (13).

The static structure factor is obtained from the Fourier transform of the steady-state covariance (with normalization [26]
with respect to the volume of the system V):

~ kgT ~
S = V@OT (1) = ‘3773, (15)
where a hat denotes the Fourier transform. For the periodic boundary case, the structure factor has a compact form
ksT Kkk*
S(k) = 2— [1— } (16)
P k-k

It is easy to see from (16) that all divergence-free modes have the same spectral power at equilibrium in the periodic
boundary case. In fact, we note that (15) implies the same conclusion for a general case where aforementioned properties
of P and L hold [9].

For the spatially discretized equation (5), a similar argument can be made since the discrete operators P and L are
constructed so that they preserve all aforementioned properties of P and L. Because in this case the fluctuation-dissipation
balance is given in the form of (8), the linear system that uniquely determines Rax is

PLRay + VRaxLP = — 2TV b cow D% P (17a)
v 1% =— a
AX AX 0 AV wtiw Uy
PRax = RaxP = Rax (17b)
and, similarly to the continuum steady-state expression (14), the discrete steady-state covariance is given as
kBT
Rax = P. 18
AX pAV ( )

3.2. Crank-Nicolson scheme

Introducing Ay =1+ %vAtPL, the Crank-Nicolson scheme (10) can be written as

2kgTV At
Ul = AT AL U + /EAivA:lPDWW”. (19)

Hence, using the result of Appendix A, the steady-state covariance RCA';’(’ ar = (U"(U™M*) is given as the unique solution of
_ _ * 2kgTVvAt _ *
(AT AR o (AT A1) = RSy o= —W(A_lPDW)CW (az'PDw)", (20a)

N CN CN
PRAx At = Rax acP = Rax ar- (20b)

By observing that

A{PAL — A_PA* =2VAtPLP, (21)
and using the discrete fluctuation-dissipation balance (8), one can show that
ksT
CN B
Rix At = pAVP (22)

satisfies (20). The results (18) and (22) show that the Crank-Nicolson scheme does not introduce any temporal integration
errors to the steady-state covariance.

4. Construction of projection methods

We present here how our projection methods are constructed to compute the numerical solution of the (spatially
discretized) stochastic incompressible Stokes equation (5). The resulting schemes for the periodic boundary and no-slip
boundary cases are given in Schemes 1 and 2, respectively. Our projection-method-based schemes solve the Crank-Nicolson
update (10) using the operator splitting approach. In section 4.1, we consider the periodic boundary case, where the simple
splitting exactly solves (10). In section 4.2, we first discuss issues that arise when the simple splitting is applied to the
no-slip case and introduce the idea of iterative boundary corrections. In section 4.3, we present our iterative scheme for the
no-slip case.
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Scheme 1 Projection method for the periodic boundary case.

Given velocity U" at timestep t", the velocity U™t at the next timestep is updated via U as follows.

- u"+0 2kg TV At

U=U"+vAtL DywW™", 23
+ ( 5 ) + PN (23)

DG® =DU, (24)

U™l =0 -Go. (25)

Scheme 2 K-Iteration scheme for the no-slip boundary case (1 < K < o0).

Given velocity U™ at timestep ", the velocity U™ at the next timestep is updated as follows.

1. Fork=1,2,---,K:
e Compute Uk using ®y_1. For k=1, use &g =0.

- un+0 2kg TV AL 1
U,C:U"—&-vAtLo( er ">+/ (fm];/ DwW" + JVALBG®; ;. (26)

o Compute Py.

DG®y = DUy. (27)

2. Compute U"*! from the projection of Ug:

U™ =0k — Gog. (28)

4.1. Periodic boundary case

For periodic boundary conditions, the Crank-Nicolson update (10) can be exactly implemented by the simple projection-
based time-splitting given in Scheme 1. Since both U and & obey periodic boundary conditions, U™*! also satisfies periodic
boundary conditions.

Using the fact that L and P commute in the periodic boundary case, we can show that Scheme 1 does not introduce any
splitting error to solve (10). We first observe that Scheme 1 can be written as

- un+0 2kg TV At
Ul = pO =P | UM +varL [0 ) 4 [ZBIVALL Wl (29)
2 PAV

Using the commutativity of L and P, we have PLU = PPLU = PLPU = PLU™*! and thus see that (29) is identical to (10).

4.2. No-slip boundary case: hypothetical scheme

When Scheme 1 is applied to the no-slip boundary case with L replaced by Lo (see (9)), it does not exactly solve (10).
Since U is solved with the homogeneous Dirichlet boundary condition and @ is solved with the homogeneous Neumann
boundary condition, the resulting U"! = — G® does not necessarily satisfy the homogeneous Dirichlet boundary condi-
tion. While its normal component is zero, its parallel component is not guaranteed to be zero.

If we could impose the Dirichlet boundary condition U = G® to U, the resulting U"t! = U — G® would satisfy the ho-
mogeneous Dirichlet boundary condition. By expressing the vector Laplacian operator L with a specified Dirichlet boundary
condition in terms of Ly and B (see (9)), this procedure can be written as

- ur+0 2kp TV AL L1

U=U"+vAtLy + [Z—=————DwW"+ —vAtBG®, (30a)
PAV 2

DG® = DU, (30b)

UTH‘] = 0 - GCI) (30(:)

However, the first two steps in this scheme cannot be sequentially implemented because G® is not available when U is
computed in (30a) and only available after (30b). Nonetheless, this hypothetical scheme is worth investigating because it
exactly solves the Crank-Nicolson update (10).
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We show that (30) is equivalent to (10) by using the commutativity of Lo + B and P, i.e.

P(Lo+ B) = (Lo + B)P. (31)

For the proof of (31), see Appendix B. By applying P to (30a) and using U"! = PU and G® = QU where Q =1 — P, we
obtain

1 i ~ 1 [2ks TV AL
Ut — Svat [PLOU + PBQU] —p |:U” + 5 VAtLU" + ZAivDWW”:| . (32)

Since it can be shown using (31) that
PLo0 = PPLy0 = P (LOPO +BPU — PBU) — PLoU™! — PBQU, (33)
(32) becomes identical to (10) and therefore the hypothetical scheme (30) would not introduce any splitting error.

