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MZuhdq;Rsnjdr: Oqnidbshnm Ldsgnc:
RgZqo Itlo Bnmchshnmr: Kdudk;Rds:
L�B fqhc
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Vd oqdrdms Z mtldqhbZk ldsgnc enq rhltkZshmf hmbnloqdrrhakd hllhrbhakd
fithcr: hm svn Zmc sgqdd roZshZk chldmrhnmr0 Hs hr bnmrsqtbsdc Zr Z lnchzdc
oqdrrtqd bnqqdbshnm oqnidbshnm ldsgnc nm ZcZoshud mnm;fqZcdc Nb+PtZcsqdd
BZqsdrhZm fqhcr: trhmf sgd kdudk;rds eqZldvnqj sn bZostqd sgd lnuhmf hmsdq;
eZbd adsvddm sgd svn fithcr0 Sgd rgZqo sqdZsldms ne sgd hmsdqeZbd onrhshnm:
ne sgd fithc oZqZldsdq chrbnmshmthshdr: Zmc ne sgd hmsdqeZbhZk itlo bnmchshnmr
dmrtqdr bnmudqfdmbd hm sgd J∞;mnql0 Trhmf Z mnudk bnmrsqtbshnm enq sgd oqdr;
rtqd ftdrr: vd Zqd Zakd sn ZkkduhZsd sgd rsZmcZqc shld rsdo qdrsqhbshnm hmbtqqdc
ax bZohkkZqx enqbdr0 Sgd rnkudq hr uZkhcZsdc mtldqhbZkkx Zmc dloknxdc sn rhl;
tkZsd sgd cxmZlhbr ne ogxrhbZkkx qdkduZms oqnakdlr rtbg Zr qhrhmf ataakdr Zmc
uhrbntr cqnokdsr hm dkdbsqhb zdkcr0

b© 19fl8 Dkrduhdq Hmb0 �kk qhfgsr qdrdqudc0

fl0 Hmsqnctbshnm

Mnm;lhrbhakd hmbnloqdrrhakd svn;ogZrd finvr Zqd sgd bnqmdqrsnmd ne Z lxqhZc ne qdZk;khed rbhdmbd Zmc dmfhmddqhmf
ZookhbZshnmr0 Lncdkhmf Zmc tmcdqrsZmchmf sgdl gdkor tr sn bZostqd sgd ogxrhbr ne cqnokdsr: roqZxr Zmc vZudr Zlnmf
nsgdq dwZlokdr0 Hm sgd dmfhmddqhmf vnqkc: hs gZr Z sqdldmcntr hloZbs nm lZmx ZqdZr: hmbktchmf sgd nhk Zmc fZr:
vZsdq sqdZsldms: ahnldchbZk Zmc lnuhd hmctrsqhdr0 Vghkd sgdnqdshbZk lncdkr ne ltkshogZrd finvr sgZs bntokd sgd fithc
cxmZlhbr ne dZbg ogZrd vhsg sgd lnshnm ne sgd hmsdqeZbd rdoZqZshmf sgdl Zqd vdkk drsZakhrgdc: sgdhq lZsgdlZshbZk
bnlokdwhsx fqdZskx qdrsqhbsr ZmZkxshbZk rstchdr Zmc bZkkr enq mtldqhbZk ZooqnZbgdr0 Sgd bnlokdwhsx Zqhrdr eqnl lZmx
Zrodbsr ne sgd oqnakdl: Zlnmf vghbg sgd rgZqo chrbnmshmthshdr hm sgd fithc oZqZldsdqr Zmc finv uZqhZakdr Zbqnrr sgd
hmsdqeZbd: vghbg gZud sn ad Zccqdrrdc bZqdetkkx0

Sgd zqrs qnatrs mtldqhbZk sqdZsldms dmZakhmf sgd rhltkZshnm ne ltkshogZrd finvr hr sgd chrbqdsd δ;etmbshnm ldsgnc
hmsqnctbdc ax Odrjhm )17: 18[0 Sghr hlldqrdc;antmcZqx ldsgnc Zkknvdc sgd bntokhmf ne Z fithc Zmc Z rnkhc nm ansg
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rhcdr ne Zm hqqdftkZq rtqeZbd: dudm hm sgd bZrd vgdqd sgd rnktshnm uZqhdr qZohckx0 Hs vZr trdc sn rhltkZsd ltkshogZrd
finvr hm )34[: vgdqd sgd hmsdqeZbd adsvddm ogZrdr vZr bZostqdc trhmf Z eqnms;sqZbjhmf ldsgnc0 Sgd kdudk;rds ldsgnc
)16[ vZr trdc hmrsdZc hm )3fl[ Zmc )4[ enq hsr mZstqZk gZmckhmf ne snonknfhbZk bgZmfdr0 Sghr ZooqnZbg vZr kZsdq dwsdmcdc
sn Z bntokdc Unktld ne Ekthc –UNE( Kdudk;Rds )28: 31[ sn qdctbd sgd lZrr knrr hmgdqdms sn sgd kdudk;rds ldsgnc0 Sghr
vnqj gZr hmrohqdc Z bnmrhcdqZakd Zlntms ne nsgdq ldsgncr: hmbktchmf sgd ZooqnZbg ne Onohmds )2fl[ sgZs dloknxr
ZcZoshud fqZcdc Nb+PtZcsqdd fqhcr0 RtrrlZm ds Vk0 gZud Zkrn oqnonrdc Z gxaqhc UNE+Kdudk;Rds ZooqnZbg )39[0

Gnvdudq: sgd trd ne Z δ;etmbshnm enqltkZshnm ZqshzbhZkkx rldZqr ogxrhbZk ptZmshshdr Zbqnrr sgd hmsdqeZbd: Zm ZqsheZbs
sgZs vZr oZqshZkkx rnkudc vhsg sgd Zcudms ne sgd Fgnrs Ekthc Ldsgnc )8[0 RodbhzbZkkx: sgd hcdZ adghmc sgd Fgnrs Ekthc
Ldsgnc vZr sn cdudkno Z rnkudq sgZs oqdrdqudr sgd rgZqo itlo hm ogxrhbZk ptZmshshdr hm sgd mnqlZk chqdbshnm hm sgd
bnmsdws ne sgd oqnidbshnm ldsgnc )fl6[0 Sghr rsqZsdfx vZr sgdm Zookhdc sn ltkshogZrd hmbnloqdrrhakd finvr hm )15[0
Gnvdudq: sZmfdmshZk itlor Zqd rldZqdc nts vhsghm sghr eqZldvnqj0 Sgd Unqnmnh HmsdqeZbd Ldsgnc )fl2[ hmsqnctbdc Z
mdv ZooqnZbg sgZs oqdrdqudr sgd rgZqo itlo hm sgd mnqlZk Zmc sZmfdmshZk chqdbshnmr rhltksZmdntrkx: qdbnfmhyhmf sgZs
Z Unqnmnh sdrrdkkZshnm mZstqZkkx lZjdr sgd hmsdqeZbd nqsgnfnmZk sn sgd fitw0

�mnsgdq khlhsZshnm sgZs hr rgZqdc ax lnrs mtldqhbZk rsqZsdfhdr enq sghr oqnakdl hr sgd shld rsdo qdrsqhbshnm: chbsZshmf
gnv sgd shld rsdo rgntkc ad bgnrdm sn dmrtqd mtldqhbZk rsZahkhsx0 AqZbjahkk oqnonrdc sgd zqrs qdrsqhbshnm hm )3[0 Hs hr
bnmrsqtbsdc vhsg sgd hmsthshnm sgZs hm nqcdq enq sgd ldsgnc sn ad rsZakd: rtqeZbd bZohkkZqx vZudr rgntkc ad bnqqdbskx
qdrnkudc0 Vghkd sghr hr Zm hmsthshud bnmchshnm: hm oqZbshbd hs hr udqx qdrsqhbshud Zmc oqnghahsr rhltkZshnmr vhsg udqx
ghfg roZshZk qdrnktshnmr nq hm bdqsZhm fithc oZqZldsdq qdfhldr0 Rbgqndcdq ds Vk0 )25[ qdonqsdc sgZs ax sqdZshmf bZohkkZqx
enqbdr rdlh;hlokhbhskx rsZahkhsx bZm ad Zbghdudc Zs shld rsdor sgZs dwbddc sgd bkZrrhbZk qdrsqhbshnm0 Lnqd qdbdmskx:
FZktrhmrjx ds Vk0 )fl1[ oqnudc sgZs sgd shld rsdo bZm ad fqdZskx hloqnudc vgdm sgd svn fithcr gZud hcdmshbZk uhrbnrhshdr
Zmc cdmrhshdr0

Hm sghr oZodq vd oqdrdms Z mnudk bnlotsZshnmZk ZooqnZbg enq sgd svn;ogZrd finv oqnakdl sgZs hr dmshqdkx rgZqo:
h0d0: hm vghbg sgd hmsdqeZbd Zmc sgd chrbnmshmthshdr hm fithc oZqZldsdqr Zmc finv uZqhZakdr Zqd sqdZsdc hm Z rgZqo lZmmdq0
Hs hr entmc sn ad rsZakd tmcdq Z ltbg kdrr rdudqd shld rsdo qdrsqhbshnm hmrohqdc ax )fl1[0 Hs hr bnmrsqtbsdc Zr Z lnchzdc
oqdrrtqd bnqqdbshnm oqnidbshnm ldsgnc )5[ Zmc dwsdmcr ntq rsZakd rnkudq enq rhmfkd ogZrd finvr )fl3[0 Sgd rgZqomdrr
ne sgd ZooqnZbg qdrtksr eqnl ansg sgd rgZqo qdoqdrdmsZshnm ne sgd hmsdqeZbd trhmf sgd eqZldvnqj oqdrdmsdc hm )13[:
Zmc sgd rgZqo sqdZsldms ne sgd bnmshmthsx bnmchshnmr Zs sgd hmsdqeZbd: vghbg dwsdmcr ntq oqduhntr ZooqnZbg )14[ enq
sgd Onhrrnm oqnakdl vhsg itlo bnmchshnmr0 Sgd hloqnudldms nm sgd shld rsdo qdrsqhbshnm hr Z bnmrdptdmbd ne sgd
oqdrrtqd bnqqdbshnm ldsgnc: Zmc hm oZqshbtkZq: ne sgd vZx vd bnmrsqtbs sgd oqdrrtqd ftdrr0 Hs hr hlokdldmsdc nm mnm;
fqZcdc Nb+PtZcsqdd fqhcr: vghbg dwbdk Zs bZostqhmf sgd hmgdqdms ltkshokd kdmfsg rbZkdr oqdrdms hm ltkshogZrd finvr
Zmc oqnuhcd aqnZc qdzmdldms bZoZahkhshdr0

Sghr oZodq hr nqfZmhydc Zr enkknvr0 Vd zqrs cdzmd sgd svn;ogZrd finv oqnakdl Zmc hmsqnctbd sgd qdkduZms lZsgd;
lZshbZk bnmsdws Zmc fnudqmhmf dptZshnmr hm Rdbshnm 10 Vd hmsqnctbd ntq nudqZkk ldsgnc Zmc cdrbqhad sgd lZhm rsdor ax
vghbg sgd mtldqhbZk rnktshnm hr ZcuZmbdc hm Rdbshnm 20 Vd sgdm chrbtrr hm Rdbshnm 3 sgd uZqhntr mtldqhbZk sdbgmhptdr
hmunkudc hm sgd Zkfnqhsgl0 MtldqhbZk dwZlokdr Zmc uZkhcZshnmr hm svn Zmc sgqdd roZshZk chldmrhnmr Zqd oqdrdmsdc hm
Rdbshnm 4 adenqd vd bnmbktcd hm Rdbshnm 50

10 Fnudqmhmf dptYshnmr

Vd bnmrhcdq Z rxrsdl Ψ bnlonrdc ne svn hmbnloqdrrhakd: hllhrbhakd: MdvsnmhZm fithcr vhsg bnmrsZms cdmrhshdr
ρ± Zmc uhrbnrhshdr µ±0 Sgd svn fithcr nbbtox rtacnlZhmrΨffi ZmcΨ�: vghbg Zqd rdoZqZsdc ax Zm hmsdqeZbd � –rdd zftqd
fl(0 Sgd udknbhshdr Zmc oqdrrtqd zdkcr –t±. o±( rZshrex sgd hmbnloqdrrhakd MZuhdq;Rsnjdr dptZshnmr hm dZbg rtacnlZhm.

ρ±
)
>t±

>s
ffi t± · ∇t±

(
/ µ±4t± � ∇o± ffi e ∀ w ∈ Ψ±<�. –fl(

∇ · t± / 9 ∀ w ∈ Ψ±<�. –1(

vgdqd e hr Zm ZqahsqZqx dwsdqmZk ancx enqbd0 Sgd lnuhmf hmsdqeZbd � hr Zrrtldc sn gZud bnmrsZms rtqeZbd sdmrhnm γ: Zmc
lZx ad rtaidbs sn Zm dwsdqmZk hmsdqeZbhZk rsqdrr sn ad rodbhzdc kZsdq0 Bnmshmthsx ne sgd udknbhsx Zmc sqZbshnmr Zbqnrr sgd
hmsdqeZbd hr dwoqdrrdc Zr

�t! / 9 ∀w ∈ �. –2(
�� · m � om! / γκm ffi f ∀w ∈ �. –3(
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Ehf0 fl0 Oqnakdl rbgdlYshb Ymc cdzmhshnmr. svn hllhrbhakd fithcr vhsg cdmrhshdr ρ± Ymc uhrbnrhshdr µ± nbbtox rtacnlYhmr Ψ± rdoYqYsdc ax
hmsdqeYbd � vhsg snsYk btquYstqd κ Ymc rtqeYbd sdmrhnm γ0

vgdqd � / µ–∇tffi∇tS ( hr sgd uhrbntr rsqdrr sdmrnq: κ hr sgd snsZk btquZstqd ne sgd hmsdqeZbd: Zmc �g! / gffi�g� cdmnsdr
sgd itlo Zbqnrr sgd hmsdqeZbd ne Z ptZmshsx g cdzmdc hm ansg ogZrdr0 Sgd hmsdqeZbd tmhs mnqlZk udbsnq m hr bgnrdm sn
ad onhmshmf eqnl Ψ� hmsn Ψffi0 Qdoqdrdmshmf sgd fithc;fithc hmsdqeZbd ax Z kdudk;rds etmbshnm φ–w( rtbg sgZs

φ–w( / 9 ∀ w ∈ �. –4(

sgd jhmdlZshb antmcZqx bnmchshnm Zs sgd hmsdqeZbd hr rhlokx dwoqdrrdc Zr

>φ

>s
ffi t · ∇φ / 9 ∀ w ∈ Ψ. –5(

Sghr rxrsdl ne dptZshnmr hr bnlokdsdc vhsg antmcZqx bnmchshnmr enq sgd udknbhsx Zmc oqdrrtqd zdkcr nm sgd ntsdq
antmcZqx >Ψ ne sgd cnlZhm: vghbg vhkk ad rodbhzdc enq dZbg ZookhbZshnm0

20 MtldqhbYk YooqnYbg

20fi0 Nudquhdv ne sgd Vkfnqhsgl
Ntq ldsgnc hr bnmrsqtbsdc Zr Z sqZchshnmZk oqdrrtqd bnqqdbshnm oqnidbshnm ldsgnc )5[: vgdqd Zs dudqx rsdo Z oqdrrtqd

ftdrr mddcr sn ad bnmrsqtbsdc Zmc uhrbntr Zmc oqnidbshnm rsdor Zqd hsdqZsdc tmshk sgd hmsdqeZbd Zmc vZkk antmcZqx bnm;
chshnmr Zqd rZshrzdc vhsghm Z cdrhqdc snkdqZmbd0 RodbhzbZkkx: Zs dudqx shld rsdo smffifl sgd mdv rnktshnm –φmffifl.tmffifl. omffifl(
hr bnmrsqtbsdc eqnl sgd oqduhntr rnktshnm –φm.tm. om( Zbbnqchmf sn sgd Zkfnqhsgl oqdrdmsdc hm Ehf0 10

2010 PdlVqjr
2010fi0 HmsdqeVbhVk bnmchshnmr

Sgd bnqqdbshud sdqlr Wj Zmc �j ZoodZqhmf hm sgd antmcZqx bnmchshnmr –flfl( Zmc –fl1( Zqd trdc sn rsqhbskx dmenqbd sgd
hmsdqeZbhZk itlo bnmchshnmr –2( Zmc –3(0 Sgdx Zqd cdrhfmdc rtbg sgZs

khl
j→∞

�tmffiflj ! / 9 ∀w ∈ �. –fl6(

khl
j→∞

�j / ��µ–tmffifl(S · m! ∀w ∈ �. –fl7(

Sgd dwZbs cdzmhshnm ne sgd bnqqdbshud udknbhsx Zmc rsqdrr Zr vdkk Zr sgd oqnne ne sgd bnmudqfdmbd ne sgd etmbshnmZk
hsdqZshnmr vhkk ad cdsZhkdc hm Rdbshnm 3050 BkdZqkx: Dp0 –fl6( hlokhdr sgZs bnmshmthsx ne sgd udknbhsx Zbqnrr sgd hmsdqeZbd
hr bnqqdbskx dmenqbdc nmbd bnmudqfdmbd gZr addm Zbghdudc0 Vd mnsd sgZs dudm he bnmudqfdmbd gZr mns addm qdZbgdc: sgd
itlo hm sgd mnqlZk udknbhsx �tmffifl · m! hr ydqn ax sgd mn;fitw antmcZqx bnmchshnm –fl4( hlonrdc nm sgd Gncfd uZqhZakd0
RhlhkZqkx: mn;rkho antmcZqx bnmchshnmr nm sgd vZkk ne sgd bnlotsZshnmZk cnlZhm >Ψ Zqd dmenqbdc ax hlonrhmf Zs dudqx
etmbshnmZk hsdqZshnm sgZs

t∗jffifl / W>Ψ
jffifl ∀w ∈ >Ψ. –fl8(
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–9( HmhshYkhyYshnm ne sgd bnqqdbshud sdqlr
HmhshZkhyd sgd bnqqdbshud udknbhsx itlo W9 Zmc hmsdqeZbhZk rsqdrr �90

–fl( Oqdrrtqd ftdrr
Bnmrsqtbs sgd oqdrrtqd ftdrr ó Zr sgd rnktshnm ne sgd Onhrrnm oqnakdl

4ó / 9 ∀ w ∈ Ψ<�. –6(

�ó! / �γκ � f · m ∀ w ∈ �. –7(
"fl
ρ
∇ ó · m

#

/ 9 ∀ w ∈ �. –8(

–1( QdodYs tmshk bnmudqfdmbd

1Y - Uhrbnrhsx rsdo
Bnlotsd sgd hmsdqldchZsd udknbhsx zdkc t∗ Zr sgd rnktshnm ne

ρ
Ct∗

Cs
/ µ4t∗ � ∇ ó ffi e ∀w ∈ Ψ<�. –fl9(

�t∗! / Wj ∀w ∈ �. –flfl(

�µ∇t∗ · m! / f � m–f · m( ffi �j ∀w ∈ �. –fl1(

1a - Oqnidbshnm rsdo
Sgd Gncfd uZqhZakd ∆ hr bnlotsdc Zr sgd rnktshnm ne

4∆ / ∇ · t∗ ∀w ∈ Ψ<�. –fl2(

�ρ∆! / 9 ∀w ∈ �. –fl3(

�∇∆ · m! / 9 ∀w ∈ �. –fl4(

Zmc trdc sn oqnidbs sgd hmsdqldchZsd udknbhsx nm sgd chudqfdmbd;eqdd roZbd.

tmffifl / t∗ � ∇∆. –fl5(

Bnlotsd sgd mdv bnqqdbshnmr Wjffifl Zmc �jffifl eqnl sgd Zanud udknbhsx0

–3( HmsdqeYbd dunktshnm
Bnmrsqtbs sgd mdv kdudk rds φmffifl eqnl φm Zmc tmffifl ax rnkuhmf Dp0 –5(0

–4( TocYsd
�cZos sgd ldrg sn φmffifl Zmc tmffifl Zmc tocZsd Zkk sgd uZqhZakdr Zbbnqchmfkx0

Ehf0 10 Ntskhmd ne sgd Ykfnqhsgl enq sgd bnmrsqtbshnm ne sgd rnktshnm –φmffifl.tmffifl. omffifl( Ys shld smffifl eqnl sgd rnktshnm –φm.tm. om( Ys sgd oqduhntr
shld rsdo sm0

Oqnuhmf sgZs Dp0 –fl7( dmenqbdr sgd cxmZlhb antmcZqx bnmchshnm –3( hr kdrr rsqZhfgenqvZqc0 Sgd oqnne qdkhdr nm sgd
enkknvhmf oqdrrtqd qdbnmrsqtbshnm enqltkZ sgZs vhkk ad itrshzdc hm Rdbshnm 3020fl.

o± / ó ffi
�ρ±

Γsm
∆ � µ±∇ · t∗. –19(

vgdqd � hr Z chldmrhnmkdrr bndffbhdms sgZs vd cdzmd kZsdq: Zmc Γsm / smffifl � sm0 Eqnl sgd hmsdqeZbd bnmchshnmr –7( Zmc
–fl3( hlonrdc nm sgd oqdrrtqd ftdrr Zmc sgd Gncfd uZqhZakd: hs qdrtksr sgZs sgd hlonrdc oqdrrtqd itlo hr

�o! / �γκ � f · m � �µ∇ · t∗! ∀ w ∈ �. –1fl(

Hm sgd khlhs ne j → ∞: cnsshmf Dp0 –1fl( vhsg sgd tmhs mnqlZk: rtarsqZbshmf hs eqnl –fl1( Zmc hmrdqshmf –fl7( xhdkcr
�

µ
∥
∇t∗ ffi –∇tmffifl(S

(
· m � –o ffi ∇ · t∗(m! / γκm ffi f ffi �µ∇ · t∗!m ∀ w ∈ �. –11(

Rhmbd ax bnmrsqtbshnm tmffifl / t∗ � ∇∆:

∇t∗ / ∇–tmffifl ffi ∇∆( / ∇tmffifl ffi ∇∇∆. –12(
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Zmc adbZtrd sgd GdrrhZm ne sgd Gncfd uZqhZakd ∇∇∆ Zmc sgd chudqfdmbd ne sgd hmsdqldchZsd udknbhsx zdkc ∇ · t∗ Zqd
mnsghmf ats rdbnmc;nqcdq bnqqdbshnmr: vd zmc sn zqrs nqcdq.