4.3. No-slip boundary case: K-iteration scheme (1 < K < 00)

To construct implementable schemes based on the hypothetical scheme (30), we first observe that U satisfies the follow-
ing fixed-point problem:

. 1 - 1 a1 - [2kpTvAt . -
U=(I--vAtLg [+ -VAtLo JU" + ~vAtBQU + | “———DwW" | = w(0). (34)
2 2 2 pAV

We then construct the following iteration procedure of computing Uy, @1, Uy, @5, --- to obtain the convergent solution
Uoo = limy_, o U and Do = limy_, oo D :

- N Un + Uy 2kg TV At a1
U,=U"4+VvAtLy 5 + DAV DwW +§UAtBG®k_], (35a)

DG®y = DUy, (35b)

where we assume ®y = 0. Since G®y_1 = QlNJk_L it is easy to see that, if (35) converges, the limit Us is the solution of
the fixed-point problem (34) and, equivalently, the solution U of (30a) and (30b) in the hypothetical scheme. Therefore, the
no-slip boundary solution for the next timestep is obtained as U"! = Uy, — G®o,. We also note that the last term in (35a)
is the boundary condition correction using Uy_1.

Since the iteration (35) can be written as Uy = MUy_q + ¢, where

1 1 1
M:ivAt (I—EvAtL()) BQ, (36)
the convergence criterion is that the spectral radius p(M) of M is smaller than 1. The rate of convergence r (i.e. |[Uy — U] ~
k . .
r*) is given as

r=pM). (37)

Finally, by specifying a finite number K of iterations (K =1,2,---), we obtain Scheme 2, which we call the K-iteration
scheme. Note that the 1-iteration scheme corresponds to the projection method where no boundary correction is considered.
Alternatively, one can impose a convergence criterion such as

| Pr—1 — Dkl -

38
E (38)

5. Steady-state covariance error analysis

In this section, we analyze the accuracy of the K-iteration scheme (see Scheme 2) by investigating the resulting steady-
state covariance matrix R(AKX)’ ar = limp_ oo (UM (U™)*). While the same results can be obtained using the structure factor (note
that the structure factor is basically the Fourier transform of the steady-state covariance), we use the steady-state covariance
in this section; we analyze the structure factor in section 6, where numerical validation results are presented.

As shown in section 4.2, if infinite iterations were performed each timestep, the resulting oo-iteration projection method
would give the identical temporal update as the Crank-Nicolson scheme and thus its steady-state covariance would not
have any temporal integration errors (i.e. R(Ao;,)m = Rax). When a finite number K of iterations are used, the new state

9
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U™ = pUg is computed from inexact Uk, causing temporal integration errors in RX;) At~ The main theoretical result of

this section is that the temporal integration error of the K-iteration scheme in the steady-state covariance is of the order of
AtK:

RY) oc — Rax = 0(At5). (39)

In section 5.1, we show that temporal integration errors committed at each timestep due to a finite number of boundary
corrections are O (AtX):

Uk — U = O(ALH). (40)

We note that this result strongly supports (39). In section 5.2, we confirm (39) using a semi-analytic approach. That is,
by noting that Rg(x)’ A €an be determined as the unique solution of a linear system described in Appendix A, we directly

compute it for specific values of K and At for some small-sized systems by solving the linear system.

5.1. Analytic results

To show (40), we first derive expressions of Ax and Bk so that the temporal update of the K-iteration scheme can be
expressed in the compact form

U™ = PUg = P[AxU" + BxkW"]. (41)

By introducing AL =1+ %UAtLo, we express Uq as

- 2kgTv At
Uy=A""A U "+ | =" DyW"|. 42
1 _ |: LU+ DAV w i| (42)

Since G®y = Q Uy, where Q = I — P, we recursively express Uy for k=2, 3, ..., and obtain the following general expression:

K—-1 k
~ _ 1 _ 2kgTv At
Ug=A"" —VAtBQA”! A U™ = T DywwWh|. 43
o [ raen [ 0w “

k k
Using the identity A~! [ h (%vAtBQA:l) } = [ i (%vAtA:lBQ) ]Af, we have an alternative expression for

Uk, which gives the following expressions for Ax and By in the temporal update (41):

FK—1 k K—1 k
1 _ _ [2kg TV AL 1 _ _
Ak = § (EvAtA_]BQ> :|A_1A+, Bk = AV [§ <EvAtA_1BQ> j|A_1DW. (44)
L k=0 k=0

Using the well-known result for the geometric series of a matrix, we finally obtain

. [ 1 K7
O =1|1- (sztA_lBQ> } Uso (45)

and thus (40).

We note that no notion of stochastic accuracy (e.g. weak vs. strong) is required to interpret (40) or (45) since U" and W"
are fixed during the boundary correction iterations. However, to define the order of temporal integration errors committed at
each timestep, a notion of stochastic order of convergence is needed. In this paper, instead of analyzing the weak or strong
orders of accuracy of our schemes, we focus on the convergence of the resulting steady-state covariance (and equivalently,
the structure factor). For discussion of stochastic accuracy of FHD schemes, we refer the reader to [22].

5.2. Semi-analytic results

As described in Appendix A, one can derive a linear system ((A.8) and (A.11), or equivalently, (A.15)) that uniquely
determines the covariance matrix, using the definition of discretized operators and the expressions of Ax and Bk (see
(41) and (44)). However, the solution cannot be given explicitly. Hence, we construct the linear system for a spatially
discretized system of a specific size and compute its solution numerically. Although the solution has numerical errors
due to floating-point arithmetic, these errors can be controllable and kept small comparable to machine precision. In this
sense, this approach gives semi-analytic results, which should not be confused with stochastic simulation results (given in
section 6) containing sampling errors.

10
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maximum error €max) is shown by the color map.

Fig. 3. Errors in for K =2 and B =0.1. In panel (a), each pixel represents a component of the error matrix E and its shade represents the value of

We present results obtained from a two-dimensional system with 10 x 10 cells, where no-slip boundary conditions are
imposed on all boundaries. We note that the choice of the number of cells is arbitrary, and the conclusion should not change
for moderate to large system sizes (roughly speaking, N = 8) as we justify below. However, we point out that semi-analytic
results for a larger system quickly become computationally infeasible. This is because the size of the extended linear system
(A.15) has a matrix with (N — 1)* x (N — 1)* components for a system domain with N x N cells. We assume Ax= Ay and
define the dimensionless number

VAL
Ax?
and investigate how the errors change as the value of B varies. For faces f and f’, we define the error at the (f, f')-
component as

(46)

ksT
Efp=AV (R(K) ) L (47)
f.f AX, At £ 0 f.f
and define the maximum error as
Emax = Max|E¢ ¢|. (48)
T I
Since RX(X)’N is linearly proportional to kgT/p, we simply set kgT/p = 1.

Fig. 3 shows how the errors in the steady-state covariance matrix RX;) ¢ are distributed for the 2-iteration scheme with

B =0.1. In panel (a), the error matrix E is displayed as a grayscale image where the brightness of a pixel represents the
magnitude of each component |E s|. The image shows that errors are dominant along the diagonal (i.e. for f = f’). This
is because diagonal components of the steady-state covariance matrix tend to be larger than off-diagonal components. In
panel (b), the magnitude of each diagonal component |E f| is shown at the corresponding face f in the physical domain of
the system. The image indicates that errors are dominant near the boundaries. This observation is consistent with the fact
that the inexact boundary correction causes temporal integration errors of the K-iteration scheme due to a finite number
of iterations. We note that the essentially same error pattern is observed for different system sizes. For N x N cells with
8 < N < 13, the error distributions at the corners of the domain and at the sides of the domain remain the same. Moreover,
compared with the maximum error emax for N =10, the corresponding values for N = 11, 12, 13 have negligible deviations
(< 0.2%). Hence, we expect our observations for the 10 x 10 system to remain valid for larger systems.

In Fig. 4, we show the dependence of the maximum error €max on the number of iterations K and the stability condition
number 8. Fig. 4a demonstrates that the steady-state covariance matrix obtained by the K-iteration scheme has the O (AtX)
accuracy (see (39)). The semi-log plot of emax versus K in Fig. 4b indicates that for a given value of At the error decreases
exponentially with respect to K. Moreover, we confirm that the errors asymptotically decay with the rate of convergence r
given in (37) for large values of K.

6. Numerical validations

In this section, we present numerical validation results of our K-iteration scheme. We solve the two-dimensional
stochastic Stokes equation (2) with no-slip boundary conditions using the K-iteration scheme and calculate the equilibrium

11
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Fig. 4. Dependence of the maximum error &max of R\ K) a¢ On the number of iterations K and the stability condition number g = VAt/Ax%. In panel (a), for

K =1,2,3,4, emax is plotted versus g in the log- log scales Guide lines for integer slopes are shown for small 8 values. In panel (b), emax is plotted versus
K for various values of 8 in the semi-log scales. The solid lines indicate the expected asymptotic decays given as (const)rX, where r is estimated from the
spectral radius of the iteration matrix, see (37).

structure factors S A’;( Ar and S Af( A¢ using the time trajectories of U™ = (Ux(nAt), Uy(nAt)). We compare these numerical
results with the exact results for the discretized system as well as the semi-analytical results for At > 0 (available only for
small systems).

We recall that the equilibrium structure factors are defined as

. ~ ~ U . A ~
S ac = v lim (UxmADU;mAD), S 5=V lim (0, @ADT;(AD), (49)

where V is the volume of the system and (Ux(nAt), Uy(nAt)) is the Fourier transform of U" = (Ux(nAt), Uy(nAt)). As
mentioned in section 3, due to the no-slip boundary conditions, we consider the extended domain (see Fig. B.1) to define
the Fourier modes. As a result, for a system with N x N cells, there are 2N x 2N Fourier modes and the Fourier spectrum
is symmetric with respect to ky =0 and k, =0 (see Fig. 5 for the 12 x 12 case).

Using a simulated time trajectory, the equilibrium structure factors are calculated as follows. Since the procedure is ex-

actly the same for SAx A We only explain the case of SAx Ar- When the time trajectory is computed up to N timesteps, we

compute the following time average to estimate the ensemble average (l:le]j;). where the first N1 timesteps are discarded
to not include non-stationary data:

N3

v R .
U A .
HINEY oW §N +: 1Ux(nAt)UX (nAb). (50)
=N1

Hence, a sufficiently large value of N; should be used to reduce the systematic error, whereas the value of N» — N1 should
be large enough to control the level of the statistical error. By the central limit theorem the magnitude of the statistical
error is asymptotically proportional to 1//N2 — N1. The exact structure factor S, * of the spatially discretized case can be

computed using Rax given in (18). Similarly, the theoretlcal values of the numerlcal structure factor S Aj( Ab»

would obtain from (50) in the limits Ny — oo and N — N7 — oo can be computed using the semi-analytic result R(AKX) At

We present here the numerical structure factor results of sUx ax.a¢ that were calculated using the 2-iteration scheme (ie.

K = 2) for three different system sizes, 12 x 12, 16 x 16, and 32 x 32 cells. Parameter values, Ax=Ay =1, 8 = vAt/sz =1,
and p/kgT =1, were used. The initial velocity field was set to zero and the trajectory was calculated up to Ny = 107
timesteps for the 12 x 12 and 16 x 16 cases and N, = 2 x 10° for the 32 x 32 case. To compute the equilibrium structure
factor, the first Ny = 10° timesteps were discarded

Fig. 5 shows the numerical structure factor sUx Ax.a¢ for the smallest system size. Since the semi-analytic result of sUx AX. At

which one

is available for this case, we compare the simulation error |SAX AT SUX| with the theoretically expected error (i.e. without
statistical errors) for validation purposes. We see that the time integration error in the equilibrium structure factor due to
inexact boundary corrections is reasonably small for rather large 8 =1 even when one boundary correction is used per
timestep. In fact, the plot of sUx Ax.A¢ is visually indistinguishable from that of the exact result SZ; (i.e. for At — 0).

It is instructive to observe some features of SX; First, for the no-slip boundary and periodic boundary cases, their
equilibrium structures are overall similar but different. For the periodic boundary case, sUx Ax is given as (see (16))

keT Ky

Sh=2 Y
A p k24K

(51)
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Fig. 5. The equilibrium structure factor SAX A¢ computed using the 2-iteration scheme (i.e. K =2). The system has 12 x 12 cells and the stability condition
number is 8 = vAt/Ax? = 1. The left panel displays SAx At obtained from trajectory calculation up to Ny = 107 timesteps with the first Ny = 10° timesteps

discarded (see (50)). The middle panel displays its error |SAx AcT ;|, where SX; is the exact result (i.e. for At — 0). The right panel displays the expected
error (i.e. without statistical errors) computed using the semi-analytic results.
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Fig. 6. The equilibrium structure factors 5 Y.t computed for two system sizes, 16 x 16 (left) and 32 x 32 (right) cells with the same cell sizes Ax= Ay =1,
are shown in the top row. The results were obtained using the 2-iteration scheme with = vAt/Ax?> = 1. The corresponding errors |5 Ax AL~ Ax\ are

shown in the bottom row. While the same values of N1 = 108 were used for both sizes, different values of N,, 107 for 16 x 16 and 2 x 10°% for 32 x 32,
were used. As a result, the level of statistical errors for 32 x 32 is higher.

and thus along a ray (i.e. ky = cky) the values of S % do not change. However, our no-slip boundary case result shows that

the values of S, Ux % slightly change along a ray for larger values of ky and ky. Second, we see that S Aj( Ar becomes zero for
the Fourier modes with ky = 0. This is because if Uy is independent of x, it must be zero due to the boundary condition. In
addition, S Ax.A¢ also becomes zero for the Fourier modes with ky = 0 because these modes are omitted by the projection
operator P.