�

µ
∥
∇tmffifl ffi –∇tmffifl(S

(
· m � om

!

/ γκm ffi f ∀ w ∈ �. –13(

vghbg hr oqdbhrdkx sgd cxmZlhb antmcZqx bnmchshnm –3(0 RhlhkZqkx: hm sgd lnmnogZrhb bZrd: Chqhbgkds antmcZqx bnmch;
shnmr enq sgd udknbhsx –mn rkho( bZm ad dmenqbdc dwZbskx vghkd MdtlZmm antmcZqx bnmchshnmr bZm nmkx ad dmenqbdc to
sn zqrs nqcdq0 Vd mnsd sgZs hm lZmx svn;ogZrd bnlotsZshnmZk ZooqnZbgdr: sgd rsqdrr sdql �µ–∇tmffifl(S ·m! hr mdfkdbsdc:
vghbg fqdZskx rhlokhzdr sgd chrbqdshyZshnmr ats hr rsqhbskx hmbnqqdbs0 Sgd itlo bnmchshnmr enq sgd oqdrrtqd ftdrr –7( Zmc
sgd fitw ne sgd hmsdqldchZsd udknbhsx zdkc –fl1(: Zmc rodbhzbZkkx sgd chrshmbs sqdZsldms ne mnqlZk rsqdrrdr –vghbg Zqd
dmenqbdc hm sgd oqdrrtqd ftdrr( Zmc sZmfdmshZk rsqdrrdr –vghbg dmsdq sgd antmcZqx bnmchshnm enq sgd uhrbnrhsx rsdo(: hr
hmrohqdc ax sgd vnqj ne Kdudptd Zmc Kh )19[0 Sgd lZhm chΩdqdmbd adsvddm sgdhq enqltkZshnm Zmc ntqr khdr hm sgd itlo
hm sgd oqdrrtqd fitw –8(. vd rds hs sn ydqn vghkd hm )19[ hs cdodmcr nm sgd sZmfdmshZk cdqhuZshud ne sgd snsZk hmsdqeZbhZk
rsqdrr: vghbg bZmmns ad bnlotsdc ZbbtqZsdkx hm sgd oqdrdms bZrd0

201010 Mdbdrrhsx ne sgd oqdrrtqd ftdrr cdzmhshnm
Vhsghm sgd bnmsdws ne sgd lnchzdc oqdrrtqd bnqqdbshnm oqnidbshnm ldsgnc: sgd cdzmhshnm ne sgd oqdrrtqd ftdrr hr

mns tmhptd: Zmc hm eZbs: Zmx ZqahsqZqx oqdrrtqd zdkc bZm sgdnqdshbZkkx Zbs Zr Z oqdrrtqd ftdrr0 Etqsgdqlnqd: dudm sgntfg
vd bntkc hmsths sgZs rnld oqdrrtqd ftdrr cdzmhshnmr Zqd adssdq sgZm nsgdqr: sgdqd hr V oqhnqh mn rsqnmf Zqftldms enq
bgnnrhmf nmd ftdrr nudq Zmnsgdq0

Hm sghr vnqj: Zr Dpr0 –6(: –7( Zmc –8( hmchbZsd: sgd oqdrrtqd ftdrr hr bnmrsqtbsdc Zr sgd oqdrrtqd hmctbdc ax sgd bZo;
hkkZqhsx Zmc oqdrbqhadc hmsdqeZbhZk mnqlZk enqbdr: Zknmf vhsg sgd oqdrrtqd antmcZqx bnmchshnmr hlonrdc nm sgd vZkk ne
sgd bnlotsZshnmZk cnlZhm0 �r bZm ad rddm eqnl sgd oqdrrtqd qdbnmrsqtbshnm dptZshnm –19(: nmd ne sgd bnmrdptdmbdr ne
sghr cdzmhshnm hr sgZs: hm nqcdq sn rZshrex sgd rsqdrr bnmshmthsx Zmc sgd oqdrrtqd vZkk antmcZqx bnmchshnmr: gnlnfdmdntr
hmsdqeZbd Zmc antmcZqx bnmchshnmr gZud sn ad hlonrdc enq sgd Gncfd uZqhZakd –rdd Dpr0 –fl3( Zmc –fl4((0 �r vd vhkk rdd
hm Rdbshnm 30301: sgd gnlnfdmdhsx ne sgd itlo bnmchshnmr enq sgd oqnidbshnm rxrsdl hr Z mdbdrrZqx Zrrtloshnm sn oqnud
sgd rsZahkhsx ne sgd oqnidbshmf rsdo: Z oqnodqsx ne sgd ghfgdrs hlonqsZmbd gdqd0

Vd mnsd sgZs sghr oqdrrtqd ftdrr cdzmhshnm hr mns sgd nmkx nmd dmrtqhmf sgZs sgd oqnidbshnm itlo bnmchshnmr Zqd
gnlnfdmdntr0 Hmcddc: Zmx rlnnsg oqdrrtqd ftdrr nadxhmf sgd rZld hmsdqeZbhZk Zmc vZkk antmcZqx bnmchshnmr vntkc
kdZc sn sgd rZld oqnodqsx0 Sgd oqdrrtqd ftdrr vd bnmrhcdq gdqd hr oqnaZakx Zlnmf sgd dZrhdrs –rhmbd hs trdr sgd rZld
rnkudq Zr enq sgd oqnidbshnm rsdo(: rlnnsgdrs –rhmbd: ax bnmrsqtbshnm: hs hr Zlnmf Zkk sgdrd etmbshnmr sgd nmd vhsg sgd
rlZkkdrs fqZchdms( Zmc ZqftZakx bgdZodrs sn bnlotsd0

Sgd lZhm jdx zmchmf ne sgd oqdrdms vnqj hr sgZs trhmf sghr mdv cdzmhshnm ne sgd oqdrrtqd ftdrr Zkknvr enq rsZ;
akd bZkbtkZshnmr sn ad odqenqldc tmcdq Z kdrr oqnghahshud shld rsdo qdrsqhbshnm: vhsgnts gZuhmf sn hmsqnctbd ZqshzbhZk
cZlohmf0 Sghr mdv qdrsqhbshnm hr chrbtrrdc hm cdsZhk hm Rdbshnm 3060

201020 Bnmudqfdmbd bqhsdqhnm
Sgd bnmudqfdmbd bqhsdqhnm enq sgd etmbshnmZk hsdqZshnmr hm rsdo 1 hr aZrdc nm sgd qdkZshud dqqnq ne sgd bnqqdbshud

sdqlr: vghbg vd hlonrd sn ad adknv Zm ZqahsqZqx snkdqZmbd hm sgd hmsdqeZbhZk mnql | · |�.

lZw
)
|Wjffifl � Wj|�
|Wjffifl|�

.
|�jffifl � �j|�
|�jffifl|�

(
, δ. –14(

vgdqd vd bgnnrd δ / fl9�4 hm rhltkZshnmr0 Hm ntq mtldqhbZk dwodqhldmsr: sgd hsdqZshud ldsgnc vZr entmc sn bnmudqfd
qZohckx –sxohbZkkx hm 1 sn 4 hsdqZshnmr(: vhsg sgd qdrhctZk cdzmdc hm –14( cdbqdZrhmf ax Z eZbsnq ne 1 Zs dudqx etmbshnmZk
hsdqZshnm0 EhmZk bnqqdbshud sdqlr Zs Z fhudm shld rsdo vdqd entmc sn ad udqx fnnc hmhshZk ftdrrdr enq sgd mdws shld rsdo@r
etmbshnmZk hsdqZshnm0

30 MtldqhbYk sdbgmhptdr

30fi0 HmsdqeVbd qdoqdrdmsVshnm. kdudk,rds ldsgnc

�r hkktrsqZsdc hm zftqd 2: sgd hmsdqeZbd � adsvddm sgd svn fithcr hr qdoqdrdmsdc trhmf sgd kdudk;rds ldsgnc0 Vhsg
sghr hlokhbhs qdoqdrdmsZshnm: sgd fithc hmsdqeZbd � hr qdoqdrdmsdc ax sgd ydqn bnmsntq ne Z rn;bZkkdc kdudk;rds etmbshnm
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Ehf0 20 –Ides( Sgd hmsdqeYbd adsvddm sgd svn fithcr hr qdoqdrdmsdc trhmf sgd kdudk,rds ldsgnc0 –Qhfgs( RYlokhmf. sgd bnlotsYshnmYk cnlYhm
hr chrbqdshydc trhmf PtYcsqdd –Nbsqdd( fqhcr hm 1C –2C(0 Hm sgd bYrd rgnvm: sgd ldrg hr qdzmdc aYrdc nm chrsYmbd eqnl sgd hmsdqeYbd0

φ–w(.

� / {w }φ–w( / 9{. –15(

Sgd rtacnlZhmr Ψ� Zmc Ψffi Zqd mZstqZkkx cdzmdc Zr.

Ψffi / {w }φ–w( / 9{ –16(
Ψ� / {w }φ–w( , 9{. –17(

Fdnldsqhb ptZmshshdr rtbg Zr sgd mnqlZk m nq sgd btquZstqd κ ne sgd hmsdqeZbd � Zqd fhudm ax.

m /
∇φ
}∇φ} Zmc κ / ∇ · m / ∇ ·

)
∇φ
}∇φ}

(
. –18(

Sgd jhmdlZshb antmcZqx bnmchshnm nm sgd cdenqlhmf hmsdqeZbd sqZmrkZsdr hmsn Zm Zcudbshnm dptZshnm enq sgd kdudk;rds
etmbshnm φ

>φ

>s
ffi U� · ∇φ / 9 ∀w ∈ Ψ. –29(

vgdqd sgd bZkbtkZshnm ne sgd hmsdqeZbhZk udknbhsx U� hr dwokZhmdc hm Rdbshnm 3040 Sgd kdudk;rds etmbshnm hr rxrsdlZshbZkkx
qdhmhshZkhydc Zs dZbg shld rsdo sn dmrtqd sgZs hs qdlZhmr Z rhfmdc chrsZmbd etmbshnm: h0d0 }∇φ} / fl0 Sghr hr Zbghdudc ax
rnkuhmf sgd enkknvhmf dptZshnm

>φ

>τ
/ rhfm–φ( –}∇φ} � fl( ∀w ∈ Ψ. –2fl(

enq Z zbshshntr shld τ0 LZsgdlZshbZkkx: sgd qdhmhshZkhyZshnm bnmchshnm }∇φ} / fl tmhptdkx cdzmdr sgd kdudk;rds etmbshnm
enq Zmx fhudm bnmsntq0 Hm oqZbshbd: hs gZr hlonqsZms bnmrdptdmbdr enq sgd qnatrsmdrr Zmc rsZahkhsx ne sgd ldsgnc0

Enkknvhmf sgd vnqj ne Lhm Zmc Fhant )13[: sgd kdudk;rds dunktshnm dptZshnm –29( hr rnkudc trhmf Z rdbnmc;nqcdq
rdlh;KZfqZmfhZm ldsgnc0 Sgd qdhmhshZkhyZshnm dptZshnm –2fl( hr rnkudc trhmf Z SnsZk UZqhZshnm Chlhmhrghmf rdbnmc;
nqcdq Qtmfd;JtssZ –SUC;QJ1( ldsgnc )27[0 Enq sgd bZkbtkZshnm ne sgd mnqlZk udbsnq Zmc btquZstqd: vd dloknx sgd
rdbnmc;nqcdq ZbbtqZsd zmhsd;chΩdqdmbd enqltkZ fhudm hm )13[ sn chrbqdshyd sgd cdzmhshnm –18(0 Enq Zm dwsdqmZk udknbhsx
zdkc: sghr eqZldvnqj vZr rgnvm sn xhdkc rdbnmc;nqcdq ZbbtqZbx enq sgd hmsdqeZbd onrhshnm Zmc zqrs;nqcdq ZbbtqZbx enq
sgd btquZstqd: ansg hm J∞;mnql Zmc bknrd sn sgd hmsdqeZbd0 �r vd vhkk rdd kZsdq nm: ntq oqnidbshnm ldsgnc hr nmkx
zqrs;nqcdq ZbbtqZsd hm roZbd: ldZmhmf sgZs tkshlZsdkx sgd mtldqhbZk dqqnq hm sgd hmsdqeZbd onrhshnm vhkk ad lnrskx ctd
sn sgd dqqnq hm sgd udknbhsx zdkc qZsgdq sgZm Z bnmrdptdmbd ne sgd hmsdqeZbd Zcudbshnm oqnbdctqd0
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Ehf0 30 PtYcsqdd ldrg fdmdqYshnm –eqnl kdes sn qhfgs(. vd rsYqs eqnl sgd qnns bdkk ne sgd sqdd qdoqdrdmshmf sgd dmshqd cnlYhm: vghbg hr rokhs
hmsn entq hcdmshbYk bdkkr0 Eqnl sgdqd: vd cdbhcd vgdsgdq sn rokhs dYbg ne sgdrd entq bghkcqdm bdkkr0 Hm sgd bYrd cdohbsdc gdqd: nmkx sgd anssnl
kdes bghkc bdkk hr rokhs0 Sghr oqnbdrr hr sgdm qdodYsdc qdbtqrhudkx nm dYbg mdvkx bnmrsqtbsdc bdkk tmshk rnld sdqlhmYshmf bnmchshnm hr qdYbgdc0

3010 RVlokhmf Vmc cVsV rsqtbstqd

3010fi0 �cVoshud ldrg qdzmdldms
Ntq ZooqnZbg hr hlokdldmsdc nm mnm;fqZcdc PtZcsqdd –1C( Zmc Nbsqdd –2C( fqhcr: vghbg Zqd bnmrsqtbsdc Zr

cdohbsdc hm zftqd 3. vd rsZqs eqnl Z qnns bdkk qdoqdrdmshmf sgd dmshqd bnlotsZshnmZk cnlZhm Zmc rokhs hs hmsn entq
–dhfgs( bghkcqdm bdkkr hm 1C –2C(0 AZrdc nm rnld ZqahsqZqx rokhsshmf bqhsdqhnm: vd sgdm cdbhcd vgdsgdq sn rokhs Zmx
ne sgdrd bghkcqdm bdkkr0 Sghr oqnbdrr hr sgdm qdbtqrhudkx qdodZsdc nm sgd mdvkx bqdZsdc bdkkr: Zmc rsnoodc vgdm Z
sdqlhmZshmf bqhsdqhnm hr qdZbgdc0

Vd cdzmd sgd kdudk ne Z bdkk Zr sgd mtladq ne rokhsr qdpthqdc enq hsr bnmrsqtbshnm0 Ax cdzmhshnm: sgd kdudk ne sgd
qnns bdkk hr 90 He sgd qnns bdkk hr ne rhyd fl: Zmx bdkk ne kdudk M vhkk ad ne rhyd 1�M 0 Vd Zkrn cdzmd lhmkdudk Zmc lZwkdudk
ne Z PtZc+Nbsqdd Zr sgd lhmhltl Zmc lZwhltl kdudkr ne Zmx ne hsr bdkkr0 � sqdd hr bZkkdc fqZcdc –nq aZkZmbdc(
he sgd kdudk chΩdqdmbd adsvddm Zmx svn ZciZbdms bdkkr hr ZkvZxr kdrr sgZm nq dptZk sn nmd, sghr hr sgd bZrd ne Fdqqhr
)29[0 Enkknvhmf )13[: sgd ldrg hr rxrsdlZshbZkkx qdzmdc Zs hsr lZwhltl kdudk Zs sgd knbZshnm ne sgd hmsdqeZbd trhmf sgd
enkknvhmf rokhsshmf bqhsdqhnm. rokhs Zmx bdkk B he

lhm
u∈mncdr–B(

}φ–u(} ≤ Kho–φ( chZf–B( Zmc kdudk–B( , lZwkdudk. –21(

vgdqd Kho–φ( hr sgd Khorbghsy bnmrsZms ne sgd kdudk;rds etmbshnm φ: chZf–B( hr sgd kdmfsg ne sgd chZfnmZk ne bdkk B: Zmc
lZwkdudk hr sgd oqdcdzmdc lZwhltl kdudk ne sgd sqdd0 Vd mnsd sgZs sgd Zanud bqhsdqhnm bZm ad dZrhkx lnchzdc sn hlonrd
Z tmhenql aZmc ne ZqahsqZqx vhcsg Zqntmc sgd hmsdqeZbd0

Nm sno ne sghr hmsdqeZbd;aZrdc bqhsdqhnm: ZcchshnmZk nmdr bZm ad bnmrhcdqdc0 Enq dwZlokd: Zr oqduhntrkx cnmd hm
)fl3: 29: 12[: sgd ldrg bZm ad ZtsnlZshbZkkx qdzmdc vgdqd ghfg udknbhsx fqZchdmsr nbbtq: vghbg bZm ad Zbghdudc trhmf
sgd enkknvhmf bnmchshnm. rokhs Zmx bdkk B he

lZw
u∈mncdr–B(

}}∇t–u(}}∞
}}t}}J∞–Ψ(

≥ SU Zmc kdudk–B( , lZwU. –22(

vgdqd }}∇t–u(}}∞ hr sgd J∞;mnql ne sgd fqZchdms ne sgd udknbhsx zdkc Zs mncd u: SU hr Z oqdcdzmdc sqdrgnkc Zmc lZwU
hr sgd lZwhltl kdudk ne qdzmdldms Zkknvdc enq sghr qdzmdldms bqhsdqhnm0

301010 L�B fqhc kVxnts
�r hkktrsqZsdc hm zftqd 4: sgd ptZmshshdr ne hmsdqdrs –udknbhsx Zmc Gncfd uZqhZakdr( Zqd rsnqdc Zbbnqchmf sn sgd

LZqjdq Zmc Bdkk –L�B( kZxnts )fl5[0 Sgd Gncfd uZqhZakd Zmc oqdrrtqd ftdrr Zqd rsnqdc Zs sgd bdkk bdmsdqr: sgd udknbhsx
bnlonmdmsr Zqd rsnqdc Zs sgd eZbdr: Zmc sgd kdudk;rds uZktdr Zqd rsnqdc Zs sgd mncdr0 �r onhmsdc nts ax Fthssds ds Vk0
)fl3[: vghkd nm tmhenql fqhcr sghr cZsZ rsqtbstqd dZrhkx kdZcr sn Z rsZakd chrbqdshyZshnm ne sgd uhrbnrhsx Zmc oqnidbshnm
rsdor: hsr hlokdldmsZshnm nm ZcZoshud fqhcr hr lnqd bgZkkdmfhmf Zr vd vhkk rdd hm Rdbshnmr 302 Zmc 3030

Bnmrsqtbshmf hmsdqonkZshnm Zmc dwsqZonkZshnm oqnbdctqdr enq ptZmshshdr cdzmdc Zs sgd bdkk bdmsdqr Zmc eZbdr Zkrn
adbnldr lnqd bgZkkdmfhmf0 Enkknvhmf ntq oqduhntr vnqj: sgd hmsdqonkZshnmr Zqd aZrdc nm sgd sghqc;nqcdq ZbbtqZsd
kdZrs;rptZqdr ldsgnc vghkd sgd dwsdmrhnmr Zqd bnmrsqtbsdc fdnldsqhbZkkx vhsg sgd rZld ZbbtqZbx0 Vd qdedq sgd hmsdq;
drsdc qdZcdq sn )fl3[ enq Z cdsZhkdc oqdrdmsZshnm ne sgdrd oqnbdctqdr0 Enq bnlotsZshnmZk dffbhdmbx: bnohdr ne hmsdqonkZsdc
udknbhshdr t±mncdr Zqd rsnqdc Zs sgd mncdr0 Sghr mncZk udknbhsx zdkc hr trdc sn chrbqdshyd sgd bnmudbshud sdqlr ctqhmf sgd
uhrbnrhsx rsdo Zr vdkk Zr sn qdbnmrsqtbs sgd hmsdqeZbhZk udknbhsx hm Rdbshnm 3040
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Ehf0 40 L�B fqhc kYxnts hm 1C. sgd Gncfd uYqhYakd Ymc oqdrrtqd bndffbhdmsr Yqd rsnqdc Ys sgd bdkk bdmsdqr –aktd rptYqdr(: vghkd sgd udknbhsx
bnlonmdmsr Yqd rsnqdc Ys sgd bdmsdq ne sgd eYbdr –qdc Ymc fqYx cnsr(0 Udknbhsx bnlonmdmsr hm sgd w,chqdbshnm Yqd rsnqdc nm eYbdr vhsg Y
mnqlYk udbsnq onhmshmf hm sgd rYld chqdbshnm –qdc cnsr(0 RhlhkYqkx: udknbhsx bnlonmdmsr hm sgd x,chqdbshnm Yqd rsnqdc nm eYbdr vhsg Y mnqlYk
udbsnq onhmshmf hm sgd x,chqdbshnm –fqYx cnsr(0 Sgd kdudk,rds bndffbhdmsr Yqd rsnqdc Ys sgd mncdr0

3020 Uhrbnrhsx rsdo
3020fi0 SdlonqVk chrbqdshyVshnm. RJACE rbgdld

Sgd sdlonqZk chrbqdshyZshnm ne sgd uhrbnrhsx rsdo hr bgnrdm sn dmrtqd hsr rsZahkhsx. vd bnlahmd Z rdbnmc;nqcdq Rdlh;
KZfqZmfhZm –RK( ldsgnc vhsg Z rdbnmc;nqcdq AZbjvZqc ChΩdqdmbd EnqltkZ –ACE( rbgdld: kdZchmf sn sgd enkknvhmf
chrbqdshyZshnm enq sgd lnchzdc lnldmstl dptZshnm –fl9( hm dZbg ogZrd.

ρ

)
�
t∗ � tmc
Γsm

ffi β
tmc � tm�flc

Γsm�fl


 / µ4t∗ ffi e � ∇ ó. –23(

vgdqd sgd vdhfgshmf bndffbhdmsr � Zmc β Zqd cdzmdc hm sdqlr ne shld rsdor Γsm Zmc Γsm�fl Zr

� /
1Γsm ffi Γsm�fl
Γsm ffi Γsm�fl

Zmc β / � Γsm
Γsm ffi Γsm�fl

. –24(

Enkknvhmf sgd rdlh;KZfqZmfhZm hlokdldmsZshnm ne )12[: sgd cdoZqshmf udknbhshdr tmc: t
m�fl
c nm sgd eZbd bdmsdqdc Zs

wmffifl Zqd cdzmdc Zr sgd udknbhshdr Zs shldr sm: sm�fl Zmc cdoZqstqd onhmsr wmc: w
m�fl
c eqnl vghbg sgd bgZqZbsdqhrshb btqudr

nqhfhmZsd0 Sgdrd onhmsr Zqd bZkbtkZsdc trhmf Z aZbjvZqc QJ1 rbgdld.

w∗ / wmffifl � Γsm
1
tm–wmffifl(. –25(

t∗ /

)
fl ffi

Γsm
1Γsm�fl

(
tm–w∗( � Γsm

1Γsm�fl
tm�fl–w∗(. –26(

wmc / wmffifl � Γsmt∗. –27(

Zmc

w∗ / wmffifl � Γsmtm–wmffifl(. –28(
t∗ / tm–w∗(. –39(

wm�flc / wmffifl � –Γsm ffi Γsm�fl(t∗. –3fl(

Sgd ptZmshshdr tm–w∗(: tm�fl–w∗( Zqd bnlotsdc trhmf sghqc;nqcdq ZbbtqZsd hmsdqonkZshnmr0 Hm oqZbshbd: enq bnlotsZshnmZk
dffbhdmbx: sgdx Zqd bZkbtkZsdc eqnl sgd mncZk qdoqdrdmsZshnm ne sgd udknbhsx zdkcr trhmf sghqc;nqcdq ptZcqZshb hmsdqonkZ;
shnmr0 Oqnuhcdc sgZs Zkk sgd dhfdmuZktdr ne sgd chrbqdsd KZokZbhZm hm –23( Zqd rsqhbskx mdfZshud Zmc sgZs sgd hmsdqonkZshnm
oqnbdctqdr cn mns hmsqnctbd knbZk dwsqdlZ: sgd Zanud rbgdld Zmc sgtr sgd uhrbnrhsx rsdo hr tmbnmchshnmZkkx rsqnmfkx
rsZakd0
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Ehf0 50 Unqnmnh zmhsd,unktld ldsgnc enq sgd eYbd,aYrdc itlo rnkudq hm svn chldmrhnmr0 –Ides( EYq YvYx eqnl sgd hmsdqeYbd: sgd ldrg hr
YqahsqYqx Ymc mnm,fqYcdc0 Sgd bnmsqnk unktldr Yqd cdzmdc Yr sgd Unqnmnh bdkkr0 Enq dwYlokd hm sghr ohbstqd: sgd bnmsqnk unktld ne eYbd
9 hr bnknqdc hm fqYx0 –Qhfgs( Bknrd sn sgd hmsdqeYbd vgdqd sgd ldrg hr tmhenql: sgd bnmsqnk unktldr Yqd rptYqdr ne rhyd dptYk sn sgd zmdrs
qdrnktshnm sgYs Yqd sqtmbYsdc ax sgd hmsdqeYbd0 Hm sghr bYrd: sgd bnmsqnk unktld enq sgd eYbd 9 hm sgd Ψ� rtacnlYhm hr rgYcdc hm fqYx0

302010 Oqdrrtqd qdbnmrsqtbshnm
Sgd oqdrrtqd qdbnmrsqtbshnm Dp0 –19( hr Z chqdbs bnmrdptdmbd ne sghr sdlonqZk chrbqdshyZshnm. hmrdqshmf sgd Gncfd

cdbnlonrhshnm –fl5( hmsn sgd chrbqdshydc Dp0 –23( kdZcr tr sn

ρ

)
�
t∗ � tmc
Γsm

ffi β
tmc � tm�flc

Γsm�fl


 ffi

ρ�

Γsm
∇∆ / µ4t∗ ffi e � ∇ ó. –31(

�rrtlhmf sgZs sgd lnldmstl Dp0 –fl( hr chrbqdshydc hm shld trhmf sgd rbgdld ne Dp0 –23( : sgd udknbhsx tmffifl rZshrzdr

ρ

)
�
tmffifl � tmc

Γsm
ffi β

tmc � tm�flc

Γsm�fl


 / µ4tmffifl ffi e � ∇o.

vghbg: trhmf sgd Gncfd cdbnlonrhshnm: bZm ad dwoqdrrdc Zr

ρ

)
�
tmffifl � tmc

Γsm
ffi β

tmc � tm�flc

Γsm�fl


 / µ4t∗ � µ4∇∆ ffi e � ∇o. –32(

RtarsqZbshmf Dp0 –32( eqnl Dp0 –31( Zmc trhmf sgd Gncfd cdbnlonrhshnm tmffifl / t∗ � ∇∆ xhdkcr

∇o / ∇
)
ó ffi

�ρ

Γsm
∆ � µ∇ · t∗

(
. –33(

vghbg hlokhdr sgZs o Zmc sgd ptZmshsx adsvddm oZqdmsgdrdr Zqd dptZk to sn Z bnmrsZms b90 He Chqhbgkds antmcZqx
bnmchshnmr Zqd hlonrdc nm Zs kdZrs nmd onhms nm sgd vZkk ne sgd bnlotsZshnmZk cnlZhm: sgdm sgdrd svn ptZmshshdr ltrs
gZud sgd rZld uZktd Zs sgZs onhms rhmbd µ∇·t∗ hr Z rdbnmc;nqcdq bnqqdbshnm: Zmc sgdqdenqd b9 / 90 He MdtlZmm antmcZqx
bnmchshnmr Zqd hlonrdc dudqxvgdqd nm >Ψ: sgdm sgd oqdrrtqd: oqdrrtqd ftdrr Zmc Gncfd uZqhZakd Zqd qhfnqntrkx nmkx
cdzmdc to sn Z bnmrsZms: Zmc vd bZm trd sgd bnmudmshnm sgZs b9 / 90 Sgdqdenqd:

o / ó ffi
�ρ

Γsm
∆ � µ∇ · t∗. –34(
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PtZcsqdd kdudk µ�<µffi / fl9fl9 µ�<µffi / fl9�6 µ� � µffi / fl9�7

–lhm + lZw( J∞ dqqnq nqcdq J∞ dqqnq nqcdq J∞ dqqnq nqcdq
fl + 4 1.991 · fl9�fl ; 4.464 · fl9�1 ; fl.fl28 · fl9�fl ;
1 + 5 6.935 · fl9�1 fl0496 fl.8fl4 · fl9�1 fl0477 3.fl67 · fl9�1 fl0337
2 + 6 1.191 · fl9�1 fl0566 4.737 · fl9�2 fl06fl1 fl.114 · fl9�1 fl0658
3 + 7 5.152 · fl9�2 fl07fl3 fl.589 · fl9�2 fl068fl 2.253 · fl9�2 fl0754
4 + 8 fl.649 · fl9�2 fl0728 3.715 · fl9�3 fl0797 7.834 · fl9�3 fl08flfl
5 + fl9 3.325 · fl9�3 fl087fl fl.319 · fl9�3 fl0654 1.253 · fl9�3 fl0819
6 + flfl fl.fl33 · fl9�4 fl0843 2.79fl · fl9�4 fl089fl 4.747 · fl9�4 fl0836

SYakd fl0 Bnmudqfdmbd ne sgd eYbd,aYrdc itlo Onhrrnm rnkudq0 Sgd sdrs rnktshnm hr t�–w. x( / bnr–w( rhm–x(: tffi–w. x( / rhm–w( bnr–x(: sgd
bnlotsYshnmYk cnlYhm hr Ψ / )�1. 1[1: Ymc sgd hmsdqeYbd hr qdoqdrdmsdc ax sgd kdudk,rds etmbshnm ∆–w. x( / 9.47 �

]
w1 ffi x10 Vd nardqud

rdbnmc,nqcdq bnmudqfdmbd0

302020 RoVshVk chrbqdshyVshnm. Unqnmnh zmhsd unktld rnkudq
Vhsgnts knrr ne fdmdqZkhsx: sgd roZshZk chrbqdshyZshnm ne Dp0 –23( rtaidbs sn sgd bnmshmthsx bnmchshnmr –flfl(-–fl1( bZm

ad qdenqltkZsdc Zr Z itlo oqnakdl enq dZbg bnlonmdms µ ne sgd udknbhsx ne sgd enql

c–w(µ � µ4µ / g–w( ∀w ∈ Ψ<�. –35(
�µ! / V–w( ∀w ∈ �. –36(

"

µ
>µ

>m

#

/ a–w( ∀ w ∈ �. –37(

vgdqd c hr Z onrhshud etmbshnm0 Hm sgd oqdrdms bZrd c hr tmhenql hm dZbg ogZrd: ats Zr vd vhkk rdd kZsdq nm ntq ZooqnZbg
hr rshkk uZkhc he sghr kZrs Zrrtloshnm hr mn knmfdq rZshrzdc0 Adenqd chrbqdshyhmf sgd Zanud rxrsdl: vd zqrs qdvqhsd hs rn
sgZs sgd itlo hm sgd rnktshnm chrZoodZqr eqnl sgd enqltkZshnm0 Sn sghr dΩdbs: vd hmsqnctbd Zm dwsdmrhnm V́ ne V sn sgd
dmshqd cnlZhm Ψ rtbg sgZs

V́ / 9 ∀ w ∈ Ψffi. –c � µ4(V́ / 9 ∀ w ∈ Ψ�. V́ / V ∀ w ∈ �. –38(

AdbZtrd V́ hr sgd rnktshnm ne sgd Zanud vdkk;onrdc Onhrrnm oqnakdl: vd jmnv sgZs hs dwhrsr Zmc bZm ad ZooqnwhlZsdc
mtldqhbZkkx0 Vd cdzmd Z mdv tmjmnvm etmbshnm ψ / µ � V́: rnktshnm ne

cψ � µ4ψ / g ∀ w ∈ Ψ<� –49(
�ψ! / 9 ∀ w ∈ � –4fl(

"

µ
>ψ

>m

#

/ á ∀ w ∈ �. –41(

vgdqd á / a � �µ–>V́<>m(!0 Hm oqZbshbd: sgd dwsdmrhnm V́ hr bnmrsqtbsdc mtldqhbZkkx ax rnkuhmf –38( Zs sgd mncdr trhmf
sgd ldsgnc oqdrdmsdc hm )33[: vghbg oqnuhcdr rdbnmc;nqcdq ZbbtqZbx enq sgd rnktshnm Zmc hsr fqZchdms0 Vd mnsd sgZs sgd
rdbnmc;nqcdq ZbbtqZbx ne sgd fqZchdms >V́<>m hr bqtbhZk gdqd rhmbd hs ZoodZqr hm sgd bnlotsZshnm ne sgd itlo uZktdr á0

Sgd chrbqdshyZshnm ne sgd Zanud rxrsdl –49( bnlahmdr svn chΩdqdms ZooqnZbgdr0 EZq ZvZx eqnl sgd hmsdqeZbd:
hm dZbg ogZrd: hs enkknvr dwZbskx sgd eZbd;aZrdc Unqnmnh zmhsd unktld ldsgnc cdrbqhadc hm )fl3[0 Hm sghr ldsgnc: sgd
bnmsqnk unktldr Uj Zqd cdzmdc Zr sgd Unqnmnh bdkkr ne sgd eZbdr ne sgd fqhc –rdd zftqd 5(: vghbg Zqd bnmrsqtbsdc knbZkkx
trhmf ntq fdnldsqhb Zkfnqhsgl hm svn chldmrhnmr Zmc sgd unqnffiffi khaqZqx )22[ hm sgqdd chldmrhnmr0 Nmbd sgd Unqnmnh
oZqshshnm gZr addm athks: vd enkknv sgd rsZmcZqc zmhsd unktld oqnbdctqd0 �rrtlhmf sgZs eZbd j hr hm Ψ�: Dp0 –49( hr
hmsdfqZsdc nudq dZbg bnmsqnk unktld Uj: Zmc Zesdq Zookxhmf FZtrr@r sgdnqdl vd nasZhm

∑

Uj
cψ� �

∑

>Uj
µ�
>ψ�

>m
/

∑

Uj
g. –42(

Chrbqdshyhmf sgd unktld hmsdfqZkr kdZcr sn

}Uj }cjψ� �


h∈M–j(

∑

Jh
µ
>ψ�

>m
/ }Uj }g9j ffi N–Γw2(. –43(
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vgdqd ψj hr sgd uZktd ne ψ Zs sgd eZbd j: }Uj } hr sgd unktld ne Uj: M–j( hr sgd rds ne Unqnmnh mdhfganqr ne j: sgd Jh
Zqd sgd khmd rdfldmsr adsvddm eZbdr j Zmc h –rdd zftqd 5( Zmc >Uj / Xh∈M–j(Jh 0 Sgd bnmsntq hmsdfqZkr hm Dp0 –43( Zqd
chrbqdshydc Zr

�
∑

Jh
µ
>ψ�

>m
/ }Jh}µ

ψ�j � ψ�h
δhj

ffi N–Γw2(. –44(

vgdqd δhj hr sgd chrsZmbd adsvddm eZbdr h Zmc j0 Sgd sghqc;nqcdq ZbbtqZbx hm Dp0 –44( –Zmc sgtr sgd rdbnmc;nqcdq
ZbbtqZbx ne sgd rbgdld( hr Z chqdbs bnmrdptdmbd ne sgd oqnodqshdr ne sgd khmd rdfldms Jh: vghbg hr dpthchrsZms eqnl h
Zmc j Zmc nqsgnfnmZk sn sgd rdfldms bnmmdbshmf sgdrd svn onhmsr0

Bknrd sn sgd hmsdqeZbd vgdqd sgd itlo bnmchshnmr gZud sn ad dmenqbdc Zmc sgd ldrg hr tmhenql –zftqd 5(: vd enkknv
sgd ZooqnZbg vd cdudknodc hm )14[0 Hm sghr bZrd: Dp0 –49( ltrs ad chrbqdshydc hm ansg Ψffi Zmc Ψ�0 Enbtrhmf nm sgd
chrbqdshyZshnm hm Ψ�: Zmc Zcnoshmf sgd mnsZshnmr ne zftqd 5: vd bnmrhcdq eZbd 9 Zs sgd bdmsdq ne sgd zbshshntr bdkk U Zmc
hsr bnqqdronmchmf bnmsqnk unktld U� / U ∩ Ψ�0 HmsdfqZshmf –49( nudq sgd bnmsqnk unktld U� Zmc Zookxhmf FZtrr@r
sgdnqdl oqnuhcdr

∑

U�
cψ� �

∑

>U�
µ�
>ψ�

>m
/

∑

U�
g. –45(

vghbg: Zesdq chrbqdshyhmf sgd unktld hmsdfqZkr: adbnldr

}U�}c9ψ� �
∑

>U�
µ�
>ψ�

>m
/ }U�}g9 ffi N–Γw2(. –46(

Sgd rtqeZbd hmsdfqZkr hm Dp0 –46( bZm ad cdbnlonrdc hmsn svn oZqsr.
∑

>U�
µ�
>ψ�9
>m

/

∑

>U∩Ψ�
µ�
>ψ�9
>m

ffi

∑

�∩U
µ�
>ψ�9
>m

. –47(

Sgd zqrs hmsdfqZk hm Dp0 –47( bZm ad cdbnlonrdc Zr Z rtl ne hmsdfqZkr nudq dudqx eZbd Eh ne U : vghbg vd chrbqdshyd
hmcdodmcdmskx0 Enq dwZlokd: sgd hmsdfqZk nm sgd qhfgs eZbd Efl: adsvddm eZbdr 9 Zmc fl: hr ZooqnwhlZsdc ax

�
∑

Efl
µ�
>ψ�9
>m

/ J�fl
ψ�9 � ψ�fl

Γw
ffi N–Γw2(. –48(

vgdqd J�fl hr sgd kdmfsg ne eZbd Efl hm Ψ� –rdd zftqd 5(0 Enkknvhmf )14[: sgd rdbnmc hmsdfqZk hm Dp0 –47( bZm ad
ZooqnwhlZsdc ax

�
∑

�U

µ�
>ψ�9
>m

/ I–ψ�9 � ψffi
9 ( �

}�U }µ�
–µ� � µffi(

áO ffi N–Γw1(. –59(

vgdqd �U / � ∩ U : I / �}�U }µffiµ�<δ–µ± � µ±(: δ hr sgd rhfmdc chrsZmbd adsvddm sgd eZbd bdmsdq Zmc sgd hmsdqeZbd: O
hr sgd nqsgnfnmZk oqnidbshnm ne sgZs eZbd bdmsdq nm sgd hmsdqeZbd Zmc áO hr sgd uZktd ne á Zs sgZs onhms0 Sn oqdudms sgd
lZfmhstcd ne I eqnl adhmf ZqahsqZqhkx kZqfd vghkd oqdrdquhmf sgd ZbbtqZbx ne sgd rbgdld: sgd chrsZmbd δ hr sqtmbZsdc
sn δ / N–Γw1(0 RhlhkZqkx vgdm chrbqdshyhmf hm sgd Ψffi cnlZhmr: sgd fitw Zbqnrr sgd hmsdqeZbd adbnldr

�
∑

�U

µffi
>ψffi

9

>m
/ I–ψffi

9 � ψ�9 ( ffi
}�U }µffi
–µ� � µffi(

áO ffi N–Γw1(. –5fl(

�r hkktrsqZsdc hm SZakd fl: sgd qdrtkshmf mtldqhbZk rnktshnm hr rdbnmc;nqcdq ZbbtqZsd hm J∞;mnql: dudm hm dwsqdld
bZrdr vgdqd sgd uhrbnrhshdr Zqd rdudm nq dhfgs nqcdqr ne lZfmhstcd ZoZqs eqnl dZbg nsgdq0 Vd Zkrn qdlZqj sgZs sgd
qdonqsdc nqcdqr ne ZbbtqZbx hm sghr oZodq Zqd rhfmhzbZmskx adssdq sgZm sgnrd qdonqsdc hm ntq oqduhntr rstcx )14[0 Vd
adkhdud sgZs sghr hloqnudldms hr Z bnmrdptdmbd ne sgd gnlnfdmhyZshnm oqnbdctqd sgZs hr dloknxdc gdqd Zmc vZr mns
hm ntq oqduhntr vnqj0

Dudm sgntfg sgd rbgdld hr bnloZbs Zmc sgd qdrtkshmf khmdZq rxrsdl hr rxlldsqhb: hs hr mn knmfdq ftZqZmsddc sn
ad onrhshud cdzmhsd: vghbg bZm gZud cqZlZshb bnmrdptdmbdr enq sgd rsZahkhsx ne sgd Zkfnqhsgl0 Hm eZbs: sgd ZcchshnmZk
chZfnmZk sdql I hmsqnctbdc ax enqltkZ –59( bZm ad dhsgdq onrhshud nq mdfZshud0 � rhlokd vZx –hlokdldmsdc gdqd( ne
dmrtqhmf sgZs sgd rxrsdl qdlZhmr onrhshud cdzmhsd Zmc sgdqdenqd ne dmrtqhmf tmbnmchshnmZk rsZahkhsx enq sgd uhrbnrhsx
rsdo hr sn ZqahsqZqhkx hlonrd sgZs I ad onrhshud nm Zkk sgd eZbdr bknrd sn sgd hmsdqeZbd: ax qdokZbhmf I ax hsr Zarnktsd



fl1 + IntqmZk ne BnlotsZshnmZk Ogxrhbr –19fl8(

uZktd hm enqltkZd –5fl(-–59(0 Ax cnhmf rn: sgd nqcdq ne ZbbtqZbx ne sgd uhrbnrhsx rsdo cqnor sn zqrs;nqcdq0 Rhmbd sgd
oqnidbshnm rsdo hr ZkqdZcx zqrs;nqcdq ZbbtqZsd: hs cndr mns qdctbd sgd nudqZkk nqcdq ne sgd ldsgnc0

Nmbd sgd hmsdqldchZsd udknbhsx t∗± gZr addm bZkbtkZsdc: hs hr dwsdmcdc sn sgd eZbdr hm sgd Ψ± rtacnlZhm cnlZhm
sgZs gZud Z bnmsqnk unktld U± sgZs cndr mns hmsdqrdbs vhsg Ψ± Zmc sgZs Zqd knbZsdc vhsghm Z chrsZmbd 1Γw ne sgd
hmsdqeZbd0 Sgdrd dwsdmcdc udknbhsx zdkcr Zqd trdc sn bnlotsd sgd sdql ∇ · t∗ ctqhmf sgd oqnidbshnm rsdo0

3030 Oqdrrtqd ftdrr Vmc oqnidbshnm rsdor

Enq sgd oqdrrtqd ftdrr Zmc sgd oqnidbshnm rsdor: sgd svn Onhrrnm oqnakdlr –6( Zmc –fl2( vhsg itlo antmcZqx
bnmchshnmr Zqd chrbqdshydc trhmf Z bdkk;aZrdc zmhsd unktld rnkudq0 Bknrd sn sgd hmsdqeZbd vgdqd sgd ldrg hr tmhenql:
sgd chrbqdshyZshnm oqnbdctqd hr hcdmshbZk sn sgd nmd cdrbqhadc hm sgd Zanud rdbshnm0 EZq ZvZx eqnl sgd hmsdqeZbd: ntq
ZooqnZbg enkknvr sgd nmd vd trdc hm )fl3[: vghbg vZr zqrs cdudknodc ax KnrZrrn ds Vk0 )1fl[ Zmc hr oqdrdmsdc gdqd hm
sgd bnmsdws ne sgd oqnidbshnm rsdo0

3030fi0 Bdkk,aVrdc zmhsd unktld rnkudq

/

δe/ δe0 0

1

2

3

r/1

r/3

∆b/

Ehf0 60 Bdkk,aYrdc zmhsd unktld rnkudq. fdmdqYk bnmzftqYshnm eYq YvYx eqnl sgd hmsdqeYbd0

Enq dZbg bnlonmdms ne sgd Gncfd uZqhZakd ∆9: vd cdzmd hsr ZrrnbhZsdc bnmsqnk unktld Zr sgd PtZcsqdd bdkk b9 hs hr
Zs sgd bdmsdq ne0 �r vd rZv hm sgd oqduhntr rdbshnm: sgd zmhsd unktld ldsgnc qdpthqdr ZooqnwhlZshmf sgd fitwdr ne sgd
tmjmnvm ptZmshsx nm sgd bnmsntq ne sgd bnmsqnk unktldr: vghbg hm sghr bZrd ldZmr sgd mnqlZk fqZchdms ne ∆ nm dZbg
ne sgd entq eZbdr ne b90 DZbg ne sgdrd fqZchdmsr hr ZooqnwhlZsdc trhmf sgd rdbnmc;nqcdq ZooqnwhlZshnm bnmrsqtbsdc hm
)1fl[: Zmc: enq dwZlokd: sZjdr sgd enkknvhmf enql nm sgd qhfgs eZbd e ne b9.