Fig. 6 shows the results of the larger system sizes. As in the 12 x 12 case, the plots of sUx Ax.Ar are visually indistinguishable
from those of S Ax- As the number of cells increases, the plot of SU* becomes similar to that of the continuum structure
factor. The characteristic pattern observed in the error plot of the 12 x 12 case appears in the error plots of the larger
systems. Due to the smaller value of N, for the 32 x 32 case, the level of statistical errors is relatively significant in the
error plot. However, even for this case, the level of statistical errors in the structure factor plot is completely negligible.
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Fig. 7. Schematic description of the giant fluctuation phenomenon. When a concentration gradient is present in a fluid system in the absence of gravity,
the concentration field exhibits long-ranged correlations along the directions perpendicular to the concentration gradient. As a result, diffusing fronts (i.e.
surfaces of constant concentration) become very rough. For a snapshot of diffusing fronts from our giant fluctuation simulation, see Fig. 10.

7. Simulations of giant fluctuations

In this section, we apply our projection method to simulate the phenomenon of giant fluctuations. As experimentally
observed in space [63,62], random advection (due to thermal fluctuations) can induce long-ranged concentration fluctuations
when coupled with a concentration gradient in a micro-gravity environment. Specifically, in the absence of gravity, the
nonequilibrium enhancement in the structure factor of the concentration fluctuations exhibits a power-law divergence,
Steq (k) o k=4, where k is the wavenumber. The theoretical explanation of the phenomenon [49] is regarded as one of the
most significant accomplishments of the FHD approach. The incompressible computer simulation of the phenomenon was
first performed in [9], where the velocity equation was solved using the saddle-point system. In this section, we simulate
giant fluctuations with similar settings considered in [9]. While a careful and systematic investigation on the choice of
spatial resolution for given physical parameter values would be in general required in an SPDE simulation study, we use
simulation parameter values similar to the ones established in [9]. The goal of this section is to demonstrate that our
projection method approach is readily applicable to the velocity equation coupled with the concentration equation and
gives comparable results without the monolithic system.

7.1. Governing equations

Following [9], we consider a two-dimensional incompressible fluid system confined between two walls in the absence
of gravity (see Fig. 7). The fluid is a dilute solution, where the concentrations at the walls are held fixed with slightly
different values. As a result the mean concentration profile has a small concentration gradient. The governing equations for
the velocity u and the mass fraction c of the solute are written as

ou 2kgTv
E:UAU—VJT-{- V-W,,
V.u=0, (52)
ac 2c(1 —co)M
E—i—ch:)(Ac—i— MV.W@

where p is the constant density of the solution, v is the kinematic viscosity of the solution, y is the diffusivity of the solute
in the solution, and M is the mass of a solute molecule. W, and W, are independent spatiotemporal Gaussian white noise
tensor fields. Note that we assume that viscous effects dominate inertial effects and omit the u- Vu term. The size of the
system domain is L x H. At the walls, Dirichlet boundary conditions are imposed for c: ¢ =cg + 8c at y = £H/2, where
co is the mean mass fraction and §c < cg. For the velocity, no-slip boundary conditions are imposed on the walls. Periodic
boundary conditions are imposed for u and c in the horizontal direction.

7.2. Linear case

Due to the Dirichlet boundary conditions and the nonlinear advection term u - V¢, analytic results for the structure
factor S¢ are limited for (52) [21]. However, the theoretical prediction of a power-law divergence Sﬁeq(k) o k=* can be
readily obtained for a linearized periodic system [49]. We first describe this system and summarize the analytic results, and
then apply our numerical approach to the system and compare our numerical results with the analytic results for validation.

We linearize ¢ around the mean concentration profile c(y) =co + ]W‘ y, where the constant gradient is given as Vc =
(0, 25c/H). We denote ¢ — ¢(y) by ¢. By approximating the advection term and the stochastic term using constant V¢ and
co, respectively, we obtain
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Fig. 8. Comparison of the simulation results of the concentration structure factor S5, with the theoretical results S, for the linear case. In the left panel,
the power-law divergence is shown for S¢(k, 0). In the right panel, S°(0, k) is shown, which corresponds to the equilibrium structure factor qu (see (54)).
The linearized periodic system (53) is solved for L=H =32, Ax=Ay=1, At=1, u=x =1, and |Vc| = 1. The mean values and error bars are computed
from 4 independent runs with 5 x 10* timesteps.

ou 2kgTv
5:vAu—Vn+ B V-W,,
V.-u=0, (53)

ac

¢ _ N 2c0(1 —co)M
8t+u.Vc:xAC_|_ M

V-W..

Since it is expected that the fluctuational behavior of ¢ does not significantly depend on y under a weak constant con-
centration gradient, we further assume that periodic boundary conditions can be imposed for the vertical direction in (53).
While the validity of those assumptions needs to be investigated for realistic cases, we recall that the linear periodic system
exhibits the essential physics of the power-law divergence. We note that this periodic approximation was suggested and
justified in the physics literature on long-range nonequilibrium correlations [49]. The steady-state concentration structure
factor is given as [9]

Mco(1—co) kT [Ve|® K2 1
0 OX(X +V) k2 +12 (k2 +12)2°

Sk, 1) = SSq + S§

neq —

(54)

Hence, by setting [ = 0 (i.e. considering ¢, = H™! f_Hiﬁzf dy), we see that S¢.. o k—*. On the other hand, for k=0, S¢ has

neq
only the equilibrium structure factor qu.

We implemented a numerical scheme to solve (53). Except for the use of our projection method to solve the velocity
equation, this scheme strictly follows the one used in [9]. That is, for the discretization of the concentration equation,
we define the concentration at cell centers and discretize the Laplacian and stochastic terms in the same manner as for
velocity but shifted to the regular mesh. For the discretization of the advection term u - V¢, we interpolate the velocity at
cell centers by averaging the neighboring face values. We employ our projection method to update the velocity field for
time discretization and then solve the concentration equation using a semi-implicit Crank-Nicolson scheme. Since periodic
boundary conditions are enforced, no boundary correction for velocity is required (i.e. K =1).