∇∆} e /


h∈MP–b9(

r9h
Γb9

)
∆9 � ∆h

Γ e

(
ffi N–Γw1(. –51(

vgdqd MP–b9( hr sgd rds ne hmchbdr ne sgd bdkkr bnmmdbsdc sn bdkk b9 sgqntfg hsr qhfgs eZbd0 Hm sgd bZrd cdohbsdc hm zftqd
6 vgdqd sgd eZbd e adknmfr sn Z ahf bdkk bnmmdbsdc sn rlZkkdq bdkkr: MP–b9( hr rhlokx sgd rds ne ZciZbdms bdkkr sn b9
Zbqnrr eZbd e : vghbg hm sgd btqqdms bZrd hr MP–b9( / fl. 1. 2. 30 Hm sgd hmudqrd bZrd: vgdqd Z rlZkk bdkk bR hr ZciZbdms nm
hsr qhfgs sn Z ahffdq bdkk bA: MP–bR ( hr cdzmdc Zr –MJ–bA(XA(�R 0 Enq dwZlokd: hm zftqd 6 sgd rlZkk bdkk b2 hr ZciZbdms
sn hsr kdes sn bdkk b9: sgdqdenqd MJ–b2( / –MP–b9( X 9( � 2 / 9. fl. 1. 30 Sgd bndffbhdms r9h hr sgd kdmfsg ne sgd rdfldms
bnmmdbshmf bdkk b9 Zmc bh: Γb9 hr sgd rhyd ne bdkk b9: Zmc sgd ZudqZfd chrsZmbd Γ e hr cdzmdc Zr.

Γ e /


h∈MP–b9(

r9h
Γb9
–δ e9 � δ e h(. –52(
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PtZcsqdd kdudk µ�<µffi / fl97 µ�<µffi / fl9�6 µ� � µffi / fl9�5

–lhm + lZw( J∞ dqqnq nqcdq J∞ dqqnq nqcdq J∞ dqqnq nqcdq
fl + 4 fl.946 · fl9�fl ; 1.8fl5 · fl9�1 ; 5.832 · fl9�1 ;
1 + 5 3.2fl8 · fl9�1 fl02fl4 6.37fl · fl9�2 fl0852 1.616 · fl9�1 fl0236
2 + 6 fl.283 · fl9�1 fl02fl4 fl.839 · fl9�2 fl0836 7.8fl9 · fl9�2 fl05fl3
3 + 7 3.478 · fl9�2 fl0593 4.185 · fl9�3 fl0762 1.7fl6 · fl9�3 fl55fl
4 + 8 fl.145 · fl9�2 fl0758 fl.876 · fl9�3 fl03fl2 7.969 · fl9�3 fl0792
5 + fl9 2.fl78 · fl9�3 fl0866 2.88fl · fl9�4 102fl5 fl.853 · fl9�3 10927

SYakd 10 Bnmudqfdmbd ne sgd bdkk,aYrdc itlo Onhrrnm rnkudq0 Sgd sdrs rnktshnm hr t�–w. x( / bnr–w( rhm–x(: tffi–w. x( / rhm–w( bnr–x(: sgd bnlotsY,
shnmYk cnlYhm hr Ψ / )�1. 1[1 Ymc sgd hmsdqeYbd hr qdoqdrdmsdc ax sgd kdudk,rds etmbshnm ∆–w. x( / 9.47 �

]
w1 ffi x10 Vd nardqud rdbnmc,nqcdq

bnmudqfdmbd hm J∞ mnql: dudm vgdm sgd svn uhrbnrhshdr chΣdq cqYlYshbYkkx0

vgdqd δ e h hr sgd rhfmdc chrsZmbd eqnl bdkk bh sn eZbd e 0 Eqnl sgdrd cdzmhshnmr: vd bZm rdd sgZs sghr chrbqdshyZshnm kdZcr
sn Z rxlldsqhb khmdZq rxrsdl0 �krn: Zr oqduhntrkx ldmshnmdc: sgd Zanud enqltkZ hr rdbnmc;nqcdq ZbbtqZsd: Zmc vd
qdedq sgd hmsdqdrsdc qdZcdq sn )fl3: 1fl[ enq Z cdsZhkdc oqnne0

Bnmudqfdmbd qdrtksr Zqd oqnuhcdc hm SZakd 1 Zmc bnmzql sgd rdbnmc;nqcdq ZbbtqZbx ne ntq ZooqnZbg hm J∞;mnql:
dudm enq uhrbnrhsx bndffbhdmsr rdoZqZsdc ax rdudqZk nqcdqr ne lZfmhstcd0 �r onhmsdc nts hm ntq oqduhntr vnqj: nmd
nqcdq ne ZbbtqZbx lZx ad knrs Zs S;itmbshnmr vgdm oqnidbshmf sgd udknbhsx zdkc t∗ ax sZjhmf sgd fqZchdms ne ∆: dudm
sgntfg ∆ hr jmnvm vhsg rdbnmc;nqcdq ZbbtqZbx0 Sgdqdenqd: sgd qdrtkshmf udknbhsx zdkc tmffifl hr dwodbsdc sn ad nmkx
zqrs;nqcdq ZbbtqZsd0

303010 RsVahkhsx ne sgd oqnidbshnm rsdo
� bnqd oqnodqsx ne sgd oqnidbshnm ldsgnc oqdrdmsdc gdqd hr hsr nqsgnfnmZkhsx.

}}tmffifl}}1JE / }}t
∗ �F∆}}1JE / }}t

∗}}1JE � }}F∆}}
1
JE . –53(

vgdqd F hr sgd chrbqdsd fqZchdms ZoodZqhmf hm sgd chrbqdshyZshnm ne sgd oqnidbshnm dptZshnm –fl2(: Zmc JE hr Z chZfnmZk
nodqZsnq cdzmhmf Z mnql }} · }}JE nm sgd roZbd ne sgd eZbdr ne sgd ldrg0 Sghr oqnodqsx hr ne sgd fqdZsdrs hlonqsZmbd:
rhmbd hs hlokhdr sgZs

}}tmffifl}}1JE ≤ }}t∗}}1JE . –54(

vghbg dmrtqdr sgZs sgd oqnidbshnm rsdo hr rsZakd hm sgd }} · }}JE mnql: h0d0: sgZs hs hr rsZakd hm Zmx mnql rhmbd vd Zqd vnqjhmf
hm zmhsd chldmrhnm vgdqd Zkk mnqlr Zqd dpthuZkdms0

Sgd nqsgnfnmZkhsx oqnodqsx –53( qdrtksr eqnl sgd gnlnfdmdhsx ne sgd itlo bnmchshnmr –fl3(-–fl4(: Zmc Zkrn ne sgd
cdzmhshnm ne sgd chrbqdsd chudqfdmbd C: vghbg vd bnmrsqtbs sn ad oqnonqshnmZk sn sgd sqZmrbnmitfZsd ne sgd fqZchdms
nodqZsnq.

JBC / �–FJE(S . –55(

vgdqd rhlhkZqkx sn JE : JB hr Z chZfnmZk nodqZsnq nm sgd roZbd ne sgd bdkk bdmsdqr ne sgd ldrg0 RodbhzbZkkx: sgd chrbqdsd
chudqfdmbd ne t∗ Zs bdkk b hr bnlotsdc Zr

Ct∗}b / �
fl
Γb



eh∈Me –b(

rht∗h
� eh

δ ehb

}δ ehb}
vgdqd �e /

fl
1



bh∈Mb– e (
rbh . –56(

Me –b( hr sgd rds ne eZbdr hm bnmsZbs vhsg bdkk b0 Vd Zkrn cdzmd Mb– e ( Zr sgd rds ne sgd bdkkr hm bnmsZbs vhsg sgd kZqfdrs
chqdbs bdkk mdhfganq ne eZbd e 0 Oqnodqsx –55( hr dZrhkx rgnvm ax qdenqltkZshmf –51( trhmf sgd mdv mnsZshnm

F∆} e / fl
�e



bh∈Mb– e (

rbh∆h

Γ e
δ ehb

}δ ehb}
. –57(

Zmc sgdm hcdmshexhmf sgd svn chZfnmZk nodqZsnqr JE : JB Zr.

–JB(bb / rbΓb Zmc –JE( e e / r eΓ e . –58(



fl3 + IntqmZk ne BnlotsZshnmZk Ogxrhbr –19fl8(

Ω� Ω*

U�

�

t*

t�

Ehf0 70 HmsdqeYbhYk udknbhsx qdbnmrsqtbshnm oqnbdctqd. zqrs vd dwsdmc sgd mncYk udknbhshdr tffi snΨ� Ymc t� snΨffi trhmf Y sghqc,nqcdq dwsdmrhnm
–cYrg aktd khmdr(0 Eqnl sgdrd dwsdmcdc ptYmshshdr: vd bnmrsqtbs svn bnmrsYms dwsqYonkYshnmr eqnl sgd hmsdqeYbd hm sgd mnqlYk chqdbshnm:
vghbg vd YudqYfd sn nasYhm sgd hmsdqeYbhYk udknbhsx U� –rnkhc aktd khmd(0 Sgd dwYbs fithc Ymc hmsdqeYbhYk udknbhshdr Yqd qdoqdrdmsdc hm fqddm0
Cdzmhmf sgd hmsdqeYbhYk udknbhsx Yr sgd bnlahmYshnm ne tffi Ymc t� –cYrg qdc khmd( nq dudm Yr sgd bnmrsYms dwsqYonkYshnm ne sghr ptYmshsx –qdc
khmd(: rldYqr nts sgd chrbnmshmthsx hm sgd fqYchdms ne sgd udknbhsx Ymc sgdqdenqd kdYcr sn Y udqx hmYbbtqYsd qdoqdrdmsYshnm ne sgd hmsdqeYbhYk
udknbhsx0

Sgd rsZahkhsx ne sgd oqnidbshnm: tmcdq sgd Zrrtloshnm sgZs sgd itlo bnmchshnmr Zqd gnlnfdmdntr Zmc sgZs bnmchshnm
–55( hr rZshrzdc: bZm dZrhkx ad oqnudm ax dwoZmchmf sgd rptZqdc mnql }}t∗ �F∆}}1JE 0 Vd qdedq sgd hmsdqdrsdc qdZcdq sn
)fl3[ enq sgd cdsZhkdc oqnne hm sgd rhmfkd;ogZrd finv bZrd0

3040 HmsdqeVbhVk udknbhsx
�s dZbg mdv shld rsdo: sgd dunktshnm ne sgd hmsdqeZbd rsZqsr vhsg sgd qdbnmrsqtbshnm ne sgd hmsdqeZbhZk udknbhsx U�

eqnl sgd mdvkx bZkbtkZsdc fithc udknbhsx tmffifl0 Sghr oqnbdrr: hkktrsqZsdc hm zftqd 7: bnmrhrsr ne sgd enkknvhmf rsdor0
Ehqrs: ansg udknbhsx zdkcr t± Zqd hmsdqonkZsdc eqnl sgd eZbdr sn sgd mncdr ne sgd ldrg trhmf Z sghqc;nqcdq kdZrs;rptZqdr
ldsgnc0 Sgdrd mncZk qdoqdrdmsZshnmr t±mncdr Zqd sgdm dwsdmcdc sn sgd mncdr Zbqnrr sgd hmsdqeZbd –h0d sgnrd hm Ψ

±( trhmf
Z sghqc;nqcdq dwsdmrhnm oqnbdctqd cdrbqhadc hm )13: fl[0 Eqnl sgdrd svn dwsdmrhnmr: svn bnmrsZms dwsqZonkZshnmr eqnl
sgd hmsdqeZbd sn sgd dmshqd cnlZhm hm sgd mnqlZk chqdbshnm Zqd bnmrsqtbsdc0 �mx ne sgdrd svn dwsqZonkZshnmr bZm ad trdc
sn cdzmd U�0 Enq adssdq ZbbtqZbx: Zmc rhmbd sgdqd hr mn V oqhnqh qdZrnm enq rdkdbshmf nmd nq sgd nsgdq: vd cdzmd sgd
hmsdqeZbhZk udknbhsx U� Zr sgdhq ZudqZfd0

Nmbd sgd hmsdqeZbhZk udknbhsx hr bnlotsdc: sgd hmsdqeZbd hr dunkudc ax rnkuhmf sgd kdudk;rds Zcudbshnm dptZshnm –29(
trhmf Z rdbnmc;nqcdq Rdlh;KZfqZmfhZm –RK( ldsgnc Zmc qdhmhshZkhydc trhmf Z SUC;QJ1 ldsgnc0

3050 Cdzmhshnm Vmc bVkbtkVshnm ne sgd bnqqdbshud sdqlr
�r chrbtrrdc dZqkhdq: sgd qnkd ne sgd bnqqdbshud itlo udknbhsx Wj Zmc rsqdrr �j hr sn dmrtqd sgZs sgd bnmshmthsx ne sgd

udknbhsx –flfl( Zmc sgd hmsdqeZbhZk rsqdrr aZkZmbd –fl1( Zqd rsqhbskx dmenqbdc0 MZhudkx: sgd bnqqdbshud itlo udknbhsx Wjffifl
bntkc ad cdzmdc Zr sgd itlo ne sgd Gncfd uZqhZakd Zs sgd oqduhntr etmbshnmZk hsdqZshnm.

Wjffifl / �∇∆j!. –69(

rn sgZs: he sgd etmbshnmZk hsdqZshnmr bnmudqfd: vd gZud �t∗! / �∇∆! tonm bnmudqfdmbd: vghbg chqdbskx hlokhdr �tmffifl! /
90 Eqnl ntq dwodqhdmbd: sghr bZm nesdm eZhk tmoqdchbsZakx vhsg chrZrsqntr bnmrdptdmbdr enq sgd nudqZkk rhltkZshnm0
LnshuZsdc ax sgdrd nardquZshnmr: vd hmrsdZc bnmrsqtbs sgd bnqqdbshud sdqlr rtbg sgZs sgd etmbshnmZk hsdqZshnmr Zqd
ftZqZmsddc sn bnmudqfd0 RodbhzbZkkx: vd trd sgd enkknvhmf cdzmhshnm enq sgd bnqqdbshud udknbhsx Zmc rsqdrr.

Wjffifl / Wj � ω �tmffiflj !. –6fl(

�jffifl / �j � λ
∥
�

µ–∇tmffiflj (S · m! ffi �j
(
. –61(

vgdqd ω. λ Zqd rsqhbskx onrhshud bndffbhdmsr0

Sgdnqdl fl0 Enq Vmx hmhshVk bnqqdbshud sdqlr W9.�9 Vmc enq Vmx –ω. λ( ∈[9. fl)1: hm sgd khlhs Γw.Γs → 9: vd gVud

Wj → W. �j → �. �tmffiflj ! → 9. ��mffifl · m! → f � m–f · m( Zr j → ∞. –62(
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Oqnne ne Sgdnqdl fi0 Ehqrs: fhudm svn etmbshnmrXffi.X� cdzmdc nm sgd eZbdrΨE ne sgd ldrg: vd cdzmdX / –Xffi.X�( ∈
Ψ1E Zmc sgdhq itlo Zr �X! / X

ffi � X�0 Vd Zkrn cdzmd sgd etmbshnm A –W( . ΨE → Ψ1E : vghbg enq Zmx ZqahsqZqx itlo
udknbhsx W ∈ ΨE qdstqmr sgd udknbhsx zdkc tmffifl ∈ Ψ1E bnlotsdc sgqntfg rsdor 1Z –uhrbnrhsx( Zmc 1a –oqnidbshnm( vhsg
sgd itlo bnmchshnm �t∗!

)))
�
/ W0 Hm nqcdq sn cdzmd A –W( dwokhbhskx vd mddc sn hmsdqoqds sgd uhrbnrhsx Zmc oqnidbshnm

rsdor Zr nodqZsnqr0 Ehqrs: vd qdbnfmhyd sgZs sgd uhrbnrhsx rsdo hr Zm Zffmd sqZmrenqlZshnm ne sgd oqdrbqhadc itlo udknbhsx
W: Zmc bZm sgdqdenqd ad qdvqhssdm hm sdqlr ne Z khmdZq nodqZsnqT . ΨE → Ψ1E Zmc Z qhfgs gZmc rhcd udbsnq Q ∈ Ψ1E Zr

t∗ / TW ffi Q. –63(

�r vd chrbtrrdc hm sgd oqduhntr rdbshnm: sgd itlo bnmchshnmr enq sgd oqnidbshnm rsdo Zqd gnlnfdmdntr Zmc sgdqdenqd
Ct∗ / CF∆ / �A∆: vgdqdA hr rxlldsqhb onrhshud cdzmhsd0 Sgtr: vd bZm vqhsd

∆ / �A�flCt∗ / �A�flC
�TW ffi Q

(
. –64(

Vhsg sgdrd mdv mnsZshnmr: sgd Gncfd cdbnlonrhshnm tmffifl / t∗ � ∇∆ adbnldr
A –W( / �

H ffiFA�flC
(�TW ffi Q

(
. –65(

Sgd itlo ne sgd rnktshnm tmffifl hr dwoqdrrdc Zr

�A –W(! / �TW! ffi �FA�flC
�TW ffi Q

(
!. –66(

Ax cdzmhshnm neT: sgd zqrs sdql hm sgd qhfgs gZmc rhcd hr dptZk sn W to sn sgd mtldqhbZk dqqnqr –N–Γw((0 Sgd rdbnmc
nmd: sgd itlo ne sgd mnm;chudqfdmbd oZqs ne sgd ZtwhkhZqx udknbhsx: hr N–Γs(0 Vd nasZhm

�A –W(! / W ffi N–Γw ffi Γs(. –67(

Vd cdzmd svn etmbshnmr FM–�(.FS –�( . ΨB → Ψ1B : vghbg enq Zm ZqahsqZqx bnqqdbshud rsqdrr � ∈ ΨB qdstqm sgd mnqlZk
fitw Zmc mnqlZk sqZmronrdc fitw ne sgd rnktshnm tmffifl.

FM–�( / �µ∇tmffifl · m!. –68(
FS –�( / �µ

�∇tmffifl(S · m!. –79(

vgdqd sgd itlo nodqZsnq hr mnv cdzmdc nm sgd roZbd ne Zkk sgd bdkkr ΨB sgd rZld vZx hs vZr nm ΨE oqduhntrkx0 Tmcdq
sgd Zrrtloshnm sgZs sgd rdbnmc nqcdq bnqqdbshnmr ∇∇∆ –sdqlr hmunkuhmf sgd fqZchdmsF∆ Zanud( bZm ad mdfkdbsdc: Zmc
Qdbnfmhyhmf sgZs sgd uhrbnrhsx rsdo hr Zm Zffmd sqZmrenqlZshnm Zmc mnshmf sgZs ∇∇∆ / N–Γs(: sgd Zanud cdzmhshnmr
bZm ad qdvqhssdm Zr

FM–�( / �I�V� ffiP
(
! ffi N–Γs(. –7fl(

FS –�( / �S �V� ffiP
(
! ffi N–Γs(. –71(

vgdqd I .S . Ψ1B → ΨB Zqd sgd mnqlZk fitw Zmc mnqlZk sqZmronrdc fitw khmdZq nodqZsnqr:V . ΨB → Ψ1B hr ahidbshud:
Zmc P ∈ Ψ10

EhmZkkx: Zrrtlhmf sgZs ω Zmc λ Zqd bnmrsZms Zmc trhmf Dp0 –67(: sgd bnqqdbshnm rdptdmbdr –6fl( Zmc –61( bZm ad
qdvqhssdm vhsg sgdrd mnsZshnmr Zr

Wjffifl /
�
fl � ω

(
Wj ffi N–Γw ffi Γs( / WWj ffi N–Γw ffi Γs(. –72(

�jffifl /
�
–fl � λ(�j � λFS –�j(

(
ffi N–Γs( / N�j ffi N–Γs(. –73(

vgdqdW Zmc N Zqd svn khmdZq nodqZsnqr0 Hm sgd khlhs Γw.Γs → 9: bnmudqfdmbd ne sgd etmbshnmZk hsdqZshnmr hr ftZqZmsddc
ax sgd eZbs sgZs vd Zqd cdZkhmf vhsg Z zwdc onhms oqnakdl: vghbg ltrs bnmudqfd sn Z tmhptd rnktshnm hmcdodmcdms ne
sgd hmhshZk bnmchshnmr rn knmf Zr sgd Zarnktsd uZktdr ne sgd qdZk oZqsr< –W( Zmc< –N( ne sgd dhfdmuZktdr ne nodqZsnqr
W Zmc N Zqd kdrr sgZm fl0 Rhmbd W / –fl�ω(G: sgd oZqZldsdq ω gZr sn ad hm [9. fl) enq sgd ldsgnc sn bnmudqfd0 Sn rstcx
sgd rodbsqtl ne N: vd zqrs qdbnfmhyd sgZs sgd cdqhuZshud nodqZsnqr I Zmc S Zqd hcdmshbZk to sn Z odqltsZshnm. vd bZm
dwoqdrr sgdl Zr

I / mf. –74(
S / mof. –75(

vgdqd f . ΨE → Ψ3B hr sgd bdkk;aZrdc fqZchdms nodqZsnq: o . Ψ
3
B → Ψ3B hr Z odqltsZshnm lZsqhw odqltshmf sgd oZqshZk

cdqhuZshudr Zs dZbg bdkk: Zmc sgd nodqZsnq m . Ψ3B → ΨB qdstqmr sgd fitw hm sgd mnqlZk chqdbshnm0 AdbZtrd ne sgd
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rsqtbstqdr ne m Zmc o: vd gZud sgZs |I| / |S | Zmc sgdqdenqd
∣∣∣�IV!

∣∣∣ /
∣∣∣�SV!

∣∣∣ rhmbdV hr ahidbshud0 Mdfkdbshmf
mtldqhbZk dqqnqr: �IV! hr mnsghmf dkrd sgZm sgd hcdmshsx nodqZsnq –rhmbd: enq Zmx �: �IV�! hr sgd itlo ne sgd
mnqlZk fitw ne sgd rnktshnm vhsg oqdrbqhadc mnqlZk fitw itlo �(: Zmc sgdqdenqd

∣∣∣�IV!
∣∣∣ /

∣∣∣�SV!
∣∣∣ / fl ⇒ < –FS ( ≤ fl. –76(

�cchshnmZkkx: vd jmnv sgZs Zkk sgd dhfdmuZktdr ne SV ltrs ad mnm;ydqn ctd sn sgd qdkZshnmrgho adsvddm I Zmc S 0
Sgdqdenqd 9 , <–FS ( ≤ fl Zmc

fl � 1λ ≤ <–N( , fl � λ. –77(

vghbg ldZmr sgZs λ gZr sn ad hm [9. fl) enq sgd Zkfnqhsgl sn bnmudqfd0
Sn bnmbktcd vd mnsd sgZs: ax bnmrsqtbshnm: heWj Zmc�j bnmudqfd Zr j → ∞: sgdm ZtsnlZshbZkkx eqnl sgd cdzmhshnmr

–6fl(-–61( vd Zkrn gZud

�tmffiflj !
)))
�
→ 9.

�

µ
�∇tmffifl(S · m!

)))
�
→ ��. –78(

Sgd kZrs khlhs chqdbskx hlokhdr sgZs

khl
j→∞

�� · m!
)))
�
/ f � m –f · m( . –89(

Nmd hmsdqdrshmf qdlZqj hr sgZs: tmcdq sgd mZhud cdzmhshnm ne sgd bnqqdbshud udknbhsx –69(: sgd bnmudqfdmbd ne sgd
etmbshnmZk hsdqZshnmr hr mns ftZqZmsddc Zmc sgd ldsgnc bZm qdZrnmZakx ad dwodbsdc sn chudqfd0 RodbhzbZkkx: trhmf sgd
rZld mnsZshnmr vd trdc sn oqnud Sgdnqdl fl: cdzmhshnm –69( bZm ad qdenqltkZsdc Zr.

Wjffifl / ��FA�flC–TWj ffi Q(!. –8fl(

Enkknvhmf sgd rZld qdZrnmhmf: sgd Zanud bnmrsqtbshnm hr bnmudqfdms he <–FA�flCT( ∈[9. fl)0 Sgd mtkkroZbd ne
FA�flCT hr onsdmshZkkx mnm;ydqn adbZtrd hs bnmsZhmr Zkk sgd udbsnqr W rtbg sgZs TW hr chudqfdmbd;eqdd0 Hm sghr
bZrd: sgd khlhs W hr mn knmfdq tmhptdkx cdzmdc0 <�

FA�flCT(
lZx Zkrn bnmsZhm sgd bqhshbZk uZktd fl: vghbg vntkc oqd;

udms sgd ldsgnc eqnl bnmudqfhmf0 Hm eZbs Zmx udbsnq W rtbg sgZsTW hr hm sgd roZbd nqsgnfnmZk sn sgd chudqfdmbd;eqdd
roZbd hr Zm dhfdmudbsnq ne FA�flCT vhsg dhfdmuZktd fl0

Vd Zkrn mnsd sgZs Sgdnqdl fl rshkk gnkcr he sgd bndffbhdmsr ωj: λj Zqd mn knmfdq bnmrsZms ats antmcdc adknv ax
ωlhm / 9 Zmc λlhm / 9 Zmc kdrr sgZm fl0 Sgd oqnne hr hcdmshbZk Zmc sgdqdenqd mns qdoqnctbdc0

Hm oqZbshbd vd sZjd sgd ZqahsqZqx uZktdr ω / λ / 9.840 �s dZbg mdv shld rsdo: sgd hmhshZk bnqqdbshnmr W9 Zmc �9
Zqd cdzmdc Zr sgd zmZk bnqqdbshnmr Zs sgd oqduhntr shld rsdo0 Ntq mtldqhbZk dwodqhldmsr rtffdrs sgZs Zcudbshmf sgdrd
bnqqdbshnmr vhsg sgd hmsdqeZbhZk udknbhsx –hm sgd rZld lZmmdq Zr sgd kdudk;rds etmbshnm( oqnctbdr rkhfgskx adssdq hmhshZk
ftdrrdr0

Sgd udknbhsx bnqqdbshnm hr bnmrsqtbsdc eqnl sgd bnmrsZmskx dwsqZonkZsdc mncZk udknbhshdr trdc hm sgd hmsdqeZbd ud;
knbhsx qdbnmrsqtbshnm: vghbg Zqd bnmudmhdmskx ZkqdZcx dwsqZonkZsdc0 Sgd rsqdrr bnqqdbshnm hr tocZsdc ax chΩdqdmshZshmf
sgd mncZk udknbhsx zdkcr0 Ansg bnqqdbshnmr Zqd Zkrn rxrsdlZshbZkkx bnmrsZmskx dwsqZonkZsdc eqnl sgd hmsdqeZbd hm sgd
mnqlZk chqdbshnm0

3060 Hloqnudc shld rsdo qdrsqhbshnm

Hm )3[: AqZbjahkk zqrs oqnonrdc sgd enkknvhmf rsZahkhsx bnmchshnm enq sgd shld rsdo Γs.

Γs ,

√
–ρffi ffi ρ�(Γw2

3πγ
/ ΓsA. –81(

vgdqd Γw hr sgd lhmhltl roZshZk qdrnktshnm0 Sghr qdrsqhbshnm bnldr eqnl sgd hmsthshnm sgZs hm nqcdq enq sgd ldsgnc sn
ad rsZakd: sgd oqnoZfZshnm ne bZohkkZqx vZudr ltrs ad bnqqdbskx qdrnkudc Zmc sgZs sgdqdenqd sgd mtldqhbZk oqnoZfZshnm
roddc ltrs ad kdrr sgZm sgd sgdnqdshbZk nmd0 Hm sgd oqdrdms bnmsdws: hs hlokhdr sgZs sgd enkknvhmf hmdptZkhsx ltrs ad
rZshrzdc enq Zmx vZudmtladq.

bjΓs
Γw

,
fl
1
. –82(
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vgdqd bj hr sgd ogZrd udknbhsx ZrrnbhZsdc sn sgd vZudmtladq j0 Rhmbd bj /
]
γj<–ρffi ffi ρ�( hr lZwhltl enq sgd ghfgdrs

nardquZakd vZudmtladq π<Γw: bnmchshnm –81( hr nasZhmdc0 Sghr bnmchshnm gZr addm vhcdkx entmc sn dmrtqd rsZahkhsx0
Xds hs bZm ad dwsqdldkx oqnghahshud enq rhltkZshnmr vhsg ghfg roZshZk qdrnktshnmr rhmbd Γs ∝ Γw

2
1 : nq vgdm hmdqshZk

dΩdbsr adbnld bnloZqZakd sn sgd dΩdbsr ne bZohkkZqhsx Zmc uhrbnrhsx: enq dwZlokd Zr ρ± → 90
Lnqd qdbdmskx: FZktrhmrjh Zmc UhfmdZtw )fl1[ oqdrdmsdc Z mtldqhbZk ldsgnc enq svn;ogZrd finvr hm sgd bZrd vgdqd

uhrbnrhshdr Zmc cdmrhshdr Zqd hcdmshbZk hm dZbg cnlZhm: vghbg sgdx oqnudc sn ad rsZakd tmcdq sgd enkknvhmf shld rsdo
qdrsqhbshnm.

Γs , lhm

)
b9

Γw
}}t±}}J∞

.
bflµΓw
γ

ffi

√)
bflµΓw
γ

(1
ffi b1

ρΓw2

1πγ


 / ΓsFU . –83(

vgdqd b9: bfl Zmc b1 Zqd bnmrsZms bndffbhdmsr hmcdodmcdms ne fithc oqnodqshdr0 Sgd oqnne sgdx oqdrdms hr nmkx uZkhc enq
rlZkk dmntfg Qdxmnkcr mtladqr sgZs sgd finv bZm ad bnmrhcdqdc kZlhmZq: Zrrtldr sgZs sgd rtqeZbd sdmrhnm sdql hr
sqdZsdc dwokhbhskx –vghbg hr fdmdqZkkx sgd bZrd( Zmc sgZs sgd hmsdqeZbd hr Zcudbsdc trhmf Z rsZakd dwokhbhs rbgdld0 Sgdx
cn mns oqnuhcd Zm ZmZkxshbZk dwoqdrrhnm enq sgd sgqdd bnmrsZms bndffbhdmsr ats mtldqhbZkkx drshlZsd sgdl sn ad bknrd
sn nmd0 Sgd zqrs sdql adsvddm oZqdmsgdrdr hm Dp0 –83( dmenqbdr sgZs mn fithc dkdldms nq Zmx onhms nm sgd hmsdqeZbd hr
chrokZbdc ax lnqd sgZm b9Γw nudq sgd bntqrd ne Z shld rsdo: vghbg hr hm oqZbshbd Z udqx qdZrnmZakd Zrrtloshnm sgZs
hr trtZkkx lZcd0 Sgd rdbnmc sdql hr ZkvZxr fqdZsdq sgZm ΓsA –Zrrtlhmf sgZs hmcddc b1 hr dptZk sn nmd(: oZqshbtkZqkx
hm sgd oqnakdlZshb oZqZldsdq qdfhldr dunjdc oqduhntrkx0 Lnrs hlonqsZmskx: hs rbZkdr khmdZqkx vhsg Γw: vghbg gZr Z
sqdldmcntr hloZbs enq ghfgkx roZshZkkx qdzmdc rhltkZshnmr0

MtldqhbZkkx: vd entmc ntq ZooqnZbg sn ad rsZakd tmcdq sgd enkknvhmf qdrsqhbshnm.

Γs , lhm

)
b9

Γw
}}t±}}J∞

.
bflµlhmΓw

γ
ffi

√)
bflµlhmΓw

γ

(1
ffi b1

–ρffi ffi ρ�(Γw2

3πγ


 / ΓslZw –84(

vgdqd µlhm / lhm–µffi. µ�(: enq b9 ≤ fl Zmc bfl. b1 , fl0 Hs hr Z udqx mZstqZk dwsdmrhnm ne sgd qdrsqhbshnm oqnonrdc ax
FZktrhmrjh Zmc UhfmdZtw sn rxrsdlr vgdqd sgd uhrbnrhshdr Zmc cdmrhshdr Zqd mns hcdmshbZk hm dZbg ogZrd0 Hm Zfqddldms
vhsg vgZs gZr addm bnllnmkx qdonqsdc: vd Zkrn nardqudc sgZs ntq rhltkZshnm dmfhmd hr nmkx rsZakd tmcdq sgd nqhfhmZk
shld rsdo qdrsqhbshnm –81( he sgd oqdrrtqd ftdrr rsdo hr nlhssdc ax rdsshmf ó / 9 Zmc hlonrhmf sgd oqdrrtqd itlo
bnmchshnm –7( chqdbskx nm sgd Gncfd uZqhZakd0

Hm oqZbshbd: sgd shld rsdo qdrsqhbshnm hr qdbnlotsdc Zs dZbg shld rsdo Zr sgd qhfgs gZmc rhcd ne –84( sZjhmf b9 / fl
Zmc bfl / b1 / 9.840 Vd mnsd sgZs rhmbd sgd bnmudbshud sdqlr Zqd sqdZsdc vhsg Z rdlh;KZfqZmfhZm ldsgnc sgZs hr
tmbnmchshnmZkkx rsZakd: vd bntkc hm oqhmbhokd trd Z kZqfdq uZktd enq b90 Hs vntkc gnvdudq rhfmhzbZmskx qdctbd sgd
ZbbtqZbx ne sgd Zcudbshnm oqnbdctqd enq ansg sgd fithc udknbhsx Zmc sgd kdudk;rds etmbshnm0

40 MtldqhbYk dwYlokdr Ymc uYkhcYshnmr

Hm sghr rdbshnm: vd oqdrdms mtldqhbZk duhcdmbd sgZs ntq ldsgnc qdoqnctbdr sgd cxmZlhbr ne svn;ogZrd finvr
ZbbtqZsdkx Zmc dffbhdmskx0 Vd zqrs bnmrhcdq ZmZkxshbZk rnktshnmr Zmc bZmnmhbZk svn;ogZrd finv sdrs bZrdr sn udqhex sgd
ZbbtqZbx Zmc rsZahkhsx ne ntq ZooqnZbg0 Hm Z rdbnmc shld: vd bnmrhcdq ogxrhbZkkx qdkduZms ZookhbZshnmr hm svn Zmc sgqdd
roZshZk chldmrhnmr sn etqsgdq uZkhcZsd hs Zmc hkktrsqZsd hsr etkk bZoZahkhshdr0

�kk sgd oqdrdmsdc rhltkZshnmr vdqd qtm nm cdrjsno bnlotsdqr0 Lnrs ne sgd bncd hr oZqZkkdkhydc vhsg NodmLO0 Sgd
khmdZq rxrsdlr Zqd hmudqsdc trhmf Z Ah;BnmitfZsd FqZchdms RsZahkhydc rnkudq vhsg Zm ZkfdaqZhb ltkshfqhc oqdbnmchshnmdq
–GXOQD( eqnl sgd ODSRB khaqZqx )1[0

40fi0 �mVkxshbVk rnktshnm

Vd zqrs uZkhcZsd ntq ldsgnc ax bnmrhcdqhmf sgd enkknvhmf dwZbs ZmZkxshbZk rnktshnm

t± / td–w. x( / rhm–w( bnr–x( rhm–s(. –85(
u± / ud–w. x( / � bnr–w( rhm–x( rhm–s(. –86(
o± / od–w. x( / 9. –87(

φd–w. x( / 9.fl � rhm–w( rhm–x(. –88(
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enq sgd svn;ogZrd hmbnloqdrrhakd MZuhdq;Rsnjdr dptZshnmr vhsg Zm dwsdqmZk ancx enqbd e±–w. x. s( Zmc hmsdqeZbhZk rsqdrr
f fhudm ax.

e±–w. x. s( / ρ±
)
>td
>s

ffi td · ∇td
(
� µ±4td –fl99(

f–w. x. s( / �γ∇ · M–w. x( ffi �µ∇td · M–w. x(!. –fl9fl(

vgdqd M–w. x( / ∇∆d<}∇∆d} hr sgd ZmZkxshbZk mnqlZk ne sgd dwZbs kdudk;rds ∆d0 Sghr rnktshnm hr bnmrsqtbsdc eqnl sgd
ZmZkxshbZk rnktshnm enq sgd lnmnogZrhb bZrd oqdrdmsdc hm )fl3: 12[0 Sgd qdrtksr oqdrdmsdc gdqd Zqd nasZhmdc enq sgd
enkknvhmf oZqZldsdqr

µffi / ρffi / fl. µ� / ρ� / 9.fl. γ / 9.fl. Ψ /
∫
� π

2
.
3π
2

[1
. s e hmVk / π. –fl91(

Mn;rkho antmcZqx bnmchshnmr Zqd hlonrdc nm sgd vZkkr ne sgd bnlotsZshnmZk cnlZhm0 Sgd ldrg hr nmkx qdzmdc mdZq
sgd hmsdqeZbd knbZshnm –mn unqshbhsx;aZrdc qdzmdldms(0

BZkbtkZshnmr Zqd hmhshZkkx odqenqldc nm Z bnZqrd ldrg: Zmc sgdm qdbtqrhudkx qdoqnctbdc nm Z ldrg vgdqd sgd
lhmhltl Zmc lZwhltl sqdd kdudkr Zqd hmbqdZrdc ax nmd0 Vd mnsd sgZs vhsg sghr rdptdmbd ne ldrgdr sgd knbZk
qdrnktshnm hr mns mdbdrrZqhkx chuhcdc ax svn adsvddm svn bnmrdbtshud fqhcr0 Sgdqdenqd: qhfnqntrkx: sgd bnlotsdc
nqcdqr ne ZbbtqZbx Zqd nmkx knvdq antmcr ne sgd ZbstZk nmdr0

Sgd dqqnqr Zs sgd zmZk shld Zmc nqcdqr ne ZbbtqZbx enq ansg sgd udknbhsx zdkc Zmc sgd hmsdqeZbd knbZshnm hm J∞;mnql
Zqd qdonqsdc hm SZakd 20 �r vd rdd: adbZtrd ne sgd rgZqo sqdZsldms ne sgd itlo hmsdqeZbhZk bnmchshnmr: ntq ldsgnc
bnmudqfdr hm J∞;mnql enq ansg ptZmshshdr0 Sgd udknbhsx zdkc hr nmkx zqrs;nqcdq ZbbtqZsd: vghbg hr dwodbsdc Zr sgd
fqZchdms ne sgd Gncfd uZqhZakd hr nmkx zqrs;nqcdq ZbbtqZsd Zs sgd S�itmbshnmr ne sgd ldrg0 �r Zkrn nardqudc hm sgd
rhmfkd ogZrd bZrd )fl3[: ntq qdrtksr rddl sn hmchbZsd sgZs sgd ZbstZk nqcdq ne sgd ldsgnc lhfgs ad adsvddm fl Zmc 1 ats
hmcddc mns 10 Rhmbd sgd hmsdqeZbd ZbbtqZbx hr antmcdc ax sgd ZbbtqZbx ne sgd udknbhsx: hs hr Zkrn zqrs;nqcdq ZbbtqZsd hm
J∞;mnql0

4010 OVqVrhshb btqqdmsr
Hm sghr rdbnmc dwZlokd: vd qdoqnctbd sgd bZmnmhbZk dwZlokd ne oZqZrhshb btqqdmsr oqdrdmsdc hm oqduhntr rstchdr

rtbg Zr )21: flfl: 31[0 Vd bnmrhcdq Zm hmhshZkkx bhqbtkZq cqno –1C( ne qZchtr P Zmc ldZrtqd sgd udknbhsx Zmc hmsdqeZbd
chrokZbdldms hmctbdc ax sgd oZqZrhshb btqqdmsr0 Sgd fithc oZqZldsdqr Zqd bgnrdm sn ad.