For validation, we compare the structure factor results obtained from the numerical simulations with the theoretical
results. We note that the analytical expression for the corresponding discrete structure factor S¢, is obtained from (54) by

replacing k, I, and ‘W‘z with 2sin(kAx)/Ax, 2sin(wlAy)/Ay, and cos(w Ay)|Ve ®  respectively. Fig. 8 shows that the
numerical simulation results match well with the theoretical results. The left panel clearly shows the power-law divergence
of S¢(k, 0) occ k= for small k. For large k, the power-law of the nonequilibrium part Sfleq is hidden by the equilibrium part
Seq as expected from (54). The right panel shows that S¢(0, k) coincides with the equilibrium structure factor Sg,, which

eq’
confirms that the fluctuation spectrum parallel to the concentration gradient is not affected.

7.3. Realistic case

In this last part, we present numerical results for the original system (52). As for the linear case, our numerical approach
follows the one used in [9] except that we solve the velocity equation using our projection method. Because no-slip bound-
ary conditions are enforced in the vertical direction, we must now compute the velocity field using the K-iteration scheme
(K > 1). For the discretization of the advection term u- V¢ and the implementation of the Dirichlet boundary condition for
the concentration, see [9].
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Fig. 9. Simulation results of the concentration structure factor Sgj,, for the giant fluctuation phenomenon. In the left panel, Sgimy is compared with the
theoretical result Sax of the linear case as well as the corrected theoretical result C(k, 0)Sax. In the right panel, the approximation for the suppression
factor C(k, 0) is compared with Sgmu/Sax. The simulations results were obtained by solving (52) with Ax=Ay =1, L =128, H=16, At =0.2, u =4,
and x = 1. The Dirichlet condition was imposed with a gradient of 1. The error bars were computed from 4 independent runs with 5000At.
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Fig. 10. Snapshot of the concentration profile. For the simulation parameters, see the caption of Fig. 9.

The concentration boundary conditions are known to suppress the power-law divergence at small k. For the Rayleigh-
Bénard problem for binary fluid mixtures, the following closed-form approximation for the suppression factor (i.e. the ratio
of the realistic structure factor to the linearized one) was obtained [21]:

(kH)*
(kH)* +24.6(kH)2 +505.5

Ck,l=0)= (55)
Although our problem setting is not exactly the same as the Rayleigh-Bénard problem, we test whether similar corrections
can be applied. Fig. 9 shows our simulation results for K = 2. As expected, we observe that the Dirichlet boundary condition
significantly affects the structure factor at small k and, as a result, the power-law divergence becomes weaker (see the left
panel). Also, our measurement of the suppression factor agrees well with the above theoretical prediction (55) over a
wide range of k (see the right panel). These conclusions are qualitatively the same as the one in [9]. A snapshot of the
concentration profile is shown in Fig. 10.

8. Conclusions

Motivated to incorporate thermal fluctuations into traditional CFD calculations, we have presented how the projection
method on a uniform staggered grid can be adapted to include stochastic contributions, and demonstrated that this ap-
proach can accurately solve the incompressible FHD equations. To this end, we have analyzed the resulting equilibrium
structure factor of the velocity field, or equivalently the steady-state covariance function. For periodic boundary conditions,
the projection method does not introduce any splitting errors and thus it gives exactly the same structure factor as the
one that monolithic solvers would give. For non-periodic boundary conditions, such as no-slip, splitting errors occur at the
boundaries. To correct them, we have proposed to use a simple iterative procedure. We have shown and verified that the
splitting errors converge exponentially with the number of iterations and the convergence rate depends on the dimension-
less number 8 = vAt/AX?.

Overall our method succeeds at simulating the incompressible FHD equations efficiently and accurately without the need
to form and solve a monolithic system containing the discretization of the momentum and pressure equations. The construc-
tion of the method demonstrates how other variations of the projection method, and by extension other CFD techniques,
can be adapted to incorporate thermal fluctuations in fluid simulations at small scales. Its application to the simulation
of giant fluctuations illustrates how it can be used to explore the impact of thermal fluctuations on complex multi-physics
fluid flows. While our numerical analysis based on the equilibrium structure factor and the nonequilibrium simulation study
of giant fluctuations confirm that the proposed projection method gives comparable results without the monolithic system,
further numerical investigation (e.g. based on the dynamic structure factor spectra) would be beneficial to characterize the
system behaviors and propagation of numerical errors.
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Appendix A. Projected linear SDEs and steady-state covariance
A.1. Continuous-time case

In this appendix, we present analytic results on the determination of the steady-state covariance matrix R = (xx*) for
the following form of projected linear SDEs:

Z—?:P[Ax—l— BZ(t)]. (A1)

Here, the n-dimensional stochastic process X(t) is driven by an m-dimensional Gaussian white noise process Z(t) with
covariance (Z(t)Z*(t')) = Cz8(t —t') and its dynamics is projected by an orthogonal projection operator P (i.e. P2 = P and
P* = P). Hence, P, A, B, and Cxz are n xn, n xn, n xm, and m x m matrices, respectively. We will make further assumptions
on A and initial condition x(0) below.

We first summarize standard analytic results for the case of unprojected SDEs:

‘Z_’t‘ — Ax+ BZ(0). (A.2)

We assume that all eigenvalues of A have negative real parts. The long-time dynamics of x(t) converge therefore to a steady
state characterized by a Gaussian distribution pss(X) = Z~! exp(—%x*R”x), where R = [ XX* 55 (X)dX = lim¢—, o0 (X(O)X* (t))
is the steady-state covariance matrix and Z is the normalization constant. Since the steady-state process Xg(t) can be
expressed as

t
Xss () = / e =B Z(s)ds, (A.3)
—00
it is straightforward to obtain the following expression of its covariance
00
R = (Xs5(0)X%,(0)) = / eASBCzB*e? Sds. (A4)
0

However, it is noted that calculating a matrix exponential and thus evaluating (A.4) may not be so straightforward, partic-
ularly if n is large. An alternative method to compute the covariance matrix R is to solve a linear system of which R is a
solution [26]. Since

dR = (dxx*) + (xdx*) + (dxdXx*) = ARdt + RA*dt + BCzB*dt =0, (A.5)
R satisfies
AR + RA* = —BCzB*. (A.6)
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This linear system has the form of the Lyapunov equation and its solubility and uniqueness is guaranteed when the eigen-
values of A have negative real parts [57]. It is noted that a typical case is that A is negative definite.

We now consider the projected SDEs (A.1) with the assumption that A is negative definite. As in the unprojected case,
the following linear system can be easily obtained:

PAR + RA*P = —PBCzB*P. (A7)

However, except for the trivial case where P is the identity matrix I, some eigenvalues of the matrix PA are zero and
the uniqueness of solutions of (A.7) is no longer guaranteed. The reason that (A.7) has many solutions can be explained
as follows. For the initial condition x(0) = Px(0) + (I — P)x(0), since (A.1) only updates the projected portion Px(0), the
steady-state covariance R = (xx*) depends on (I — P)x(0).

By assuming that the initial state x(0) belongs to the projected space, i.e. Px(0) =x(0), we can restrict the dynamics of
x(t) within the projected space. In this case, R must satisfy an additional condition

PR=RP =P, (A8)

and the two conditions (A.7) and (A.8) guarantee the uniqueness of R. This can be explained by the fact that PA becomes
negative definite in the projected space: for x = PX,

X*PAx = (PX)*PA(PX) = (PX)*A(PX) < 0. (A.9)

This result is useful when a candidate expression for the steady-state covariance can be suggested (e.g. by physical intuition).
By showing that it satisfies both (A.7) and (A.8), one can guarantee that it is indeed the steady-state covariance.

A.2. Discretized case

We can also obtain a similar result for the following linear stochastic recurrence relations:
X" =P [AX" + BZ"]. (A10)

Here, all assumptions remain the same as above except that (Z”Z”/) =Czépw and R = limy_, o (X"(x")*). From the sta-
tionarity of R, the following linear system is obtained [26]:

PAR(PA)* — R=—PBCz(PB)*. (A11)

As in the continuous case, this system has many solutions due to the null space of P. When Px° =x9 is assumed, the

resulting R satisfies (A.8). For a negative definite A, it can be shown that (A.11) and (A.8) uniquely determine R.
A.3. Reduced linear systems

We have shown that the steady-state covariance R = lim;_, » (X(£)X*(t)) is the unique solution of (A.7) and (A.8) if the
time evolution of x(t) is given by (A.1) with the condition Px(0) =x(0). In this case, by restricting the range of x(t) to the
projected space, we can obtain a reduced linear system for R.

This can be done by defining the transformation X = V*x with V = [vq,...,v,]. Here, r is the rank of P and {vij}i—1, r
are a set of r orthonormal eigenvectors of P whose eigenvalues are one. Using P =V V™ and I = V*V, it is easy to show
that R = lim;, oo (R(H)X*(t)) = V*RV satisfies

AR+ RA* = —V*BCzB*V, (A12)
where A =V*AV. By vectorizing matrices, (A.12) can be expressed as
(1®Z\+A®1) vec(R) = —vec(V*BCzB*V), (A13)

where ® denotes the Kronecker product. By inverting this 2 x 2 linear system, R is obtained and thus R = VRV* can be
computed.
The same procedure applies to the discretized case. Assuming (A.8), (A.11) can be written as

ARA* —R=—-V*BCzB*V, (A14)
and its vectorized equation is given as

(A ®A— 1) vec(R) = —vec(V*BCzB*V). (A15)
Hence, R = VRV* can be computed from the solution R.
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Fig. B.1. The velocity field in the extended domain. The shaded region depicts the original domain with 4 x 3 cells. Red and blue circles indicate that
zero velocities are assigned to Uy and Uy, respectively, on the boundaries. Red and blue arrows are located at faces where Uy and Uy, respectively, are
defined inside the domain. The directions of the arrows show how the velocities in the original domain are mirrored. (For interpretation of the colors in
the figure(s), the reader is referred to the web version of this article.)

Appendix B. Proof of commuting relation (31)

By showing that there exists a common eigenbasis, one can show that two operators commute. For example, in the case
of the periodic boundary case, such a common eigenbasis for the Laplacian operator and the projection operator can be
easily constructed from the Fourier modes (ue!®*+) yei®*+1¥)) For our case, a similar procedure can be used. However, due
to a different boundary situation, sine-cosine modes (usinkxcosly, v coskxsinly) are used instead to construct a common
eigenbasis.

We first show that these sine-cosine modes constitute a complete eigenbasis of the operator Lo + B as follows. By the
definition of B, see (9), computing (Lo + B)U is equivalent to computing the vector Laplacian of U under the assumption
that its prescribed tangential velocity components on the boundaries (empty squares in Fig. 2) have the same values as the
velocity components at the face half a grid spacing inward (filled triangles closest to those empty squares). This implies
that the corresponding velocity components in ghost cells (empty triangles) also have the same values. Thus, by considering
mirror images of U with respect to each boundary (see Fig. B.1), we can construct an extended system where periodic
boundary conditions are satisfied. Then it is easy to see that the sine-cosine modes with the form given above form a
complete set of eigenfunctions of Ly + B due to the mirror symmetry and the zero normal velocity condition.

We then observe that the action of P does not introduce other modes. More specifically, we have P(usinkxcosly,
vcoskxsinly) = (wsinkxcosly, zcoskxsinly), where

w 1 2 —kl\ (u
<z>:k2+12 <—kl k2><v)' (B1)

Hence, for each mode, we can find simultaneous eigenfunctions of Lo + B and P by diagonalizing the matrix in (B.1). It is
interesting to see that the matrix is identical to the one for the periodic boundary case.

References

[1] Nanofluidics is on the rise, Nat. Mater. 19 (2020) 253.

[2] P. Abgrall, N.T. Nguyen, Nanofluidic devices and their applications, Anal. Chem. 80 (2008) 2326-2341.

[3] PJ. Atzberger, Spatially adaptive stochastic numerical methods for intrinsic fluctuations in reaction-diffusion systems, ]J. Comput. Phys. 229 (2010)
3474-3501.

[4] PJ. Atzberger, Stochastic Eulerian Lagrangian methods for fluid-structure interactions with thermal fluctuations, J. Comput. Phys. 230 (2011) 2821-2837.

[5] PJ. Atzberger, Incorporating shear into stochastic Eulerian-Lagrangian methods for rheological studies of complex fluids and soft materials, Phys. D:
Nonlinear Phenom. 265 (2013) 57-70.