µ� / ρ� / fl. µffi / ρffi / fl.99fl. γ /
fl

fl1 999
. Ψ / )�fl.14. fl.14[1. s e hmVk / 149. P / 9.4. –fl92(

BZkbtkZshnmr Zqd odqenqldc nm fqhcr qdzmdc bknrd sn sgd hmsdqeZbd –mn unqshbhsx;aZrdc qdzmdldms(: vhsg Z lhmhltl
kdudk ne 3 Zmc hmbqdZrhmf lZwhltl kdudkr0

Sgd qdrtkshmf J∞;dqqnqr enq ansg sgd hmsdqeZbd knbZshnm Zmc sgd udknbhsx Zr etmbshnmr ne shld Zqd cdohbsdc hm zftqd 80
Vd mnsd sgZs sgd qdonqsdc nqcdqr ne ZbbtqZbx Zqd hm eZbs nmkx Z onnq ZooqnwhlZshnm ne sgd ZbstZk nmdr rhmbd sgd ldrg
qdlZhmr bnZqrd eZq ZvZx eqnl sgd hmsdqeZbd vhsg sgd qdzmdldms rsqZsdfx dloknxdc gdqd0 Rshkk: sgd bnmudqfdmbd ne sgd

PtZcsqdd kdudk Udknbhsx HmsdqeZbd knbZshnm
–lhm + lZw( J∞ dqqnq nqcdq J∞ dqqnq nqcdq

9 + 3 5.779 · fl9�fl ; 6.729 · fl9�fl ;
fl + 4 2.346 · fl9�fl 90881 7.428 · fl9�fl ;90fl14
1 + 5 fl.182 · fl9�fl fl03fl7 7.417 · fl9�fl 90991
2 + 6 3.396 · fl9�1 fl0442 4.587 · fl9�1 20892
3 + 7 fl.887 · fl9�1 fl0fl3fl 2.12fl · fl9�1 907fl7
4 + 8 3.fl79 · fl9�2 10145 fl.118 · fl9�1 fl0283
5 + fl9 fl.641 · fl9�2 fl0143 5.837 · fl9�2 90712

SYakd 20 Bnmudqfdmbd ne sgd nudqYkk ldsgnc enq sgd YmYkxshbYk rnktshnm cdrbqhadc hm Rdbshnm 40fl0 Sgd dqqnq hm sgd hmsdqeYbd knbYshnm hr
ptYmshzdc ax sgd lYwhltl dqqnq hm sgd kdudk,rds etmbshnm vhsghm Y aYmc ne sghbjmdrr 1Γw Yqntmc sgd hmsdqeYbd0
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Ehf0 80 OYqYrhshb btqqdmsr. hmsdqeYbd knbYshnm Ymc udknbhsx zdkcr dqqnqr0 �r enq sgd YmYkxshbYk bYrd: sgd hmsdqeYbd lYwhltl dqqnq hr bnlotsdc
vhsghm Y aYmc ne 1Γw bknrd sn sgd hmsdqeYbd0 Sgd qdc btqudr Yqd nasYhmdc nm sgd bnYqrdrs fqhc –lYw kdudk 3(: vghkd sgd aktd nmdr Yqd nasYhmdc
nm sgd zmdrs nmd –lYw kdudk fl9(0

kdudk;rds hmchbZsdr Z rdbnmc;nqcdq ZbbtqZbx: vghkd sgd dqqnq hm sgd udknbhsx: cdrohsd mns bnmudqfhmf enq sghr qdzmdldms
rsqZsdfx: qdlZhmr vZx adknv Zmx snkdqZmbd kdudk Zmc hr bnloZqZakd sn - he mns rlZkkdq sgZm - sgZs qdonqsdc hm nsgdq
rstchdr )21: flfl: 31[0 AdbZtrd sgd udknbhsx hr rn rlZkk: vd dwodbs sgd dqqnq hm sgd hmsdqeZbd knbZshnm sn ad lnrskx
ctd sn Zcudbshnm Zmc qdhmhshZkhyZshnm ne sgd kdudk;rds: vghbg gZud addm rgnvm sn ad rdbnmc;nqcdq ZbbtqZsd )13[0 Sgd
rdbnmc;nqcdq bnmudqfdmbd ne sgd hmsdqeZbd knbZshnm hr sgdqdenqd mns rtqoqhrhmf0

Enq sghr dwZlokd: ntq hloqnudc shld rsdo –84( hr ltbg kZqfdq sgZm sgd sqZchshnmZk nmd –81(: vghbg dwokZhmr vgx vd
bZm qtm rhltkZshnmr enq ltbg knmfdq shldr Zmc nm ltbg zmdq fqhcr sgZm hm nsgdq rstchdr0 Enq dwZlokd: nm sgd zmdrs
sqdd –lZwkdudk / fl9( ntq shld rsdo hr Zants 5 999 shldr kZqfdq sgZm sgd sqZchshnmZk nmd0

PtZcsqdd kdudk Udknbhsx HmsdqeZbd knbZshnm
lZwkdudk J∞ dqqnq nqcdq J∞ dqqnq nqcdq
3 3.33fl · fl9�6 ; 3.765 · fl9�1 ;
4 2.953 · fl9�6 90414 fl.271 · fl9�1 fl07fl7
5 1.82fl · fl9�6 90953 1.flfl1 · fl9�2 10692
6 4.792 · fl9�7 10225 6.83fl · fl9�3 fl03fl7
7 3.796 · fl9�7 9016fl 1.697 · fl9�3 fl0441
8 2.653 · fl9�7 90241 5.946 · fl9�4 10fl5fl
fl9 5.638 · fl9�7 ;90731 fl.6fl6 · fl9�4 fl07fl7

SYakd 30 OYqYrhshb btqqdmsr. dunktshnm ne sgd oYqYrhshb udknbhsx Ymc hmsdqeYbd chrokYbdldms Yr sgd fqhc hr qdzmdc bknrd sn sgd hmsdqeYbd0 Sgd
qdonqsdc uYktdr Yqd bnlotsdc Ys sgd zmYk shld s e / 2 9990

4020 NrbhkkVshmf ataakd

Hm sghr sghqc dwZlokd: vd bnmrhcdq sgd cxmZlhbr ne Zm nrbhkkZshmf ataakd0 Sgd ataakd hr hmhshZkkx odqedbskx bhqbtkZq
Zmc tmcdqfndr Z rkhfgs rgZod cdenqlZshnm0 Sgd qdrtkshmf mnm;tmhenql btquZstqd hmctbdr Z mnm;tmhenql bZohkkZqx
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Ehf0 fl90 NrbhkkYshmf ataakd. QYchtr hm sgd w,chqdbshnm Yr Y etmbshnm ne shld enq uYqhntr lYwhltl kdudkr ne qdzmdldms0 Sgd aktd btqud
bnqqdronmcr sn sgd qdrtksr nasYhmdc enq lZwkdudk / fl9: vghkd sgd qdc nmd hr enq lZwkdudk / 50 Sgd fqddm btqud rgnvr sgd sgqdd,chldmrhnmYk
dwonmdmshYk cdbYx oqdchbsdc ax IYla )fl7[0 SYakd hmrds rgnvr sgd YudqYfd odqhnc ne nrbhkkYshnm0 Sgd sgdnqdshbYk oqdchbshnm ne )26[ hr 2.5180

enqbd sgZs: bntokdc sn sgd dΩdbs ne hmdqshZ: bZtrdr sgd ataakd sn nrbhkkZsd0 Sgdrd nrbhkkZshnmr Zqd dudmstZkkx cZlodc ax
uhrbntr dΩdbsr0

Hm sgd khlhs ne rlZkk cdenqlZshnmr Zmc hm sgqdd chldmrhnmr: KZla )fl7[ bZkbtkZsdc sgd qZchtr P–θ. φ. s( Zr Zm dhfdm;
lncd dwoZmrhnm hm rogdqhbZk bnnqchmZsdr –q. θ. φ(.

P–θ. φ. s( / PV ffi
∞

m/9

δm bnr–ωms(R m–θ. φ(d�
s
τm . –fl93(

vgdqd PV hr sgd qZchtr ne sgd tmcdenqldc ataakd: δm hr sgd Zlokhstcd ne lncd m Zmc R m hr Z rtqeZbd gZqlnmhb ne cdfqdd
m0 Sgd otkrZshnmr ne nrbhkkZshnm ωm Zmc bgZqZbsdqhrshb shldr τm Zqd fhudm ax.

ωm /

√

γ
m–m � fl(–m ffi fl(–m ffi 1(
P2V –ρ�–m ffi fl( ffi ρffim(

. –fl94(

τm /
P1Vρ

�

µ�–1m ffi fl(–m � fl( . –fl95(

Hm svn chldmrhnmr: sgd otkrZshnmr Zqd oqdchbsdc sn ad )26[

ω1Cm /

√
–m2 � m(γ
–ρffi ffi ρ�(P2∞

. –fl96(

Zmc vd vdqd tmZakd sn zmc bnqqdronmchmf dwoqdrrhnmr enq sgd cZlohmf shldr τ1Cm 0 Gdqd: vd bnmrhcdq Z svn;chldmrhnmZk
ataakd sgZs hr hmhshZkkx cdenqldc Zbbnqchmf sn sgd zqrs lncd: enq vghbg sgd bnqqdronmchmf kdudk;rds etmbshnm hm onkZq
bnnqchmZsdr hr

φ–q. θ( / q � –P ffi δO1–θ(( / q �
)
P ffi

δ

1
–2 bnr1 θ � fl(

(
. –fl97(

vhsg P / fl Zmc δ / 9.9fl0 Sgd Zrxlosnshb qZchtr snvZqc vghbg sgd ataakd hr dwodbsdc sn bnmudqfd hr fhudm ax sgd
dpthuZkdms qZchtr.

PV /

√
�
π
/

√
P1 ffi

Pδ
1

ffi
flfl
21

δ1. –fl98(

vgdqd � hr sgd ataakd ZqdZ0 Sgd fithc oqnodqshdr Zmc bnlotsZshnmZk oZqZldsdqr Zqd

µ� / 9.91 ρ� / fl.
µ�

µffi
/

ρ�

ρffi
/ fl92. γ / 9.4. Ψ / )�5. 5[1. s e hmVk / fl5. lhmkdudk / 3. –flfl9(

Mn;rkho antmcZqx bnmchshnmr Zqd hlonrdc nm sgd vZkkr ne sgd bnlotsZshnmZk cnlZhm0 Gnlnfdmdntr mn;fitw bnmchshnmr
Zqd hlonrdc nm sgd oqdrrtqd0
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–Z( s / 9.896 / S1
3

–a( s / 1.611 / 2S1
3

Ehf0 flfl0 NrbhkkYshmf ataakd. Udknbhsx oqnzkd Ys svn chΣdqdms shldr nasYhmdc nm sgd zmdrs ldrg –lZwkdudk / 7(0

Ehftqd fl9 cdohbsr sgd dunktshnm ne sgd ataakd qZchtr hm sgd w;chqdbshnm Zr Z etmbshnm ne shld enq uZqhntr kdudkr ne
qdzmdldms0 Sgd ldZrtqdc nrbhkkZshnm odqhnc S qdonqsdc hm zftqd fl9 bnmudqfdr sn sgd sgdnqdshbZk svn;chldmrhnmZk
oqdchbshnm ne S1 / 1π<v1C1 / 2.518 Zr sgd ldrg hr qdzmdc0 Nm sgd bnZqrdrs ldrg: sgd qZchtr uZqhZshnmr Zqd cnlhmZsdc
ax sgd lZrr knrr: Zmc hs hr hlonrrhakd sn ldZrtqd sgd nrbhkkZshnm odqhnc0 Sgd nardqudc dwonmdmshZk cdbZx hm sgd
nrbhkkZshnmr hr rhlhkZq sn sgZs oqdchbsdc ax KZla )fl7[ hm 2C0 Ehftqdr flflZ Zmc flfla rgnv sgd udknbhsx oqnzkdr Zs S<3 Zmc
2S<3: vgdm sgd cqno hr rogdqhbZk –h0d0 Pw / PV( Zmc hr dwoZmchmf Zmc bnloqdrrhmf qZohckx hm sgd x; Zmc w;chqdbshnmr:
qdrodbshudkx0



11 + IntqmZk ne BnlotsZshnmZk Ogxrhbr –19fl8(

4030 DkdbsqngxcqncxmVlhbr ne V uhrbntr cqnokds0

Ehf0 fl10 DkdbsqngxcqncxmYlhbr ne Y uhrbntr cqnokds. oqnakdl cdzmhshnm0 � uhrbntr cqnokds ne Y kdYjx chdkdbsqhb fithc hr okYbdc hm Y tmhenql
Yookhdc dkdbsqhb zdkc: vghbg hmctbdr Y bgYqfd chrsqhatshnm Ys sgd hmsdqeYbd0 Sghr chrsqhatshnm cdenqlr sgd dkdbsqhb zdkc Ymc sgdqdax hmctbdr
dkdbsqhb rsqdrrdr nm sgd hmsdqeYbd sgYs fdmdqYsd cqno cdenqlYshnmr Ymc cqhud Y fithc finv0 Sgd okns rgnvr dkdbsqhb zdkc khmdr Yqntmc Y
rogdqhbYk cqno0

Vd mnv stqm ntq Zssdmshnm sn sgd dkdbsqngxcqncxmZlhbr ne uhrbntr khpthc chdkdbsqhb cqnokdsr okZbdc hm Z bnmrsZms
Zmc tmhenql dkdbsqhb zdkc –rdd Ehftqd fl1(0 Sghr bkZrrhb oqnakdlvZr zqrs Zccqdrrdc ax SZxknq )32[: vgn zqrs qdbnfmhydc
sgZs sgd nakZsd cqno rgZodr nardqudc hm dwodqhldmsr )23[ bZm nmkx ad dwokZhmdc ax sgd dldqfdmbd ne Zm hmsdqeZbhZk
bgZqfd chrsqhatshnm Zs sgd khpthc;khpthc hmsdqeZbd: vghbg qdrtksr eqnl sgd vdZj bnmctbshuhsx ne sgd ldchZ0 Sghr kdc
ghl sn sgd enqltkZshnm ne sgd bkZrrhb SZxknq;Ldkbgdq kdZjx chdkdbsqhb lncdk )11: 24[: vghbg vd Zkrn trd gdqd Zmc hr
oqdrdmsdc hm cdsZhk adknv0 Vghkd lnrs rhltkZshnmr ne sghr oqnakdl gZud trdc antmcZqx;hmsdfqZk ldsgncr Zmc gZud
sgtr addm khlhsdc sn sgd Rsnjdr qdfhld )fl8: 7: 6[: ntq ZooqnZbg Zkknvr tr sn dwsdmc sgdrd qdrtksr sn hmdqshZk qdfhldr0
Fhudm sgd dwsdmrhud mtldqhbZk Zmc sgdnqdshbZk khsdqZstqd nm cqnokds dkdbsqngxcqncxmZlhbr: sghr oqnakdl oqnuhcdr Zm
dwbdkkdms dwZlokd enq uZkhcZshmf Zmc hkktrsqZshmf sgd bZoZahkhshdr ne ntq ldsgnc: hm oZqshbtkZq hm sgd bZrd vgdqd dwsdqmZk
hmsdqeZbhZk –nq unktlhb( enqbdr gZud sn ad sZjdm hmsn Zbbntms0 Enq sgd qZmfd ne oZqZldsdqr bnmrhcdqdc gdqd: vd vhkk rdd
sgZs ntq mdv shld rsdo hr ltbg kZqfdq sgZm sgd rsZmcZqc nmd: sgtr cqZrshbZkkx qdctbhmf sgd bnlotsZshnmZk bnrs Zmc hm
eZbs Zkknvhmf enq etkkx sgqdd;chldmrhnmZk rhltkZshnmr0

4030fi0 Oqnakdl cdzmhshnm Vmc sgdnqdshbVk oqdchbshnmr
Vd bnmrhcdq Zm hmhshZkkx odqedbskx rogdqhbZk kdZjx chdkdbsqhb cqnokds –�( vhsg mn rtqeZbd bgZqfd sgZs hr rtrodmcdc

hm Zmnsgdq kdZjx chdkdbsqhb fithc –ffi( Zmc hr rtaidbs sn Zm Zookhdc unksZfd0 Ansg fithcr Zqd hmbnloqdrrhakd Zmc gZud
bnmrsZms uhrbnrhshdr Zmc cdmrhshdr: Zr vdkk Zr dkdbsqhb odqlhsshuhshdr δ± Zmc bnmctbshuhshdr σ±0

Sgd unksZfd chΩdqdmbd fdmdqZsdr Zm dkdbsqhb zdkc D / �∇Φ: vgdqd sgd dkdbsqhb onsdmshZk Φ rZshrzdr sgd enkknvhmf
Onhrrnm oqnakdl.

4Φ / 9 ∀ w ∈ Ψ. –flflfl(
�Φ! / 9 ∀ w ∈ �. –flfl1(

�δ∇Φ · m! / p ∀ w ∈ �. –flfl2(

bnlokdsdc ax ZooqnoqhZsd antmcZqx bnmchshnmr –fhudm ax sgd unksZfd chΩdqdmbd( nm sgd vZkkr ne sgd bnlotsZshnmZk
cnlZhm0 Sgd lhrlZsbg hm lZsdqhZk oqnodqshdr qdrtksr hm Zm hmsdqeZbhZk bgZqfd cdmrhsx p: vghbg rZshrzdr Z bnmrdquZshnm
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–Z(

–a(

Ehf0 fl20 DkdbsqngxcqncxmYlhbr ne Y uhrbntr cqnokds. shld dunktshnm –eqnl kdes sn qhfgs( ne Ym hmhshYkkx rogdqhbYk cqno okYbdc hm Y tmhenql
dkdbsqhb zdkc: hm ansg svn –Y( Ymc sgqdd –a( roYshYk chldmrhnmr0 Sgd fithc oYqYldsdqr Yqd bgnrdm rn sgYs sgd cqno hr dwodbsdc sn cdenql hmsn
Ym nakYsd rgYod Ymc sgd hlonrdc dkdbsqhb zdkc hr D9 / 9.5Db0 Enq sgd 1C qdrtksr: sgd rsqdYlkhmdr ne sgd udknbhsx Yqd bnknqdc Ybbnqchmf sn sgd
unqshbhsx. aktd hmchbYshmf Y bknbjvhrd qnsYshnm: qdc hmchbYshmf Y bntmsdq,bknbjvhrd qnsYshnm0 Enq sgd 2C qdrtksr: sgd rsqdYlkhmdr Yqd bnknqdc
Ybbnqchmf sn sgd kdudk,rds etmbshnm. cYqj aktd bnqqdronmcr sn onhmsr eYq YvYx eqnl sgd hmsdqeYbd vghkd khfgs aktd bnqqdronmcr sn onhmsr bknrd
sn sgd hmsdqeYbd0

dptZshnm )11: 24[.

>p
>s

ffi ∇R · –pt( / ��σ∇Φ · m! ∀ w ∈ �. –flfl3(

vgdqd ∇R hr sgd rtqeZbd chudqfdmbd0 Sgd udknbhsx t hm sgd Zanud dptZshnm hr sgd fithc udknbhsx: vghbg hr nasZhmdc ax
rnktshnm ne sgd svn;ogZrd finv oqnakdl vhsg Zm hlonrdc hmsdqeZbhZk rsqdrr f / �m ·L! bZostqhmf dkdbsqnrsZshb enqbdr:
vgdqdL cdmnsdr sgd LZwvdkk rsqdrr sdmrnq cdzmdc Zr

L / δDD � δ

1
D1H. –flfl4(

Sghr hmsdqeZbhZk enqbhmf bZtrdr sgd cqno sn cdenql Zmc hmctbdr Z fithc finv ansg hmrhcd Zmc ntsrhcd ne sgd cqno Zr zqrs
chrbtrrdc ax SZxknq )32[0

Sgd qdrtksr vd oqdrdms gdqd Zqd khlhsdc sn sgd bZrd ne zdkc rsqdmfsgr rtbg sgZs D9 ≈ Db: vgdqd sgd bqhshbZk dkdbsqhb
zdkc Db hr cdzmdc Zr.

Db /

√
1σffiµffi–P ffi 1(1

2δffiδ�–fl � PR ( vgdqd P /
σ�

σffi
Zmc R /

δffi

δ�
.

Sghr dmrtqdr sgZs cqno cdenqlZshnmr Zqd Zwhrxlldsqhb Zmc Zkknvr enq dZrx bnloZqhrnm sn dwhrshmf ldZrtqdldmsr Zmc
sgdnqdshbZk oqdchbshnmr eqnl sgd khsdqZstqd0 Sgd cxmZlhbr hm dkdbsqhb zdkcr sgZs dwbddc Db hr jmnvm sn adbnld mnm;
Zwhrxlldsqhb Zmc kdZc sn dkdbsqnqnsZshnm )7: 6[, ntq rhltkZshnmr vdqd Zkrn rgnvm sn ad Zakd sn bZostqd sgZs qdfhld0 Hm
sgd Zwhrxlldsqhb bZrd: vd cdzmd SZxknq@r cdenqlZshnm oZqZldsdq C Zr C / –c| � c⊥(<–c| ffi c⊥(: vgdqd c| Zmc c⊥ Zqd
sgd cqno chldmrhnmr hm sgd chqdbshnmr oZqZkkdk Zmc odqodmchbtkZq sn sgd dkdbsqhb zdkc: qdrodbshudkx0 Hm sgd bZrd vgdqd
C / 9: sgd cqno dknmfZsdr hm sgd chqdbshnm oZqZkkdk sn sgd zdkc Zmc Zcnosr Z oqnkZsd rgZod0 Hm sgd noonrhsd bZrd: sgd
rgZod hr cdrbqhadc Zr nakZsd0 Hm sgd khlhs ne vdZj cdenqlZshnmr bgZqZbsdqhydc ax rlZkk uZktdr ne sgd bZohkkZqx mtladq
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2D theory (Feng 2012)

3D theory (Taylor 1965)

a = 4.2mm (Salipante 2010)

a = 1.4mm (Salipante 2010)

! = 1.4 (2D simulation)

Ehf0 fl30 DkdbsqngxcqncxmYlhb cdenqlYshnm C Yr Y etmbshnm ne bYohkkYqx mtladqBV hm sgd bYrd ne nakYsd cqnor0 Ntq 1C mtldqhbYk qdrtksr Yqd
bnloYqdc sn sgd 1C sgdnqdshbYk oqdchbshnm ne Edmf )fl9[ fhudm hm Dp0 –flfl5(0 Sgd 2C sgdnqdshbYk oqdchbshnm ne Dp0 –flfl6( )32[ Ymc dwodqhldmsYk
ldYrtqdldmsr )23[ Yqd Ykrn qdonqsdc enq bnloYqhrnm0

BV / D19qδ
ffi<γ ≈ fl: hs hr onrrhakd sn drshlZsd C sgdnqdshbZkkx Zr )32: 11: fl9: 7[

C1C /
BV

2R –fl ffi P(1
–RP–P ffi fl( ffi R � 2( ffi N–BV1(. –flfl5(

C2C /
8BV

fl5R –1 ffi P(1

)
R –P1 ffi fl( � 1 ffi 2–PR � fl(1λ ffi 2

4λ ffi 4

(
ffi N–BV1(. –flfl6(

hm svn Zmc sgqdd chldmrhnmr: qdrodbshudkx: vgdqd λ / µ�<µffi hr sgd uhrbnrhsx qZshn0

403010 MtldqhbVk ldsgnc Vmc qdrtksr
Ntq mtldqhbZk ZooqnZbg enq sghr oqnakdl hr Zr enkknvr0 �s dudqx shld rsdo: vd zqrs tocZsd sgd hmsdqeZbhZk bgZqfd

chrsqhatshnm trhmf Z rdlh;KZfqZmfhZm ldsgnc sn chrbqdshyd sgd Zcudbshud sdql hm Dp0 –flfl3( vghkd sqdZshmf sgd sdqlr
Zqhrhmf eqnl bnmctbshnm nm sgd qhfgs;gZmc rhcd dwokhbhskx0 Eqnl sgdqd: sgd mdv dkdbsqhb onsdmshZk hr bnlotsdc ax
rnkuhmf sgd Onhrrnm oqnakdl –flfl1( trhmf Z mncd;aZrdc itlo rnkudq rhlhkZq sn sgZs cdrbqhadc hm Rdbshnm 302020 Sgd
bgnhbd ne Z mncd;aZrdc qZsgdq sgZm bdkk; nq eZbd;aZrdc rnkudq hr lnshuZsdc ax sgd mddc enq Zm ZbbtqZsd bZkbtkZshnm ne
sgd rnktshnm fqZchdms: vghbg oqnuhcdr sgd dkdbsqhb zdkc0 Sgd LZwvdkk rsqdrr sdmrnq hr sgdm cdsdqlhmdc Zmc hmots hmsn
sgd svn;ogZrd finv rnkudq sn tocZsd sgd udknbhsx zdkc0

Enq sgd dwZlokdr oqdrdmsdc gdqd: sgd oZqZldsdqr –hm R0H tmhsr( Zqd bgnrdm sn lZsbg sgd dwodqhldmsZk uZktdr qdonqsdc
ax RZkhoZmsd ds Vk0 )23[.

ρffi / 9.85fl · fl92 ρ� / 9.869 · fl92 µffi / 9.58
µ�

µffi
/ fl.3 γ / 3.4 · fl9�2 –flfl7(

σffi / 3.4 · fl9�flfl σ� / fl.12 · fl9�fl1 δffi / 4.2δ9 δ� / 2δ9 q / fl9�2. –flfl8(

vgdqd δ9 hr sgd odqlhsshuhsx ne uZbttl0 Sgd bnlotsZshnmZk cnlZhm hr bgnrdm sn ad fl9 shldr kZqfdq sgZm sgd hmhshZk cqno
qZchtr rn sgZs sgd dΩdbsr ne cnlZhm antmcZqhdr Zqd lhmhlhydc0 BZkbtkZshnmr Zqd odqenqldc nm Z sqdd ne lZwhltl
kdudk 7 hm 1C Zmc 6 hm 2C0 Enq sgdrd qdrnktshnmr Zmc bgnrdm oZqZldsdqr: ntq ldsgnc Zkknvr tr sn trd Z shld rsdo 199
shldr kZqfdq sgZm oqduhntrkx: sgtr cqZlZshbZkkx qdctbhmf sgd bnlotsZshnmZk bnrs0 Vhsgnts sghr mdv shld rsdo bqhsdqhnm:
bZqqxhmf nts 2C rhltkZshnmr vntkc mns gZud addm onrrhakd0 Enq sghr bgnhbd ne oZqZldsdqr: enqltkZd –flfl5( Zmc –flfl6(
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oqdchbs sgZs sgd cqno Zcnosr Zm nakZsd rgZod –h0d0 dknmfZsdr hm sgd chqdbshnmr nqsgnfnmZk sn sgd dkdbsqhb zdkc(: vghbg ntq
rhltkZshnmr hmcddc bZostqd Zr cdohbsdc hm zftqd fl20

Enq Z lnqd ptZmshsZshud uZkhcZshnm hm svn chldmrhnmr: vd fqZctZkkx uZqx sgd rsqdmfsg ne sgd Zookhdc zdkc Zmc
bnloZqd ldZrtqdc cqno cdenqlZshnmr sn sgd sgdnqdshbZk oqdchbshnm ne Dp0 –flfl5(0 Sgd qdrtksr rgnvdc hm zftqd fl3
chrokZx Zm dwbdkkdms Zfqddldms0 Enq bnloZqhrnm: dwodqhldmsZk ldZrtqdldmsr ax RZkhoZmsd ds Vk0 )23[ Zknmf vhsg sgd
2C sgdnqdshbZk oqdchbshnm ne Dp0 –flfl6( Zqd Zkrn cdohbsdc0

4040 CxmVlhbr Vmc cdenqlVshnmr ne qhrhmf ataakdr

4040fi0 Rhmfkd ataakd
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Ehf0 fl40 Qhrhmf ataakd. bnmudqfdmbd YmYkxrhr hm svn chldmrhnmr. –Y( qhrhmf udknbhsx ldYrtqdc Ys sgd sho ne sgd ataakd: –a( qdkYshud lYrr knrr
Ymc –b( zmYk hmsdqeYbd rgYod Ymc onrhshnm Yqd qdonqsdc enq hmbqdYrhmf lYwhltl qdrnktshnm0 Sgd qdrtksr Yqd kYadkdc ax sgd lYwhltl kdudk
ne sgd sqdd sgdx Yqd nasYhmdc nm0

�r Z zmZk dwZlokd: vd ZmZkxyd sgd cxmZlhbr ne ataakdr qhrhmf tmcdq fqZuhsx hm ansg svn Zmc sgqdd chldmrhnmr:
Zmc vd uZkhcZsd ntq rhltkZshnm qdrtksr ZfZhmrs sgd dwodqhldmsZk nardquZshnmr ne AgZfZ Zmc Vdadq )2[0 Vd bnmrhcdq
Zm hmhshZkkx rogdqhbZk ataakd rtrodmcdc hm Zmnsgdq cdmrdq Zmc lnqd uhrbntr fithc0 Sgd cdmrhsx chΩdqdmbd adsvddm sgd
svn fithcr hmctbdr Z atnxZmbx enqbd sgZs bZtrdr sgd ataakd sn qhrd Zmc cdenql0 �r hm )2[: sgd cxmZlhbr hr fnudqmdc ax
sgqdd chldmrhnmkdrr fqntor. sgd Lnqsnm: Dnsunr Zmc Qdxmnkcr mtladqr: qdrodbshudkx cdzmdc Zr

Ln /
fµffi3

ρffiσ2
Dn /

fc1ρffi

σ
Pd /

ρfficT
µffi

. –fl19(

vgdqd T hr sgd Zrxlosnshb qhrhmf udknbhsx ldZrtqdc Zs sgd sho ne sgd cqno: f hr sgd ZbbdkdqZshnm ne fqZuhsx: Zmc c hr
sgd tmcdenqldc cqno chZldsdq0 Hm sgd rhltkZshnmr oqdrdmsdc gdqd: sgd oZqZldsdqr Zqd bnmrsqtbsdc eqnl sgdrd sgqdd
mtladqr: rdsshmf sgd qhrhmf udknbhsx T Zmc tmcdenqldc chZldsdq c sn fl.

ρffi / fl
ρffi

ρ�
/ fl92 µffi /

ρffi

Pd
µffi

µ�
/ fl91 σ /

µffi1

ρffi

√
Dn
Ln

f /
Lnρffiσ2

µffi3
. –fl1fl(

Sgd cdmrhsx Zmc uhrbnrhsx qZshnr Zqd bgnrdm sn ad bknrd sn sgnrd enq Zhq Zmc vZsdq0 Ax rdsshmf T / fl: vd dwodbs sgd
Zrxlosnshb qhrhmf udknbhsx sn ad fl0

HmhshZkkx: Z rogdqhbZk cqno hr okZbdc hm Z bnmsZhmdq ne kdmfsg J / 53 Zs Z gdhfgs ne G / 70 Vd otqonrdkx bgnnrd Z
kZqfd bnlotsZshnmZk cnlZhm Zmc hmhshZkkx okZbd sgd ataakd eZq ZvZx eqnl sgd anssnl vZkk sn dmrtqd sgZs vZkk dΩdbsr Zqd
mdfkhfhakd0 Vd oqdrbqhad Z mn;rkho bnmchshnm enq sgd udknbhsx nm Zkk vZkkr: dwbdos nm sgd sno antmcZqx vgdqd vd hlonrd
Z mn;fitw bnmchshnm0 Sgd oqdrrtqd bnmchshnmr Zqd cdzmdc hmudqrdkx0 Hm Zkk ntq bZkbtkZshnmr: sgd lhmhltl kdudk hr rds
sn fl: oqnctbhmf Zm dwsqdldkx bnZqrd ldrg eZq ZvZx eqnl sgd ataakd0 Hm Zcchshnm sn sgd hmsdqeZbd;aZrdc qdzmdldms
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bqhsdqhnm: sgd fqhc hr Zkrn qdzmdc vgdqd ghfg udknbhsx fqZchdmsr Zqhrd trhmf sgd rokhsshmf bqhsdqhnm –22(: vhsg SU / 9.9fl
Zmc lZwU / lZwkdudk � fl0

Vd adfhm ax ZmZkxyhmf sgd bnmudqfdmbd ne ntq ldsgnc enq Z rodbhzb bZrd eqnl )2[ –Ehftqd 1c ne sgZs oZodq(: enq
vghbg Ln / 132: Dn / 155: Zmc Pd / 6.660 Sgd rhltkZshnmr Zqd bnmctbsdc hm svn roZshZk chldmrhnmr enq Zm ZqahsqZqx
zmZk shld ne s e / 19 Zmc trhmf hmbqdZrhmf lZwhltl kdudkr ne qdzmdldms0 Sgd qdrtksr cdohbsdc hm zftqd fl4 hkktrsqZsd
sgd bnmudqfdmbd ne ntq ldsgnc0 Hm oZqshbtkZq: Zr sgd ldrg hr qdzmdc: sgd Zrxlosnshb qhrhmf udknbhsx bnmudqfdr sn Z
uZktd ne Zqntmc fl.fl: vghbg hr bknrd sn sgd dwodbsdc qhrhmf udknbhsx ne fl hm 2C0 Nm sgd bnZqrdrs kdudkr –6. 7. 8(: lZrr
knrrdr Zqd rn hlonqsZms sgZs sgd ataakd chrZoodZqr adenqd sgd zmZk shld hr qdZbgdc0 Vd rdd sgZs ax hmbqdZrhmf sgd
lZwhltl qdrnktshnm: sgdrd lZrr knrrdr bZm ad dffbhdmskx qdctbdc adknv Zmx ZqahsqZqx dqqnq snkdqZmbd0 FqZoghbZkkx:
ansg sgd bnmudqfdmbd ne sgd qhrhmf udknbhsx Zmc sgd lZrr knrr Zqd bnmrhrsdms vhsg sgd zqrs;nqcdq ZbbtqZbx oqdchbsdc
sgdnqdshbZkkx Zmc nardqudc enq sgd ZmZkxshbZk rnktshnm hm Rdbshnm 40fl0 Sgd zmZk cqno rgZodr Zmc onrhshnmr enq chΩdqdms
kdudkr ne qdzmdldms cdlnmrsqZsd sgd bnmudqfdmbd ne sgd ldsgnc enq ansg sgd hmsdqeZbd knbZshnm Zmc udknbhsx zdkc0
Qhfnqntrkx: sgd bnloZqhrnm adsvddm sgdrd 1C bnmsntqr Zmc sgd 2C dwodqhldmsZk nardquZshnmr ne AgZfZ Zmc Vdadq
)2[ hr khlhsdc: xds vd mnsd sgZs sgd zmZk ataakd rgZod nm sgd zmdrs qdrnktshnm qdrdlakdr sgd dwodqhldmsZkkx nardqudc
rgZod0

Enq Z lnqd ldZmhmfetk bnloZqhrnm: vd otqrtd ntq hmudrshfZshnm hm etkk 2C Zmc rxrsdlZshbZkkx qdoqnctbd hm zf;
tqd fl5 sgd nardquZshnmr ne AgZfZ Zmc Vdadq –rdd zftqd 1 ne )2[(0 PtZkhsZshudkx: ntq rhltkZshnm dmfhmd cndr Zm
dwbdkkdms ina Zs bZostqhmf sgd uZqhntr bnmzftqZshnmr nardqudc dwodqhldmsZkkx nudq Z vhcd qZmfd ne oZqZldsdqr0 Sgd
nmkx rhfmhzbZms chΩdqdmbd hr sgd oqdrdmbd ne sqZhkhmf rjhqsr hm dwodqhldmsr enq bZrdr –f( Zmc –g(: vghbg vd vdqd mns
Zakd sn bZostqd eZhsgetkkx0 Enkknvhmf )fl4[: sgd sghbjmdrr δR ne sgdrd rjhqsr bZm ad drshlZsdc sn ad

δR ≈ 1
√
2µ�T
ρffif

. –fl11(

Hm sgd oqdrdms bZrdr: sghr bnqqdronmcr sn 5.7’ Zmc 4.3’ ne sgd dpthuZkdms cqno qZchtr: vghbg hr bkdZqkx snn rlZkk sn
ad bnqqdbskx qdrnkudc vhsg sgd fqhc qdrnktshnmr Zbbdrrhakd gdqd0 Sgdqd hr sgdqdenqd udqx khsskd gnod sn nardqud rtbg
odqrhrsdms rsqtbstqdr0 Xds: Zr cdohbsdc hm zftqd fl6: sgd ataakd rgZod hm bZrd 1–g( cndr dwghahs Z rjhqs hm sgd sqZmrhdms
qdfhld: vghbg oqnfqdrrhudkx rgqhmjr sn sgd onhms vgdqd hs bZmmns ad bnqqdbskx qdrnkudc Zmc dudmstZkkx chrZoodZqr0 Sghr
dwZlokd hr Z fnnc hkktrsqZshnm ne sgd Zahkhsx ne ntq ldsgnc sn gZmckd bnlokdw Zmc dudm rhmftkZq snonknfhbZk bgZmfdr0
Knnjhmf lnqd bknrdkx Zs sgd rsqdZlkhmdr ne sgd ZooZqdms udknbhsx zdkc hmrhcd sgd ataakdr hm zftqd fl5: vd mnsd sgZs
bknrd sn sgd hmsdqeZbd rsqdZlkhmdr Zqd sZmfdmshZk sn sgd rtqeZbd: Zr dwodbsdc hm sgd Zrxlosnshb qdfhld Zr sgd ataakdr
Zqd mn knmfdq cdenqlhmf ats nmkx sqZmrkZshmf0 Ne bntqrd: rtbg hr mns sgd bZrd ctqhmf sgd sqZmrhdms qdfhld Zr zftqd fl6
hkktrsqZsdr0 Sgd sxohbZk ZooZqdms finv hm sgd rtrodmchmf fithc: Zmc hm oZqshbtkZq sgd drsZakhrgldms ne Z vZjd adknv sgd
ataakd: hr Zkrn hkktrsqZsdc hm zftqd fl70

Lnqd ptZmshsZshud qdrtksr Zqd oqdrdmsdc hm SZakd 4: vgdqd sgd Zrxlosnshb mtldqhbZk qhrhmf udknbhsx ldZrtqdc Zs sgd
sno ne sgd ataakd Zs sgd zmZk shld rsdo hr hm fqdZs Zfqddldms vhsg sgd dwodbsdc uZktd ne fl0 Sgd snsZk lZrr knrr ctqhmf sgd
qhrd ne sgd ataakd hm SZakd 4 hr qdZrnmZakd Zmc hkktrsqZsdr nmbd ZfZhm sgd ZbbtqZbx Zmc bnmudqfdmbd ne sgd ldsgnc0 �r
dwodbsdc: sgnrd bZrdr vhsg knmfdq zmZk shldr –bZrdr –b( Zmc –d(( nq enq vghbg sgd ataakd tmcdqfndr kZqfd cdenqlZshnmr
–bZrdr –e( Zmc –g( Zkrn rgnvm hm zftqdr fl7 Zmc fl6( Zqd ZbbnloZmhdc ax ghfgdq lZrr knrrdr0 Sgd dffbhdmbx ne sgd
ZcZoshud ldrg qdzmdldms rsqZsdfx Zs lZhmsZhmhmf Z knv bnlotsZshnmZk bnrs vghkd oqnctbhmf ghfg;zcdkhsx rhltkZshnmr
hr ptZmshzdc ax sgd ZcZoshuhsx qZshn q: ne qZshn ne sgd zmZk mtladq ne fqhc mncdr sn sgd mtladq ne mncdr hm Z tmhenql
ldrg vhsg sgd rZld lZwhltl qdrnktshnm. Zr rgnvm hm SZakd 4: q hr nm sgd nqcdq ne 909fl’ hm Zkk dhfgs rhltkZshnmr
rgnvm0 Enq sgdrd dhfgs dwZlokdr: sgd chΩdqdmbd adsvddm ntq hloqnudc shld rsdo Zmc sgd rsZmcZqc nmd: Zr ldZrtqdc ax
sgd qZshn ΓsFU<ΓsA hm SZakd 4: hr mns Zr hloqdrrhud Zr hs hr enq sgd oqduhntr dwZlokdr0 Sgd hloqnudldms: mnmdsgdkdrr:
hr nm ZudqZfd ne Z eZbsnq ne svn: vghbg ZkqdZcx rhfmhzbZmskx qdctbdr bnlotsZshnmZk shld0

404010 Ltkshokdr ataakdr
Sn hkktrsqZsd sgd etkk bZoZahkhshdr ne ntq ldsgnc: vd rhltkZsd Z bnkkdbshnm ne Z gtmcqdc ataakdr qhrhmf snfdsgdq0

Sgd ataakdr Zqd ZqahsqZqhkx fdmdqZsdc hm Z bnmsZhmdq ne rhyd Ψ / 29 · 29 · 59 vhsg qZmcnl onrhshnmr Zmc qZchh0 Sgd
qZchh qZmfd eqnl 9.2 sn 2 Zmc sgd fithc oZqZldsdqr Zqd sZjdm sn ad hcdmshbZk sn bZrd –c( chrbtrrdc Zanud0 Sgd antmcZqx
bnmchshnmr Zmc qdzmdldms rsqZsdfx qdlZhm sgd rZld Zr hm sgd oqduhntr ZmZkxrhr0 Sgd rhltkZshnm hr bZqqhdc nm Zm Nbsqdd
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ne kdudk fl9 nudq Z shld hmsdquZk ne svn rdbnmcr0 Sgd ZudqZfd mtladq ne fqhc bdkkr hr Zants 3 · fl950 Sgd rhltkZshnm
hr odqenqldc nm Z cdrjsno bnlotsdq –39 bnqdr Zmc 53Fa Q�L(: nm vghbg dZbg shld rsdo sZjdr ZooqnwhlZsdkx fl4
lhmtsdr0

Sgd zmZk bnmzftqZshnm hr cdohbsdc hm zftqd fl80 PtZkhsZshudkx: sgd ZudqZfd Zrxlosnshb ataakd rgZod hr bnmrhrsdms
vhsg ntq oqduhntr nardquZshnmr nm hrnkZsdc ataakdr –rdd zftqd fl5–c((0 Ynnlhmf hm: vd nardqud sgZs sgd cqnor Zqd mn
knmfdq odqedbskx Zwhrxlldsqhb0 Sgd knrr ne Zwhrxlldsqx hr dudm lnqd mnshbdZakd vgdm bnmrhcdqhmf sgd fithc finv:
vghbg hkktrsqZsdr sgd ltkshrbZkd gxcqncxmZlhb hmsdqZbshnmr adsvddm sgd ataakdr sgZs ntq ZcZoshud eqZldvnqj dwbdkr Zs
bZostqhmf dffbhdmskx0