[6] PJ. Atzberger, P.R. Kramer, Error analysis of a stochastic immersed boundary method incorporating thermal fluctuations, Math. Comput. Simul. 79 (3)
(2008) 379-408.

[7] PJ. Atzberger, P.R. Kramer, C.S. Peskin, A stochastic immersed boundary method for fluid-structure dynamics at microscopic length scales, J. Comput.
Phys. 224 (2) (2007) 1255-1292.

[8] K. Balakrishnan, A.L. Garcia, A. Donev, ].B. Bell, Fluctuating hydrodynamics of multispecies nonreactive mixtures, Phys. Rev. E 89 (2014) 013017.

[9] F. Balboa Usabiaga, ].B. Bell, R. Delgado-Buscalioni, A. Donev, T.G. Fai, B.E. Griffith, C.S. Peskin, Staggered schemes for fluctuating hydrodynamics,
Multiscale Model. Simul. 10 (2012) 1369-1408.

19



M. Mancini, M. Theillard and C. Kim Journal of Computational Physics 463 (2022) 111288

[10] Y. Bao, M. Rachh, E. Keaveny, L. Greengard, A. Donev, A fluctuating boundary integral method for Brownian suspensions, J. Comput. Phys. 374 (2018)
1094-1119.

[11] T. Becker, F. Mugele, Nanofluidics: viscous dissipation in layered liquid films, Phys. Rev. Lett. 91 (2003) 166104.

[12] J.B. Bell, A.L. Garcia, S.A. Williams, Numerical methods for the stochastic Landau-Lifshitz Navier-Stokes equations, Phys. Rev. E 76 (2007) 016708.

[13] J.B. Bell, A.L. Garcia, S.A. Williams, Computational fluctuating fluid dynamics, ESAIM: Math. Model. Numer. Anal. 44 (2010) 1085-1105.

[14] AK. Bhattacharjee, K. Balakrishnan, A.L. Garcia, J.B. Bell, A. Donev, Fluctuating hydrodynamics of multispecies reactive mixtures, J. Chem. Phys. 142
(2015) 224107.

[15] L. Bocquet, ].-L. Barrat, Flow boundary conditions from nano- to micro-scales, Soft Matter 3 (2007) 685-693.

[16] L. Bocquet, E. Charlaix, Nanofluidics, from bulk to interfaces, Chem. Soc. Rev. 39 (3) (2010) 1073-1095.

[17] M. Cai, A. Nonaka, J.B. Bell, B.E. Griffith, A. Donev, Efficient variable-coefficient finite-volume Stokes solvers, Comput. Phys. Commun. 16 (2014) 1263.

[18] D.Y.C. Chan, R.G. Horn, The drainage of thin liquid films between solid surfaces, J. Chem. Phys. 83 (1985) 5311-5324.

[19] AJ. Chorin, A numerical method for solving incompressible viscous flow problems, ]J. Comput. Phys. 2 (1) (1967) 12-26.

[20] G. De Fabritiis, M. Serrano, R. Delgado-Buscalioni, P.V. Coveney, Fluctuating hydrodynamic modeling of fluids at the nanoscale, Phys. Rev. E 75 (2007)
026307.

[21] J.M.O. de Zarate, F. Peluso, J.V. Sengers, Nonequilibrium fluctuations in the Rayleigh-Bénard problem for binary fluid mixtures, Eur. Phys. J. E 15 (2004)
319-333.

[22] S. Delong, B.E. Griffith, E. Vanden-Eijnden, A. Donev, Temporal integrators for fluctuating hydrodynamics, Phys. Rev. E 87 (2013) 033302.

[23] A. Donev, A. Nonaka, A.K. Bhattacharjee, A.L. Garcia, J.B. Bell, Low Mach number fluctuating hydrodynamics of multispecies liquid mixtures, Phys. Fluids
27 (2015) 037103.

[24] A. Donev, A. Nonaka, Y. Sun, T. Fai, A.L. Garcia, ].B. Bell, Low Mach number fluctuating hydrodynamics of diffusively mixing fluids, Commun. Appl.
Math. Comput. Sci. 9 (2014) 47-105.

[25] A. Donev, AJ. Nonaka, C. Kim, A.L. Garcia, J.B. Bell, Fluctuating hydrodynamics of electrolytes at electroneutral scales, Phys. Rev. Fluids 4 (2019) 043701.

[26] A. Donev, E. Vanden-Eijnden, A.L. Garcia, ]J.B. Bell, On the accuracy of finite-volume schemes for fluctuating hydrodynamics, Commun. Appl. Math.
Comput. Sci. (CAMCoS) 5 (2010) 149.

[27] E, ].-G. Liu, Projection method I: convergence and numerical boundary layers, SIAM ]. Numer. Anal. 32 (4) (1995) 1017-1057.

[28] W. E, J.-G. Liu, Gauge method for viscous incompressible flows, Commun. Math. Sci. 1 (2) (2003) 317-332.

[29] R. Egan, A. Guittet, F. Temprano-Coleto, T. Isaac, EJ. Peaudecerf, J.R. Landel, P. Luzzatto-Fegiz, C. Burstedde, F. Gibou, Direct numerical simulation of
incompressible flows on parallel Octree grids, J. Comput. Phys. 428 (2021) 110084.

[30] J.-P. Frimat, R. Luttge, The need for physiological micro-nanofluidic systems of the brain, Front. Bioeng. Biotechnol. 7 (2019) 100.

[31] J.M. Georges, S. Millot, J.L. Loubet, A. Tonck, Drainage of thin liquid films between relatively smooth surfaces, J. Chem. Phys. 98 (1993) 7345-7360.

[32] A. Guittet, M. Theillard, F. Gibou, A stable projection method for the incompressible Navier-Stokes equations on arbitrary geometries and adaptive
Quad/Octrees, J. Comput. Phys. 292 (2015) 215-238.

[33] KH. Han, C. Kim, P. Talkner, G.E. Karniadakis, E.K. Lee, Molecular hydrodynamics: vortex formation and sound wave propagation, ]J. Chem. Phys. 148
(2018) 024506.

[34] EH. Harlow, J.E. Welch, Numerical calculation of time-dependent viscous incompressible flow of fluid with free surface, Phys. Fluids 8 (1965) 2182.

[35] C. Kim, A. Nonaka, J.B. Bell, A.L. Garcia, A. Donev, Stochastic simulation of reaction-diffusion systems: a fluctuating-hydrodynamics approach, J. Chem.
Phys. 146 (2017) 124110.