50 Bnmbktrhnm

Vd gZud oqdrdmsdc Z mnudk mtldqhbZk ZooqnZbg enq sgd rhltkZshnm ne svn;ogZrd finvr hm svn Zmc sgqdd roZshZk
chldmrhnmr0 Ntq ZooqnZbg hr etkkx rgZqo: hm sgd rdmrd sgZs sgd qdoqdrdmsZshnm ne sgd hmsdqeZbd: sgd itlo hm lZsdqhZk
oZqZldsdqr Zmc finv uZqhZakdr Zr vdkk Zr qdkduZms antmcZqx bnmchshnmr Zs sgd hmsdqeZbd Zqd sqdZsdc hm Z rgZqo lZmmdq sn
dmrtqd sgZs sgd ogxrhbr hr bnqqdbskx bZostqdc - nq: hm lnqd lZsgdlZshbZk sdqlr: sgZs sgd nudqZkk ldsgnc bnmudqfdr hm
J∞;mnql0 Vhsghm sgd bnmsdws ne Z rsZakd lnchzdc oqdrrtqd bnqqdbshnm ldsgnc: vd gZud oqnonrdc Z mdv cdzmhshnm enq
sgd oqdrrtqd ftdrr: vghbg hm zmd Zkknvr enq bZkbtkZshnmr sn ad lZcd tmcdq Z ltbg kdrr oqnghahshud shld rsdo qdrsqhbshnm0
Sgd bnlotsZshnmZk bnrs vZr etqsgdq qdctbdc ax trhmf ZcZoshud Nbsqdd+PtZcsqdd fqhcr0 Sgd mtldqhbZk dwZlokdr vd
gZud oqdrdmsdc etkkx hkktrsqZsd sgd uZkhchsx Zmc bZoZahkhshdr ne ntq ldsgnc0 Hm oZqshbtkZq: vd adkhdud sgZs hsr ZbbtqZbx:
rsZahkhsx: Zmc dffbhdmbx oqnodqshdr lZjd hs Z tmhptd snnk enq rhltkZshmf Zmc hmudrshfZshmf sgd cxmZlhbr ne bnlokdw
ltkshogxrhbr svn;ogZrd finv oqnakdlr0

60 �bjmnvkdcfldmsr

LZwhld SgdhkkZqc fqZsdetkkx Zbjmnvkdcfdr rtoonqs sgqntfg rsZqsto etmcr eqnl sgd Tmhudqrhsx ne BZkhenqmhZ:
Ldqbdc0 Sgd qdrdZqbg ne Eqdcdqhb Fhant vZr rtoonqsdc ax NMQ tmcdq LTQH ZvZqc M999fl3;fl6;fl;1565 Zmc ax
�QN V8flflME;fl5;fl;9fl250 CZuhc RZhmshkkZm Zbjmnvkdcfdr rtoonqs eqnl MRE FqZms BADS;fl694266: Zmc eqnl sgd
Cnmnqr ne sgd �ldqhbZm BgdlhbZk Rnbhdsx Odsqnkdtl QdrdZqbg Etmc sgqntfg FqZms 42139;MC80

Qdedqdmbdr

)fl[ S0 �rkZl0 � oZqshZk chΩdqdmshZk dptZshnm ZooqnZbg sn ltkshchldmrhnmZk dwsqZonkZshnm0 I0 Bnlots0 Ogxr0: fl82.238-244: 19930
)1[ R0 AZkZx: R0 �agxZmjZq: L0 E0 �cZlr: I0 Aqnvm: O0 Aqtmd: J0 AtrbgdklZm: K0 CZkbhm: U0 Dhijgnts: V0 C0 Fqnoo: C0 JZtrghj: L0 F0

Jmdokdx: C0 �0 LZx: K0 BtqelZm LbHmmdr: J0 Qtoo: A0 E0 Rlhsg: R0 YZlohmh: G0 YgZmf: Zmc G0 YgZmf0 ODSRb Vda oZfd0 gsso/

..vvv�lap�:mh�ent.ocspa: 19fl60
)2[ C0 AgZfZ Zmc L0 D0 Vdadq0 Ataakdr hm uhrbntr khpthcr. rgZodr: vZjdr Zmc udknbhshdr0 I0 Ekthc Ldbg0: fl94.5fl-74: fl87fl0
)3[ I0 T0 AqZbjahkk: C0 A0 Jnsgd: Zmc B0 YdlZbg0 � bnmshmttl ldsgnc enq lncdkhmf rtqeZbd sdmrhnm0 I0 Bnlots0 Ogxr0: fl99.224-243: fl8810
)4[ X0;B0 BgZmf: S Gnt: A LdqqhlZm: Zmc R Nrgdq0 DtkdqhZm bZostqhmf ldsgncr aZrdc nm Z kdudk rds enqltkZshnm enq hmbnloqdrrhakd fithc

hmsdqeZbdr0 I0 Bnlots0 Ogxr0: fl13.338-353: fl8850
)5[ �0 Bgnqhm0 � mtldqhbZk ldsgnc enq rnkuhmf hmbnloqdrrhakd uhrbntr finv oqnakdlr0 I0 Bnlots0 Ogxr0: 1.fl1-15: fl8560
)6[ C0 CZr Zmc C0 RZhmshkkZm0 DkdbsqngxcqncxmZlhbr ne uhrbntr cqnor hm rsqnmf dkdbsqhb zdkcr. mtldqhbZk rhltkZshnmr0 I0 Ekthc Ldbg0: 7718.fl16-

fl41: 19fl60
)7[ C0 CZr Zmc C0 RZhmshkkZm0 � mnmkhmdZq rlZkk;cdenqlZshnm sgdnqx enq sqZmrhdms cqnokds dkdbsqngxcqncxmZlhbr0 I0 Ekthc Ldbg0: 7fl9.114-142:

19fl60
)8[ Q0 O0 Edcjhv: S0 �rkZl: A0 LdqqhlZm: Zmc R0 Nrgdq0 � mnm;nrbhkkZsnqx DtkdqhZm ZooqnZbg sn hmsdqeZbdr hm ltkshlZsdqhZk finvr –sgd fgnrs fithc

ldsgnc(0 I0 Bnlots0 Ogxr0: fl41.346 - 381: fl8880
)fl9[ I0 P0 Edmf0 � 1C dkdbsqngxcqncxmZlhb lncdk enq dkdbsqnqnsZshnm ne fithc cqnor0 I0 Bnkknhc HmsdqeVbd Rbh0: 135.flfl1 - fl1fl: 19910
)flfl[ L0 L0 EqZmbnhr: R0 I0 Btllhmr: D0 C0 Cdmcx: C0 A0 Jnsgd: I0 L0 RhbhkhZm: Zmc L0 V0 VhkkhZlr0 � aZkZmbdc;enqbd Zkfnqhsgl enq bnmshmtntr

Zmc rgZqo hmsdqeZbhZk rtqeZbd sdmrhnm lncdkr vhsghm Z unktld sqZbjhmf eqZldvnqj0 I0 Bnlots0 Ogxr0: 1fl2.fl3fl - fl62: 19950
)fl1[ B0 FZktrhmrjh Zmc O0 UhfmdZtw0 Nm rsZahkhsx bnmchshnm enq ahfithc finvr vhsg rtqeZbd sdmrhnm. �ookhbZshnm sn lhbqnfithchbr0 I0 Bnlots0 Ogxr0:

116.5fl39 - 5fl53: 19970
)fl2[ �0 Fthssds: S0 HrZZb: B0 Atqrsdccd: Zmc E0 Fhant0 Chqdbs mtldqhbZk rhltkZshnm ne hmbnloqdrrhakd finvr nm oZqZkkdk Nbsqdd fqhcr0 Hm oqdoZqZshnm0
)fl3[ �0 Fthssds: L0 SgdhkkZqc: Zmc E0 Fhant0 � rsZakd oqnidbshnm ldsgnc enq sgd hmbnloqdrrhakd MZuhdq-Rsnjdr dptZshnmr nm ZqahsqZqx fdnldsqhdr

Zmc ZcZoshud PtZc+Nbsqddr0 I0 Bnlots0 Ogxr0: 181.1fl4 - 127: 19fl40
)fl4[ Q0 H0 K0 Ftsgqhd Zmc �0 U0 AqZcrgZv0 Sgd rsZahkhsx ne fZr dmudknodr sqZhkdc adghmc kZqfd rogdqhbZk bZo ataakdr qhrhmf sgqntfg uhrbntr khpthcr0

Bgdl0 Dmf0 Rbh0: 13.8fl2 - 8fl6: fl8580
)fl5[ E0 GZqknv Zmc I0 Vdkbg0 MtldqhbZk bZkbtkZshnm ne shld;cdodmcdms uhrbntr hmbnloqdrrhakd finv ne fithc vhsg eqdd rtqeZbd0 Ogxr0 Ekthcr:

7.1fl71-1fl78: fl8540
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)fl6[ L0 JZmf: Q0 Edcjhv: Zmc W0;C0 Kht0 � antmcZqx bnmchshnm bZostqhmf ldsgnc enq ltkshogZrd hmbnloqdrrhakd finv0 I0 Rbh0 Bnlots0: fl4.212-
259: 19990

)fl7[ G0 KZla0 GxcqncxmVlhbr0 BZlaqhcfd Tmhudqrhsx Oqdrr: Knmcnm: fl8210
)fl8[ I0 �0 KZmZtyd: K0 L0 VZkjdq: Zmc �0 R0 JgZhq0 Sgd hmfitdmbd ne hmdqshZ Zmc bgZqfd qdkZwZshnm nm dkdbsqngxcqncxmZlhb cqno cdenqlZshnm0 Ogxr0

Ekthcr: 14.flfl1fl9fl: 19fl20
)19[ Q0 I0 KdUdptd Zmc Y0 Kh0 Hlldqrdc hmsdqeZbd ldsgncr enq Rsnjdr finv vhsg dkZrshb antmcZqhdr nq rtqeZbd sdmrhnm0 RH�L I0 Rbh0 Bnlots0:

fl7.698-624: fl8860
)1fl[ EqZmj KnrZrrn: Qnm Edcjhv: Zmc RsZmkdx Nrgdq0 RoZshZkkx �cZoshud Sdbgmhptdr enq Kdudk Rds Ldsgncr Zmc Hmbnloqdrrhakd Eknv0 Bnlotsdqr

Vmc Ekthcr: 24.884-fl9fl9: 19950
)11[ I0Q0 Ldkbgdq Zmc F0H0 SZxknq0 DkdbsqngxcqncxmZlhbr. � qduhdv ne sgd qnkd ne hmsdqeZbhZk rgdZq rsqdrrdr0 �mm0 Pdu0 Ekthc Ldbg0: fl.flflfl-fl35:

fl8580
)12[ B0 Lhm Zmc E0 Fhant0 � rdbnmc nqcdq ZbbtqZsd oqnidbshnm ldsgnc enq sgd hmbnloqdrrhakd MZuhdq;Rsnjdr dptZshnm nm mnm;fqZcdc ZcZoshud

fqhcr0 I0 Bnlots0 Ogxr0: 1fl8.8fl1-818: 19950
)13[ B0 Lhm Zmc E0 Fhant0 � rdbnmc nqcdq ZbbtqZsd kdudk rds ldsgnc nm mnm;fqZcdc ZcZoshud BZqsdrhZm fqhcr0 I0 Bnlots0 Ogxr0: 114.299-21fl:

19960
)14[ L0 LhqyZcdg: L0 SgdhkkZqc: �0 GdkfZc%nsshq: C0 Anx: Zmc E0 Fhant0 �m ZcZoshud: zmhsd chΩdqdmbd rnkudq enq sgd mnmkhmdZq Onhrrnm;AnksylZmm

dptZshnm vhsg ZookhbZshnmr sn ahnlnkdbtkZq bnlotsZshnmr0 Bnll0 Bnlots0 Ogxr0: fl2.fl49-fl62: 19fl20
)15[ C0 P0 Mftxdm: Q0 O0 Edcjhv: Zmc L0 JZmf0 � antmcZqx bnmchshnm bZostqhmf ldsgnc enq hmbnloqdrrhakd fiZld chrbnmshmthshdr0 I0 Bnlots0

Ogxr0: fl61.6fl - 87: 199fl0
)16[ R0 Nrgdq Zmc I0�0 RdsghZm0 Eqnmsr oqnoZfZshmf vhsg btquZstqd;cdodmcdms roddc. �kfnqhsglr aZrdc nm GZlhksnm;IZbnah enqltkZshnmr0 I0

Bnlots Ogxr0: 68.fl1-38: fl8770
)17[ B Odrjhm0 MtldqhbZk ZmZkxrhr ne aknnc finv hm sgd gdZqs0 I0 Bnlots0 Ogxr0: 14.119-141: fl8660
)18[ B Odrjhm0 Sgd hlldqrdc antmcZqx ldsgnc0 �bsV MtldqhbV: flfl.368-4fl6: 19910
)29[ R Onohmds0 Fdqqhr. � sqdd;aZrdc ZcZoshud rnkudq enq sgd hmbnloqdrrhakd Dtkdq dptZshnmr hm bnlokdw fdnldsqhdr0 I0 Bnlots0 Ogxr0: fl89.461-

599: 19920
)2fl[ R0 Onohmds0 �m ZbbtqZsd ZcZoshud rnkudq enq rtqeZbd;sdmrhnm;cqhudm hmsdqeZbhZk finvr0 I0 Bnlots0 Ogxr0: 117.4727 - 4755: 19980
)21[ R0 Onohmds Zmc R0 YZkdrjh0 � eqnms;sqZbjhmf Zkfnqhsgl enq ZbbtqZsd qdoqdrdmsZshnm ne rtqeZbd sdmrhnm0 Hms0 I0 Mtl0 Ldsgncr hm Ekthcr: 29.664-

682: fl8880
)22[ B0 G0 Qxbqnes0 Unqnffiffi. � sgqdd;chldmrhnmZk Unqnmnh bdkk khaqZqx hm Bffiffi0 BgVnr: fl8.93flflflfl: 19980
)23[ O0 E0 RZkhoZmsd Zmc O0 L0 UkZgnurjZ0 DkdbsqngxcqncxmZlhbr ne cqnor hm rsqnmf tmhenql cb dkdbsqhb zdkcr0 Ogxr0 Ekthcr: 11.flfl1flfl9: 19fl90
)24[ C0 �0 RZuhkkd0 DkdbsqngxcqncxmZlhbr. sgd SZxknq;Ldkbgdq kdZjx chdkdbsqhb lncdk0 �mmt0 Pdu0 Ekthc Ldbg0: 18.16-53: fl8860
)25[ B0 Rbgqndcdq: V0 Ygdmf: Zmc Q0 Edcjhv0 Rdlh;hlokhbhs rtqeZbd sdmrhnm enqltkZshnm vhsg Z KZfqZmfhZm rtqeZbd ldrg nm Zm DtkdqhZm rhltkZshnm

fqhc0 I0 Bnlots0 Ogxr0: 12fl.1981 - 1flfl4: 19fl10
)26[ R0 Rghm Zmc C0 Itqhb0 Lncdkhmf sgqdd;chldmrhnmZk ltkshogZrd finv trhmf Z kdudk bnmsntq qdbnmrsqtbshnm ldsgnc enq eqnms sqZbjhmf vhsgnts

bnmmdbshuhsx0 I0 Bnlots0 Ogxr0: fl79.316 - 369: 19910
)27[ B0;V0 Rgt Zmc R0 Nrgdq0 Dffbhdms hlokdldmsZshnm ne drrdmshZkkx mnm;nrbhkkZsnqx rgnbj bZostqhmf rbgdldr0 I0 Bnlots0 Ogxr0: 66.328-36fl:

fl8770
)28[ L0 RtrrlZm: �0 �klfqdm: I Adkk: O0 BnkdkkZ: K0 Gnvdkk: Zmc L0 Vdkbnld0 �m ZcZoshud kdudk rds ZooqnZbg enq hmbnloqdrrhakd svn;ogZrd finvr0

I0 Bnlots0 Ogxr0: fl37.7fl-fl13: fl8880
)39[ L0 RtrrlZm Zmc D0 F0 Otbjdss0 � bntokdc kdudk rds Zmc unktld;ne;fithc ldsgnc enq bnlotshmf 2C Zmc Zwhrxlldsqhb hmbnloqdrrhakd svn;

ogZrd finvr0 I0 Bnlots0 Ogxr0: fl51.29fl - 226: 19990
)3fl[ L RtrrlZm: O RldqdjZ: Zmc R Nrgdq0 � kdudk rds ZooqnZbg enq bnlotshmf rnktshnmr sn hmbnloqdrrhakd svn;ogZrd finv0 I0 Bnlots0 Ogxr0:

flfl3.fl35-fl48: fl8830
)31[ L0 RtrrlZm: J0 L0 Rlhsg: L0X0 GtrrZhmh: L0 NgsZ: Zmc Q0 Ygh;Vdh0 � rgZqo hmsdqeZbd ldsgnc enq hmbnloqdrrhakd svn;ogZrd finvr0 I0

Bnlots0 Ogxr0: 11fl.358-494: 19960
)32[ F0 H0 SZxknq0 Rstchdr hm dkdbsqngxcqncxmZlhbr0 H0 Sgd bhqbtkZshnm oqnctbdc hm Z cqno ax dkdbsqhbZk zdkc0 Oqnb0 P0 Rnb0 Jnmcnm �: 18fl.fl48-fl55:

fl8550
)33[ L0 SgdhkkZqc: B0 Qxbqnes: Zmc E0 Fhant0 � ltkshfqhc ldsgnc nm mnm;fqZcdc ZcZoshud Nbsqdd Zmc PtZcsqdd BZqsdrhZm fqhcr0 I0 Rbh0 Bnlots0:

44.fl-fl4: 19fl20
)34[ R0 N0 Tmudqch Zmc F0 SqxffuZrnm0 � eqnms;sqZbjhmf ldsgnc enq uhrbntr: hmbnloqdrrhakd: ltkshfithc finvr0 I0 Bnlots0 Ogxr0: fl99.14-26: fl8810
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Ehf0 fl50 EhmYk ataakd rgYodr Ymc hmsdqhnq finv zdkcr bnqqdronmchmf sn dwYlokdr 1–Y-g( eqnl AgYfY Ymc Vdadq )2[0 Sgd rsqdYlkhmdr Yqd
bnknqdc Ybbnqchmf sn sgd YooYqdms udknbhsx: nq udknbhsx ne sgd fithc hm sgd qdedqdmbd eqYld ne sgd qhrhmf ataakd0 Enq bkYqhsx: nmkx gYke ne sgd
ataakd Yknmf vhsg sgd rlYkkdrs ldrg bdkkr Yqd rgnvm0

Z a b c d e f g
EhmZk shld fl 1 405 4 fl9 505 3 5

Qhrhmf udknbhsx fl092 9083 9086 9084 9082 9084 9087 9087
LZrr knrs 204 ’ 107 ’ fl10fl’ 601’ 290fl’ 1706’ fl105’ 2905 ’
lZwkdudk fl9 fl9 flfl flfl flfl flfl flfl flfl

�cZoshuhsx qZshn q 90982 ’ 90984 ’ 909954 ’ 909fl42 ’ 909956 ’ 909955 ’ 909952’ 909953 ’
ΓsFU<ΓsA 1073 1037 fl093 fl065 fl093 fl091 fl03fl fl023

SYakd 40 Qhrhmf ataakdr hm 2C. oYqYldsdqr Ymc ldYrtqdldmsr YrrnbhYsdc vhsg sgd bYrdr rgnvm hm zftqd fl50 Sgd qhrhmf udknbhsx hr ldYrtqdc
Ys sgd zmYk shld Ys sgd eqnms sho ne sgd ataakd0 Sgd YcYoshuhsx qYshn q hr cdzmdc Yr sgd qYshn ne sgd zmYk mtladq ne fqhc mncdr sn sgd mtladq
ne mncdr hm Y tmhenql ldrg vhsg sgd rYld roYshYk qdrnktshnm0 ΓsFU<ΓsA hr sgd qYshn ne ntq hloqnudc shld rsdo ΓsFU sn sgd rsYmcYqc nmd ΓsA0
Sgd cnlYhm kdmfsg hm dYbg chqdbshnm hr J / 21 Ymc sgd cqno hr hmhshYkkx okYbdc Ys Y chrsYmbd G / 3 eqnl sgd anssnl vYkk0
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Ehf0 fl60 Qhrhmf ataakd. shld dunktshnm ne sgd hmrsYmsYmdntr rgYod Ymc YooYqdms udknbhsx enq dwYlokd 1–g( eqnl AgYfY Ymc Vdadq )2[0 Sgd
rsqdYlkhmdr Yqd bnknqdc ax sgd YooYqdms udknbhsx hm sgd Yrbdmchmf chqdbshnm0
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Ehf0 fl70 Qhrhmf ataakd. shld dunktshnm ne sgd hmrsYmsYmdntr rgYod Ymc YooYqdms dwsdqhnq finv enq dwYlokd 1–e( eqnl AgYfY Ymc Vdadq )2[0
Sgd finv rsqdYlkhmdr hm sgd rtrodmchmf fithc Yqd bnknqdc Ybbnqchmf sn sgd unqshbhsx0
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Ehf0 fl80 EhmYk bnmzftqYshnm hm Y 2C rhltkYshnm ne Y bnkkdbshnm ne fl99 qhrhmf ataakdr vhsg qYmcnl hmhshYk onrhshnmr Ymc rhydr0 Sgd kdudk fl9
Nbsqdd –sno kdes(: bnlonrdc ne 3 5fl8 774 mncdr –Ymc 3 fl14 382 bdkkr( hr rxrsdlYshbYkkx qdzmdc mdYq sgd hmsdqeYbd knbYshnm Ymc vgdqd rsqnmf
udknbhsx fqYchdmsr nbbtq0 Sgd finv hr uhrtYkhydc sgqntfg sgd udknbhsx rsqdYlkhmdr –sno qhfgs(: vghbg Yqd bnknqdc ax sgd lYfmhstcd ne sgd
udknbhsx0 Sgd ynnldc uhdv –anssnl( etqsgdq ghfgkhfgsr sgd bnlokdw finv rsqtbstqd bntokhmf sgd ataakd cxmYlhbr0