[36] C. Kim, A. Nonaka, J.B. Bell, A.L. Garcia, A. Donev, Fluctuating hydrodynamics of reactive liquid mixtures, J. Chem. Phys. 149 (2018) 084113.

[37] R. Kubo, The fluctuation-dissipation theorem, Rep. Prog. Phys. 29 (1) (1966) 255-284.

[38] D.R. Ladiges, S.P. Carney, A. Nonaka, K. Kymko, G.C. Moore, A.L. Garcia, S.R. Natesh, A. Donev, ].B. Bell, A discrete ion stochastic continuum overdamped
solvent algorithm for modeling electrolytes, Phys. Rev. Fluids 6 (2021) 044309.

[39] L.D. Landau, E.M. Lifshitz, Fluid Mechanics, Course of Theoretical Physics, vol. 6, Pergamon Press, Oxford, England, 1959.

[40] Y. Leng, PT. Cummings, Fluidity of hydration layers nanoconfined between mica surfaces, Phys. Rev. Lett. 94 (2005) 026101.

[41] T-D. Li, J. Gao, R. Szoszkiewicz, U. Landman, E. Riedo, Structured and viscous water in subnanometer gaps, Phys. Rev. B 75 (2007) 115415.

[42] J. Lopes, D.A. Quint, D.E. Chapman, M. Xu, A. Gopinathan, LS. Hirst, Membrane mediated motor kinetics in microtubule gliding assays, Sci. Rep. 9
(2019) 9584.

[43] D. Lucor, G.E. Karniadakis, Noisy inflows cause a shedding-mode switching in flow past an oscillating cylinder, Phys. Rev. Lett. 92 (2004) 154501.

[44] A. Maali, T. Cohen-Bouhacina, G. Couturier, J.-P. Aimé, Oscillatory dissipation of a simple confined liquid, Phys. Rev. Lett. 96 (2006) 086105.

[45] L. Mathelin, M.Y. Hussaini, T.A. Zang, Stochastic approaches to uncertainty quantification in CFD simulations, Numer. Algorithms 38 (2005) 209-236.

[46] M. Napoli, J.C.T. Eijkel, S. Pennathur, Nanofluidic technology for biomolecule applications: a critical review, Lab Chip 10 (8) (2010) 957-985.

[47] A. Nonaka, Y. Sun, ].B. Bell, A. Donev, Low Mach number fluctuating hydrodynamics of binary liquid mixtures, Commun. Appl. Math. Comput. Sci. 10
(2015) 163-204.

[48] E.C. Okonkwo, I. Wole-Osho, LW. Almanassra, Y.M. Abdullatif, T. Al-Ansari, An updated review of nanofluids in various heat transfer devices, J. Therm.
Anal. Calorim. 145 (2021) 2817-2872.

[49] J.M. Ortiz de Zarate, ].V. Sengers, Hydrodynamic Fluctuations in Fluids and Fluid Mixtures, Elsevier Science, 2006.

[50] W. Pazner, N. Trask, P. Atzberger, Stochastic discontinuous Galerkin methods (SDGM) based on fluctuation-dissipation balance, Results Appl. Math. 4
(2019) 100068.

[51] J.-P. Péraud, A. Nonaka, A. Chaudhri, J.B. Bell, A. Donev, A.L. Garcia, Low Mach number fluctuating hydrodynamics for electrolytes, Phys. Rev. Fluids 1
(2016) 074103.

[52] P. Plunkett, J. Hu, C. Siefert, PJ. Atzberger, Spatially adaptive stochastic methods for fluid-structure interactions subject to thermal fluctuations in
domains with complex geometries, J. Comput. Phys. 277 (2014) 121-137.

[53] U. Raviv, J. Klein, Fluidity of bound hydration layers, Science 297 (5586) (2002) 1540-1543.

[54] F. Sassa, G.C. Biswas, H. Suzuki, Microfabricated electrochemical sensing devices, Lab Chip 20 (2020) 1358.

[55] S. Selmi, D.J. Mitchell, V.S. Manoranjan, N.K. Voulgarakis, A hybrid fluctuating hydrodynamics and kinetic Monte Carlo method for modeling chemically-
powered nanoscale motion, J. Math. Chem. 55 (2017) 1833-1848.

[56] N. Sharma, N.A. Patankar, Direct numerical simulation of the Brownian motion of particles by using fluctuating hydrodynamic equations, ]. Comput.
Phys. 201 (2) (2004) 466-486.

[57] V. Simoncini, Computational methods for linear matrix equations, SIAM Rev. 58 (3) (2016) 377-441.

[58] G. Tabak, PJ. Atzberger, Stochastic reductions for inertial fluid-structure interactions subject to thermal fluctuations, SIAM J. Appl. Math. 75 (4) (2015)
1884-1914.

[59] M. Theillard, F. Gibou, D. Saintillan, Sharp numerical simulation of incompressible two-phase flows, ]J. Comput. Phys. 391 (2019) 91-118.

[60] M. Theillard, D. Saintillan, Computational mean-field modeling of confined active fluids, J. Comput. Phys. 397 (2019) 108841.

[61] J.A. Thomas, AJ.H. McGaughey, Water flow in carbon nanotubes: transition to subcontinuum transport, Phys. Rev. Lett. 102 (2009) 184502.

[62] A. Vailati, R. Cerbino, S. Mazzoni, CJ. Takacs, D.S. Cannell, M. Giglio, Fractal fronts of diffusion in microgravity, Nat. Commun. 2 (2011) 290.

20



M. Mancini, M. Theillard and C. Kim Journal of Computational Physics 463 (2022) 111288

[63] A. Vailati, M. Giglio, Giant fluctuations in a free diffusion process, Nature 390 (1997) 262-265.

[64] N.K. Voulgarakis, J.-W. Chu, Bridging fluctuating hydrodynamics and molecular dynamics simulations of fluids, J. Chem. Phys. 130 (2009) 134111.
[65] X. Wan, C. Su, G. Karniadakis, G. Lin, Stochastic computational fluid mechanics, Comput. Sci. Eng. 9 (2) (2007) 21-29.

[66] L. Wang, M. Quintard, Nanofluids of the future, in: L. Wang (Ed.), Advances in Transport Phenomena, Springer, Berlin, Heidelberg, 2009, pp. 179-243.

[67] Y. Wang, H. Lei, PJ. Atzberger, Fluctuating hydrodynamic methods for fluid-structure interactions in confined channel geometries, Appl. Math. Mech.
39 (1) (2018) 125-152.

21



